Notes on HyperKZG

In Gemini-PCS [BCHO22], a coefficient-form MLE polynomial corresponds to a univariate polynomial,

f(Xo, X1y, Xp1) = fo+ [iXo+ foXi + f3Xo X1 + - + for 1 Xo Xy -+ - Xy (1)

corresponds to a univariate polynomial:

F(X) = fotr AX A+ foX? 4 4 fora X271 2
When we determine a public evaluation point 4 = (ug, u1,. .., u,_1), the value of the MLE polynomial f at % can be expressed as the
following Tensor Product:
f(u07u1a"'9un—1) = <fa ®?;01(17u1)> (3)

Next, Gemini-PCS uses the Split-and-fold approach to convert the above equation into the correctness of evaluations of multiple univariate
polynomials, which can be proven using KZG10.

However, MLE polynomials are usually represented in point-value form by default,

21

F(Xo, X1, Xn1) = ) a; - eq(bits(i), (Xo, X1, ..., Xn 1)) (4)
=0

To use Gemini-PCS, the Prover needs to first convert the point-value form of MLE to the coefficient form mentioned above, i.e., calculate the f
vector from the g vector. This conversion algorithm is similar to FFT computation, with a time complexity of O(N log N), where N = 2",

The idea of HyperKZG is to still utilize the core Split-and-fold approach of Gemini-PCS, but without the need for polynomial conversion similar
to FFT. This may sound incredible at first, but the key point here is that MLE polynomials are essentially linear polynomials in multidimensional
space. Whether in Evaluation-form or Coefficient-form, their computation process is actually a linear operation. At the same time, the Split-
and-fold approach adopted by Gemini-PCS is also a mapping process that continuously reduces the dimensionality of high-dimensional space.
Therefore, this Split-and-fold process can be transplanted to the Evaluation-form of MLE, achieving the same folding effect, but perfectly
avoiding the complex calculations of polynomial Basis conversion.

1. Review of Gemini-PCS Principles

Gemini [BCHO22] provides a method for mapping MLE polynomials to univariate polynomials. Below is the definition of an MLE:

f(X0, X1,.. ., Xn1) = fo+ [iXo+ foXi + f3Xo X1 + - + form1 Xo Xy -+ Xy (5)

If we use a coefficient vector j?of length N = 2" to represent f then we can define a Univariate polynomial f(X) that has the same
coefficients as f(XO, coy Xno1):

FX)=fo+ LiX + foX2 4o+ for X1 (6)
If we substitute X = — X into the above equation, we get:
f(X)=fo— AX + foX7> = = for X¥1 (M
Then by adding and subtracting these two equations respectively, we can get:
FX) + F(=X) =2(fo+ o X2 + - + for s X¥ ) (8)
FX) = f(=X) = 2X(f1 + 53X 4 - + for 1 X¥2) 9)
Now let's observe the "partial computation" Partial Evaluation of f(Xo, Xi,... ,Xn,l), i.e., instantiating only one unknown Xy = ug:

Fluo, X1,..., Xno1) = fo+ fiuo + foX1 + fsuo X1 + faXo + fsuoXao + f6 X1 X2 + fruoXiXo + -+ + forquoXy--- Xpq
= (fo+ frwo) + (fo + fauo) X1 + (fa + fsuo) Xa + (f6 + fruo) X1 Xa + -+ + (fan 2 + fon 1u0) X1+ Xy 1
= f(l)(X17X27 e 7Xn71)

Here, the coefficient vector of £ (X1, Xa,..., Xn 1) is

(fo + fruo), (f2 + fsuo), (fa + fsuo), (f6 + fruo), - - -, (for2 + foro1uo) (11)
It is exactly the same as the coefficient vector of the following UniPoly:
FOX) = (fo+ fruo) + (f2 + fsuo) X + (fa + f5u0) X2+ -+ + (fara + fororug) X2 7! (12)

And the univariate polynomial £ (X) plus f(X), f(—X), the three exactly satisfy the following relationship:
FOUX?) = (fo+ fruo) + (f2 + F3uo) X2 + (fa+ fuo) X' + -+ + (faroa + far1ug) X¥ !

ST+ F(-X)) + o 5 (F(X) — F(-X)



So, if we want to prove that f1) (X1, ..., X,_1) is the Partial Evaluation of f(Xg, X1, .., X,_1), we only need to prove that the above
equation holds.

Similarly, if we want to prove f(Xo, Xi,..., anl) = v, we can introduce several intermediate results, namely Partial Evaluated MLE
polynomials, and their isomorphic mappings to univariate polynomials

FO(Xo, X1, .., Xna) = FO(X)
f(l)(’u,o,Xl,. . '7Xn—1) s f(l)(X)
f(z)(uoaul,. ey X)) — f(Q)(X)

(14)
f(nil)(’u,(), UlyeoeyUp—2, Xn—l) — f(nil) (X)
f(n)(UO)uh ey un72)un71) = f(n)(X)
where the last £ (X) is a constant polynomial, which is exactly the complete computation result of f(wg, w1, . . ., u, 1), e, £ (X) = v.
And, these introduced univariate polynomials f(o)(X), P f("’l)(X) satisfy the following relationship between every two adjacent items:
) @ (x M(—x O(x)— fO(—Xx

where £ (ug, uy, ..., u, 2) = vis the final MLE computation result, and (%) (X) is the UniPoly isomorphic to f: A0 (X) = f(X).
Back to our proof goal: f(”) (uwo, U1y .., up—1) = v, we split the proof of this computation process into the following steps:
e Construct a Univariate polynomial f(X) such that its coefficient vector is equal to the coefficients of f and construct the polynomial
commitment cm( f(X))

e The polynomial fcomputation process includes n steps of partial computation, each intermediate partial computation will produce a
new MLE polynomial: f(l), f(2), RN f("*l)

e Prove that the Univariate polynomials corresponding to these intermediate MLEs satisfy a recursive relationship, which is randomly
sampled and checked through the random number (3 provided by the Verifier:

F98) + f9(-p) Yo F9B) - r9(-8)
2 ' 23

£ = (16)

e Provethat f(M(62) = v
e Prove that all Univariate polynomials { £ (X)} are correctly evaluated at X = 8, X = — 3, X = 2

2. Linear Folding of Evaluation-form

If we use the evaluation-form of MLE in the PIOP proof system, then we need a conversion operation similar to FFT to convert it to the
coefficient-form of MLE. The complexity of this conversion operation is O(N log N).

In Nova's implementation, Setty provided an improved scheme for HyperKZG. It utilizes a general technique behind the Gemini PCS scheme,
which is independent of whether f is in Evaluation-form or Coefficient-form, as long as they can split the calculation process into multiple
steps of linear operations.

Reviewing the MLE operation evaluation proof introduced in the Gemini paper in the previous section, it decomposes the Evaluation process
of f(XO, X1,...,Xn-1) intologn steps, then maps the coefficient vector of each intermediate MLE to the coefficients of a UniPoly, and
then proves the relationship between these UniPolys to ensure the correctness of foperation.

For an MLE polynomial f()_f) in Evaluation-form, let's look at its evaluation process:
f(XO, Xl, ey anl) = (ZOEO(X(), Xl, “en 7Xn—1) + alEl(X(],Xl, ey anl) 4+ 4 agrt,1E27z,1(X0,X1, e 7Xn71) (17)

Here E,()Z') are Lagrange Polynomials, defined as follows:

—

Ei(Xo, Xl, . )Xn—l) = Tﬁ (bItS(Z)J . Xj + (1 — bItS(’L)J)(l — XJ)) (18)
j=0

j=

where bits(i) ; is the j-th bit of the binary representation of ¢ (note that Big-endian representation is used here). For example, if i = 5, its
binary representation is 101, then bits(5)o = 1, bits(5)1 = 0, bits(5) = 1.

It's easy to see from the definition that EZ(X) satisfies the following splitting property (Tensor Structure):
E;;(X,Y) = Ei(X) - Ei(Y) (19)

where k =i || jis the splitting of the binary bit vector of k. For example, i = 23, its binary representation is 10111, which can be split into
10 || 111, or written as 23 = 2 || 7. According to the splitting property, we can get:

Eip(Xo, (X1, -+, Xn1)) = Ep(Xo) - Bi( X1,y Xn1) (20)

Then let's observe what flooks like after one Partial Evaluation, let Xg = ug, X = (X1,...,Xp_1):



Fluo, X) = aoEo(uo, X) + a1 B (ug, X) + - - + aze_2Ezn_s(ug, X) + azi_1Ban_1(ug, X)
- (agEg(u())) - Ey(X) + (alEl(ug)) CEo(X) e+ (a2n_1EO(u0)) By 1 (X) + (aQH_lEl(uo)) By (X)
ao(1 — uo)) o(X) + (aluo) CEo(X) -+ (azn_2(1 - uo)) By (X) + (azn_luo) By 1 (X)
ao(1 — uo)) o(X) + (aluo) CBo(X) -+ (ama - uo)) By (X) + (azn,luo) < By (X)
ao(1 — uo) + a1u0> CEo(X) 4+ (azn,za —up) + a2n,1u0) By 1 (X)
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We can see that the Evaluation point value vector of A1) (X’) is:
(ag(l —ug) + a1u0>, (aQ(l —up) + aguo), ceey (a2n,2(1 —ug) + agn,luo) (22)

Comparing with the coefficient vector of f(ug, )_{') we will find that both are only half the original length, but the halving method is different.
The former is ((1 —u)-a+tu- b), while the latter is (a +u- b). This new halving method does not prevent us from using Gemini-PCS
technology to ensure the correctness of Split-and-fold, but perfectly avoids the complex calculations of polynomial Basis conversion. We can
still introduce n — 1 partially computed MLE polynomials, and map their Evaluations to the coefficients of multiple UniPolys:

RO (X0, X1, ..., Xpo1) = RO(X)
ﬁ(l)(ug,Xl, ceey anl) — h(l)(X)
R (ug, u,. .., X, 1) = RI(X) (23)

B("_l)(uo, Ulyenny ’U,nfl) — h(n_l)(X)
where BO(X) = £(X), and RV (ug, u1, ..., up 1) = v,
And give a "similar" recursive relationship that their Evaluation forms satisfy:

, RO(X) 4+ hrO(-X RO(X) - hO (=X
h(1+1)(X2):(1—ui)~ ( )+2 ( ) T ( )2X ( )

(24)

Therefore, the Verifier can then send a unique random challenge point X =  to check whether {h(i) (8)} satisfy the recursive relationship
defined by the above equation. This is where the KZG10 PCS scheme for Univariate polynomials can be connected to complete the rest of the
proof.

3. Protocol Description

This section provides a description of the protocol flow. The protocol is to prove that the computation result of an MLE polynomial

f(Xo, X1, Xn1) ata given point (uo, U1, - . -, un-1) equals v.
Witness Input:
1. @ = (ag,ai,...,am_1): The coefficient vector of polynomial f(X).
f(X)=ao+a1 X +asX?+ - +ap_ X! (25)
Public Input:

1. C'y: The commitment of the isomorphic polynomial f(X) of MLE polynomial f(Xg, X1,.., Xn21),

Cy = KZG10.Commit(f(X)) (26)
2. 4 = (ug,u1,...,u,_1): The coordinates of the evaluation point
3.v= f(uo, Ui, ..., Up_1): The result of the computation

Round 1
1. Prover computes h()(X), @ (X),..., A D(X)
(X)) = ((1 — ug)ag + woar) + (1 — uo)ag + uoas) X + - - - + ((1 — ug)ag: 5 + ugag. 1) X2 1
A (X) = (1 - w)al” + wial) + (1 = w)al” + wial) X + ...+ (1 = w)al, , +wal), )x¥ 7!

on-1_1

(27)

R (X) = (1= un 1)al ™ +un 1a7?) + (1 = un1)al™ + u, 10l )X

2. Prover outputs commitments (Ch(l), Cro,y-- o, Ch(nfl))

Round 2

1. Verifier sends random challenge number 3 € F,

(21)



2. Prover computes and sends (®)(8), (). (hV(8), RO (~8), A(8)). (A (8), K (~6), h(87)). ...
(h(n,g)(ﬂ), h(n—z)(_IB), h(n—2) (62))

3. Prover proves the correctness of the above Evaluations and sends proofs: (wo,g, 71'0’,5), (wlﬁ, T, B, 7!'1,52), .
(771171,57 Tn—1,—-B8» anl,ﬁz)
Verification
1. Verify if the values of A0, ... A" D at X = 8, X = —Band X = 82 satisfy the recursive formula:

2 BO@) +hO(-p)  hO(E) —hO(-p)

(1) (g2
h(B%) 2 + uo 28
> M R (= h(l)(ﬁ) — h(l)(,g)
@ g2 - P (B) + h'V(=B) )
h2(8%) - 5 +ur — 3
: (28)
7 pn-2) h(n=2)(_ h(=2)(8) — R(n=2)(_
h(nfl)(ﬂZ) — (ﬂ) + ( ﬂ) +Upy_g - (ﬁ) ( ﬂ)
2 28
2 hOD(B) + A D(-p) RD(8) — B V()
V= + Up_1 -
2 28
2. Basedon Cy, Cr), Chea, - - ., Cp-n), verify the correctness of polynomial evaluation operations:
?
KZG10.Verify (Cy, B, hOp), m0,6) =1
?
KZG10.Verify (Cy, -8, hO(=p), m_p =1
?
KZG10.Verify (Cho, B, hD(B), T =1
”
KZG10.Verify (Chw, —B, hW(=p), m 5 =1
?
KZG10.Verify ( ( =1 (29)

Cho,  B%  hW(B?), m1,42)

?
KZG10.Verify (Chpun, B, hOD(B), w15 =1

?
KZG10.Verify (Chun, —B, hOD(=B), w1 5 =1

?

KZG10.Verify (Chon, B2, A D(B?), 71, 1p) =1

4. Protocol Optimization

There are several points that can be optimized in the above protocol:

1. The Prover doesn't need to send all computation values at X = ﬂ2 except for R (ﬁ2), because the Verifier can calculate them through
the following recursive relationship. This can reduce the Prover's communication volume, and at the same time, the Verifier's calculation
process is equivalent to performing verification simultaneously, thus saving the recursive formula verification process.

_ W@ +rO=p)  R(B) (P
B 2 28
2. The Prover can aggregate h(o)(X), ceey h("*l)(X) together through a random number , obtaining h(X), and then prove the values of

h(X) at X = B, —3, B%. This can avoid the Prover sending 3n — 1 independent KZG10 Evaluation proofs, and only need to send three
Evaluation proofs.

B+ (82) (30)

+ u;

Below is the protocol description after optimization

Round 1
Prover computes h()(X), h®)(X),..., R 1(X)

AW(X) = ((1 — wo)ap + upay) + (1 — ug)as + woas) X + - - + (1 — ug)agn_s + ugag_1) X

h(2)(X) =(1- ul)a(()l) + ulagl)) +((1 - ul)agl) + ulagl))X +...4+(1- ul)a;),l_Q + ula(zi),l_l)XTkZ’l

(31)
ROD(X) = (1= una)ag™ + unaal™™) 4 (1 un1)ay"™ + unag ™)X
Prover sends polynomial commitments (C’h<1>, Choy - oy Ch(H))
Round 2

1. Verifier sends random challenge number 8 € I,



2. Prover computes and sends (h(o) (8), h(o)(fﬂ),h(o)(ﬁz)) (h(l) (ﬁ),h(l)(fﬂ)), (h(z)(ﬂ),h(z)(fﬂ)), cen

Round 3

1.
2.

3.

4.

Here, assume Domain D = {8, —8, 8%}, and {Ls(X), L

Verifier sends random challenge number y € IF,

Prover computes aggregated polynomial h(X),
h(X) = h(o)(X) +'y~h(1)(X) O .h(nfl)(X)
Prover computes vg, v_g, vge

m—MWm+vHNm+ R ()
v_p = hO(=) +7 BV (=p) + -+ 4" 1 A (=p)
vge = WOB%) - BY(8%) 44" RD(6?)

Prover computes h*(z)

h*(X) = h(B) - Ls(X) + h(=p) - L_5(X) + h(5) - L(X)

following equation: there exists a quotient polynomial g(X) such that

5. Prover computes quotient polynomial g(X') and sends its polynomial commitment Cy = cm(g(X))

EQL: h(X) — h*(X) = ¢(X) - (X — B)(X + B)(X — B?)

Round 4

1.
2.

3.
4.

Verifier sends random challenge number ¢ € IF,,
Prover computes linearization polynomial r¢(X) of EQ1, satisfying r¢({) = 0,

re(X) = h(X) = h*(¢) — a(X) - (¢ = B)(C + B) (¢~ B7)
Prover sends the commitment of the linearization polynomial C,. = [r(z)]1

Prover computes quotient polynomial w(X) satisfying:

Prover sends C,, = [w(z)]1

Verification

1

5.

. Compute (RO (%), AO(82), ..., h*D(8?))),

hO(B) + h" (~B) n hOB) - hO(-p)

_(X), Lg(X)} are Lagrange Polynomials on D. Then h*(X) satisfies the

(1)(ﬁ2) _ 5 ug - 2
@ (= (1) — (=
oy - MOHCD | RO ROCH
(n—2) (n=2)(_ (n=2)(gy — p(n—2)(_
h(n—l)(ﬂ2) — h 8) +2h (-8) g h (B) 2; (-8)

. Compute h(B), h(—B), h(5?).

h(B) = hOB) +7-hO(B) + -+ 4" RO (B)
h(=B) = KO(=B) +7- RO (=p) + -+ 4" RO (=p)
h(B) = RO (B%) + - R (B) + -+ 4" A (B%)

. Compute the value of ¢(X) at X = ¢, ¢(¢),
. Compute Cp, = Cy +v- Cpo +92. Cho) + -+ Hnt. Chi-y
. Compute the commitment of C, = [r¢(z)]:

Cr = [re(@)]i = Ch = e(¢) - [1h = (¢ = B¢+ B) (¢~ B%) - Cq

. Verify the relationship between C}, and Cl;:

e(Cp+ - Cuy [1]2) = €(Cu, [2]2)

Performance Analysis

(h9(8), h (=)

(33)

(35)

(36)

(37)

(39)



Proofsize: (n +1) -Gy +(2n+ 1) - F
7= (Ch, Oy, -, Chnn, Gy, Oy {0V (8), R (—8)}15, RO (8)) (42)
Verifier Cost: (21 4 2) - EccMul®! + (3n) - F + 2 - Pairing
1. 2n - F. Mult
2. Compute h(B), h(=B),h(8*): 3n-F.Mult
3. Computec({): O(1) - F. Mult
4. Compute C: n - G Scalar Multiplication

5. Compute P: 2 - G Scalar Multiplication
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