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KRREXEEENR WHIR (Weights Help Improving Rate) #Y[ACFY24b], #1 FRI[BBHR18]. STIR [ACFY24a] A&
BaseFold [ZCF24] tX—##, WHIR th@— IOPP i}, EEBFR/INNEIRE 2 E MUK EERIRAIDIER B, 1832
[ACFY24b] Fh32% WHIR ) verifier @3E1T/LEMAP(1 14070 = 10 ¢ #), FEMINEY verifier WEE LZR (1 ZF =
1073 ), 24 WHIR £%t3F constrained Reed-Solomon codes (CRS) B IOPP 4%, CRS {48 WHIR IRt zi53d 2t
ZMAFMNRLEZMANEN, XENT24 WHIR aJUARARTF] BaseFold, FRI AR STIR #4TLEER[ACFY24b], 4K
k&, WHIR 4547 BaseFold #1 STIR B9/ B18, {#153 WHIR X BEEAITS Prover LRI & argument K/NIIER T, X
FZagtzmN, Rt ERINEIERE,

M—TT SR Z T4 S

JFF—1NERE F , evaluation domain £ C T, )x#h d € N # Reed-Solomon 4gi5, HERRWEHE F LRAENRE
ERAONF d —T2RTE L EAKRENESR, iE8 RS[F, L,d] , /& £ 2 F* th— 1P FiEfssE, HEHMP 2 HER
(R L 2 "smooth" #Y), EIRMRIAE d = 2™ 12 2 RRNER, BARIMTMANE—TZIMRAEERE m TZEN
ZAMZINR,, (B [ACFY24b, 1.1 Constrained Reed-Solomon codes])
sger—d = 2° HEBEGTF, &
f(z) = ag + a1z + asx® + asz® + agz + asz® + agz® + arz” (1)
£ X =2,Xo =22 X3 =2, W f(z) TUKRTN:
f(z) =ao+ a1z + asz? + asz® + asz + a5z’ + agz® + a7z’ 2)
=ag+ a1 X1 +asXs + a3 X1 Xs + a4 X3 + a5 X1 Xo + a6 X1 X3 + ar X1 X2X3
IEFNZ T2
F(X1, X2, X3) = ag + a1 X1 + a2 Xo + a3 X1 Xo + a4 X3 + a5 X1 Xo + a6 X1 X3 + a7 X1 Xo X3 (3)
¥ f(z) TUBER—T2UR, halBTTEER X, =2, X, = 22, X3 = 2! YEEEES T 2T,
33F RS code RS[F, £, d] F—w 2 AR LM, FTIUNS TE&MSTXNNAERES, B
RS[F, L,d] :={f: L > F:3§ € F<*"[X]s.t.Vz € L, f(z) = §(x)} (4)
—{f: L= F:3f e FXy,..., Xp]st. Vo € L, f(z) = f(a¥,2>,...,2"" )}

EXF8 g(2) MBE—TSHRK, ™ f(X1, cos X)) RE mATENSZSTEAESTN., XERZINEEHEME
BaseFold A, (328 [ACFY24b, 1.1 Constrained Reed-Solomon codes])

HHh, M FRIMNF I, AR o F—a2IMARTIE, AINSNEEREN S TEMS TR FHN—TEZENAN

a]_ o
FIENs EIREY f(z) = ap + a1z + asz? + a3z + aszt + a5z® + aex® + arz” KA oy FHFHE, N

f(z) = ag + axz® + asz + agz’® + z(ay + azz® + aszt + arz®)
= f1(z®) + 2 fa(2?)
TEZENZIMRAN
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FV(z) = filz) + a1 fa(z)
= ag + agx + agz® + agz® + ai(a1 + asz + asz® + arz®) (6)
=ag+ a2 X1 + as X2 + a6 X1 X2 + a1(a; + a3 X1 + a5 Xy + a7 X1 X)

HEMTFRHERENZ TSI f(X1, X, X3) HEE#TRENEEEHR, AfEiER:
1. %8 X KR oy, FIRE
flon, X2, X3) = ag+ a1 - a; + asXs +as - 01 Xs + as X3 + a5 - a1 Xs + agX2Xs + a7 - 01X, X3 (7)
=ag + a2 X2 + a4 X3 + agXo X3 + a1(a; + a3 Xy + a5 Xa + a7 X2 X3)
2. RFEE X5 = Xy, Mk X, = X3 AlERIE a2 mAa
FO(X1, Xs) = ag + a2 X1 + asXo + a X1 X2 + a1 (a1 + azX1 + a5 Xz + a7 X1 X2)
= fW(x)

BIE MBS BN S TR ESN, RE FO(z) B—xzmatni, /S0 (X, Xo) 23 T4HSTmRY
Fezt.

MBRENEROSM, f(z) #T 43, M—TSTRNEERE, TN 2 2ENZTR fU(z) BT 247, B

(8)

f(l)(:v) = ag + asx + agz® + agz® + ai(a1 + asz + asz® + arz®)
= (ag + a1a1) + (az + a1a3) -  + (aq + a1as) - 2> + (ag + araz) - z°
= ((ao + e1a1) + (a4 + a1a5) - 2°) + z - ((a2 + a1as) + (ag + ca7) - 2°)
= i@ +2f," (%)

FARENEN o HATINE, BERFBENZIRN

fO() = (@) + a2 3 (@)
= ((ao + oqal) + (a4 + 0610,5)33) + C(Q((CLQ + a1a3) + (a6 + Oé1CL7)£L‘) (10)
= ((ap + a1a1) + (a4 + a1a5)X1) + az((a2 + ara3) + (ag + arar) X1)

(9)

MSTEMSTRNEERE, TN 2 F2Enstansms fO (X, Xo) BT 247, &
1. % X1 K8 ay ,7J1EE

~

f(l)(CVQ,XQ) = ag + a2y + as Xz + agaa Xz + ai(a1 + azas + as Xz + aras X») (11)
= ((ap + a1a1) + (a4 + a1a5) X2) + a2((az + anas) + (ag + a1a7) X?)

2. SHNETE X, = Xy, FEMSENZIRA

f(Z)(Xl) = ((ap + a1a1) + (a4 + a1a5) X1) + az((az + a1a3) + (ag + a1a7)X1) (12)
AMEIMNTF S, B—TSHX BTN EER S THESTXBTINBRENN0. BIENK (01, a2) WSTHMES
TR TR BT, MEmEnTEesnmee, s fO (X)) = flar, a, X1).
TEBINEXIACFY24bIAH BT BEREMEN, ENBHRS FRI MY HHFE S E .

X 1 [ACFY24b, Definition 4141 % f : L — FA—1EH, a € F. EX Fold(f,a): L2 — FaTF:

e £, Fola(f,a)(at) = LD | 1))

ATiHEFold(f,a)(z?) , REZEN f £ 2 —z LHEREBT.

WFk<mURa=(u,a,...,a;) € FFig, EXFold(f,a): L&) - F, g Fold(f, @) := fi, B3E
X fo:= fUR fi :=Fold(fi—1, ) .

(13)



THNGESIFH], 3—1 Reed-Solomon code HERRNESHITINEG, HERMKAZ—1 Reed-Solomon code,
([ACFY24b])

#8081 [ACFY24b, Claim 4.15] % f : £L — F A—PEH, o € FF RTINBMHNE, < g9:= Fold(f, o) . 1R
fERS[F,L,m|#EB k< m, B4 geRS[F,L2), m— k], B4 gt multilinear extension ¥
I( Xy ooy X)) i= f(a, Xy, Xm), HeR f%‘e f B9 multilinear extension,

SIPLLE G(Xp, ..y Xm) 1= o, Xpy ..., Xm) , 5LRIZBFRIN—TSHR f HIRES ARNSEENZTE
HZHR f HTFEE—HN, MSTEMSTIRNEERE, MSEEAMINN o HTTEEH, B
Flo, Xy ooy Xm)

B FRI Y, FIRTETRRENE (a1,...,0n) F—T2WR f #THE, BEIREEI—IEHZTX, URASTL
MHZIMANAERE, RENSEE f(al,.--,am) A—TEH, BER Sumcheck i), RE—FHBEBE—1ZTZ
A EETHENLRAE, verifier BEESRIXMERBITIIE, X—FB%E M oracle SRR, T FRI MY &EEHAEER
i f(al, ey Q) E—HENLEAIE, TSR Sumcheck THXF] FRI HSGEBYERERBENL S (1, - - ., Q) , BB/ FRI X
TR REMAIAB IR ME Sumcheck MY &E—SMBERNE. IF FRI 1XF] Sumcheck MGXFEEER, M
BaseFold ¥ [ZCF24] B9 B7E,

CRS: Constrained Reed-Solomon codes

THELEE WHIRIESZ [ACFY24b] 4589 constrained Reed-Solomon codes BIEN, EZ Reed-Solomon codes B—PF
&, BEMET —1ZEM Sumcheck IR,

E X 2 [ACFY24b, Definition 1] 33 F15# F, smooth evaluation domain iy L C F, TEMWHEAI m € N, NESZN
RweF[Z,X,,...,Xn], UKBiro € F 1 constrained Reed-Solomon code , EXX

CRS[F, £, m, b, 0] := {f €RS[F,L,m]: > (f(b),b)= 0}. (14)

be{0,1}™
MEXFIIAEY, CRS(constrained Reed-Solomon code) 552 RS code, BIEX S f € RS[F, L, m], Bz £
BERE—EM Sumcheck IRFILFR Y. (13 D(f(b),b) =0 .

[ACFY24b] &30 FhiRBIE Y AR E S Tzt & REINECENL, FAREIRI34, EeShs T XE— M IF, Hi
—AREAE f(z) = 0, ARSTET f 58z € F™ WERNEFE o, B%39 f € RS[F, £, m] #47

multilinear extension, B IABEZ

fX)= > f(b)-eq(b,X) (15)

be{0,1}™

Hrreq(b,X) = [[7,(b:X; + (1 —b;) - (1 — X;)) . Btk b, X € {0,1}" i, 1R b =X, N

eq(b,X)=1, t1®b#X, Meq(b,X)=0, FAlt
fiz)= Y_ f(b)-eq(b,z)= > i (f(b),b) (16)
be{0,1}m be{0,1}m

MEZIMR W(Z, X) METUAEXHR
w(Z,X) =Z-eq(X,2). (17)

XEMAMANESIR TR T — NRELYERT ., AIUET I FMEIT N A PCS(EE[ACFY24b, 1.1 Hash-based PCS from
CRS codes]), o mfIEmR:

1. ARSTLHUSTR fEz c FPWEN o, SNESZHRY
w(Z,X) =Z-eq(X,z). (18)



2. AR—NBTESTR f £ 2 € FOLER o, BXMERERSTEZESTIRANER, ZERESA
z=(22,...,22"), WNESFXN

W(Z,X)=Z eq(X,(2%,...,25" ). (19)
WHIR B9—/REK

BIERZE BaseFold Y% Sumcheck # FRI MY &S T, T WHIR hiX4E T BaseFold #1 STIR 9B, J& BaseFold &
89 FRITMXER T STIR MY, HHLEE FRIMY, STIR MXMEREZREE/)\, STIR MXAZ O BB 2R RE £
R, {$15 Prover ZIEHVEEFRRURIEI, MR Verifier WERERE,

TEDRAN WHIR il BS—R3&EA (R BIACFYb, 2.1.3 WHIR protocol]), && WHIR 2B {K454 BaseFold 5 STIR 11X
B, Zid—xiER, B f € C:= CRS[F, L, m,w, o] B9 proximity (a8,
f' € :=CRS[F,L? m — k0, 0'].

feC:=CRS[F, L, m,w,o0

Prover Verifier
1. Sumcheck rounds
claim Y i(f(b),b) =0
be{0,1}m }”11 (X)
- P (04
ha(e) = Y (f(as,b)anb) 1 ap < F
be{0,1}m1
hi(X)
R R (64
bef{0,1}m
2. Send folded function
g: LY S F
i=fe)  — OOODONOD—
3. Out-of-domain So\w«ple
2 zo+— F
0 m—k—1 O 0 m—k—1
205:(z37--'7z(2) ) < 2012(2(2),-~,Zg )

4. Out-of-domain answers

N yo € F
Yo = 9(20) : —

. ok
5. shift queries and combination randomness Vi€ m’ Zi < E( )



o 20 2m—k—1
zl)"'7zt Zi'_(zia--'7zi )

20 2m—k—l

zi=(zf,...,2 ) ——

Query £ to get
yi := Fold(f, a)(2:)

_ vy F

6. Recursive claim

t
W'(Z,X) = (Z,0, X)+ Z- > 7" eq(z;, X)
=0

t

o' = (o) + Z’}’Hl Y
i=0

Test

g€ CRS[F, L m — k, o', 0]

1. Sumcheck rounds. Prover 1 Verifier ¢3¢ CRS[F, £, m, W, o] FELA %R

> af(b),b) =0 (20)

be{0,1}m

~

Tk %8B Sumcheck RE, HAf f 25 fEANNMNZTE&EZIR .
a. Prover [ Verifier KE—TREE2ZM hl(X) = Zbe{ovl}mfl u?(f(X, b), X,b), Verifier i0&

hi(0) 4 hy(1) = o, SEEBENE o < F 3#&5%, sumcheck 8 claim #2535
hi(er) = Ypeqoryn W(f(a1,b),a1,b) . b HFEi %, i M28 k, Prover Rix— M RTBSIR
ilz(X) = Z w(f(al,...,ai_l,X,b),al,...,ai_l,X,b) (21)
be{0,1}m-

Verifier 8% h;(0) + hi(1) = hi_1(ai-1) , WEBEME o « F, sumcheck & claim 25

Z w(f(al,...,ai_l,ai,b),al,...,ai_l,ai,b) :ill(a,) (22)

be{0,1}m

EI42E 5k k 58 sumcheck , prover &3 T ST (hy, ..., hy) , verifier B T BEHE
a=(ag,...,a) € Fx . 898 claim R0 FEIXEAIE R

Z @(f(a, b)’ «, b) = Bk(ak) (23)

be{0,1}m*
2. Send folded function. Prover R3%&# g: L&) — F . 7E Prover HIWIERT, §= f(a, ), gHEXR &
domian £ F#yskME,

XEHERELE f AN o #5728 37, 85§ = fla,-), Wi §: £ 5 F, HEexEmmweas £,
BT § ARE— 2R, BLARMNTURTEATSNEN, BEHHN LP), Bfg5 g L? trgkEES—
M,

2m7k71

3. Out-of-domain sample. Verifier JEBX— 1 FEHER 2o < F FH&ELS Prover , 1% 2o := (zgo, R ).

4. Out-of-domain answers. Prover £3% yo € F , ZEWEZMERT, yo := 9(20) -



5. Shift quiers and combination randomness. 3tF Verifier, SIF&— i € [t], SEEUBENE 2; — L ) s,
BIEW £ ANEE y; = Fold(f, a) () « 1& zi := (22,...,22" "), Verifier BISEEBENE v « F H#%
520

6. Recursive claim. Prover [ Verifier & XN EZ NS BinE:

t

W'(Z,X) = 0(Z,0,X) + Z- Y 7" eq(zi, X) (24)
1=0
A t .
o = hi(ay) + Z’y”l “Yi, (25)
=0

&, ANt g € CRS[F, L%, m — k@', 0'] ,
TELHRE g € CRS[F, L®),m — k, 0, '] PHILREERH, BIER

> @(gb),b) =o' (26)

be{0,1}m*k

KA 50’18

> d(g(b),ab)+ Y g(B)- > v eq(zi,b) = hulan) + Y v - (27)
=0 i—0

be{0,1}m* be{0,1}m*
DFRER D UERR :
1. IERA
> dlg(b), e, b) = () (28)
be{0,1}m*

N0 2 SETA g(b) = f(o, b), Btk
> d(gd),eb) = D @(f(e,b),a,b)

be{0,1}m* be{0,1}mk (29)
= hy(ou)
FRMBE—EXZHEMINNE 1 2 sumcheck REMEIREZI.,
2. il8A
> gb)- i L zz,b)—Zv”l i (30)
be{0,1}mk i=0
gz

> ogb)- Y zz,b)—ZV’“ > g(b)-eq(z;,b)
=0

be{0,1}m* be{0,1}m*
t
= > 7" g(z) (31)
i=0
t .
v o Yi
i=0



HA Y e oy r 9(B) - €q(zi, b) = g(z:) ERFIERIWARES TR (2, X) = Z - eq(X, z) TURLRS T4
M2 AERA SE.

E Rt g € CRS[F, L), m — k, o', o'] FHLIREXBIEHN,
FEIMNE SR EX W' H

’lI)I(Z,X) = w(Zaa7X)+Z27Z+1 'eq(zi>X) (32)

2 R
1. B85 w(Z, a, X) ARTHNE 1 £ k % sumcheck BIIEHEIE.

2. BIEH Z- 30y eq(zi, X) ART gTE 2z MESERL, HEMNE y Xt + 1 MF#T T EMA
B, a .3 g(z0) = yo AR, SLERRERIT out-of-domain answers fIIEREME, b. 3¢ € [t], AR g(=zi) = vi
, BER shift queries FIIERRIE,

Bt IANEZ M E XN RIEM, BE—RITMZ AR,

WHIR 5 BaseFold BJEX %

WHIR XA 7T BaseFold f98#8, A& CRS FIEXFSINT EM sumcheck IR, MBI 145, Fofl k#880
sumcheck , XE sumcheck EEBIBENE o = (1, . . ., o) SEEN fIFEMBOBHIHETES —3, BIMiXasE

A

2% 4= fla,), XEH f#TT 2% 4.

WHIR 5 STIR i9B£ &

AN 1 H{EM sumcheck Zfa, [REEYEE 2-5 55 STIR hiXEfl. TEZ STIR HXEI—RENRIE.

%



©
:i: f:L—TF

Prover Verifier

1. Sample ‘Folo(ing randomness

’I"fOId ,rfold T

2. Send folded function
g: L —TF

— (OO0 =

3. Out-of-domain sample

,,,out ,r,out — F\ﬁl

4. Out-of-domain replt/

B

>

5. shift queries
< Tfﬁu.#?m Vi € [t], P o (wh)
G := {,r,out, rihift, o ,T‘?hift Query £ to get Y= ffold(""?hift)

p:G—F p(r) = B,p(ri") =y,

f' := Quotient(f, G, p)

Test £

STIR i BRE SEES—RER BIEEBER, BEAMEREE F—RERS, SAFEsT § 7~ L2 FEk
8, MRERE—RAEFE domain £ —¥ A/ domain £3) E#TRIE, XEXR WHIR NS 2 %, XA
PR AAIEINT ZIXEBHTTR, BT verifier WEWEZRE,



$F f € C:= CRS[F, L,m,w,0], HBER p= 2, MET—RWHR ERZG

IZ]
f'eC :=CRS[F,L®, m — k4,0, HEBEH
2m—k 2m—k 2m—k+1 1 k-1
/I _ _ _9l—k S .
P=ce) T T T g 200p (2) p (33)

%k > 26, WINER p' Atbp A, BERN,

Mutual correlated agreement

[BCIKS20] IE X H4AHi#Y correlated agreement FEIEZIERA FRI #1 STIR X Z 24— X BEIE, HAEMRE FRI MY
g STIR WX AN FE SRR EBHTINENE R LN, & WHR NZE2MS R, SIAT—NHIEE mutual

correlated agreement , H#Z5IELE correlated agreement BEi5&,

[ACFYb, 1.2 Mutual correlated agreement] 45, 7 correlated agreement 5 mutual correlated agreement #HXE X,

18 C := RS[F, L, m| BF (,¢) -correlated agreement 2¥%t: WRIFE— f1,..., fr, & o« FHHYREET,
MR 1 — ¢ HR: WREFE—EASCL, EF|S|>(1-96)-|L], #SL = Zle ol fi 50—, B
AFE—TMEETCL, EFT|>(1-6)- L], ET 8T f; 5C—&.

EREX A —TRE f 5B CHE—TES S L—HHNEERR, ERBEE CHEE—MEF u € CESNERN
zeS, #E f(z) =u(z).

correlated agreement f9E X 20 FEIFTR(S 8BS ZK12: WHIR: Reed-Solomon Proximity Testing with Super-Fast
Verification ),

l ;_
fi f2 fi1 fi EEDIL

S

eee Random

Linear

Cowmbination

>

correlated agreement

[BCIKS20] iE3C4AEREE R p B9 Reed-Solomon BBEE (4, €) -correlated agreement, EFd € (0,1 —/p),
. % . BEIER, MRS € (0,1— /p) HAE


https://www.youtube.com/watch?v=iPKzmxLDdII&ab_channel=ZeroKnowledge

Pr [A ly(2™,1
I'[ (f;>c)<5]>g—_w
aclF | |

(34)
Mo, FEEAT C L, UEBC,...,c € C1EE

1T > (1-9)-|L|

2. BT 81 fi 5 ¢ 8

AR (9, €) -correlated agreement EXFHKRER S £ T £EEE2F—TES, ME WHIR F3IANT—"LE
correlated agreement B8RV, MU mutual correlated agreement, HER S £G4 T EE2A—1 &S, WTE
Frm (S8R50 ZK12: WHIR: Reed-Solomon Proximity Testing with Super-Fast Verification ):

l ;__
fi f2 fi1 fi fa=2 et g

o Random

Linear

Cowmbination

—

mutual correlated agreemen‘t

£ WHIR IEXH4AE 7 % F mutual correlated agreement a1 FEI—1MEE,

¥%8 1 [ACFY24b, Conjecture 1] (informal). 33 F&—1 Reed-Solomon 3 C = RS[F, £, m]|, W1REE (J,¢) -

PP mmy i (6,€") -mutual correlated agreement, EHrh

correlated agreement, Hiie = i

1 _ poly(2™,1/p)
8 — ‘F| o

WHIR & i8R T ZE I —ERBIER T, BN 6 € (O, 1;2’)) if, B8, Be =e . XHEDBHMIG correlated
agreement 5 mutual correlated agreement BX& T #2K,

IE\ét

WHIR X458 T BaseFold 5 STIR K9 B18, B5%XT RS FIZFHN—ZI, AIBEETEFRNA N, BMFNNZ
THEMZN, N TSRS EENTINNNZ AU LA TS, XEFMES WHIR BESZiF— 2zt
XFEFSZTEMSIR,


https://www.youtube.com/watch?v=iPKzmxLDdII&ab_channel=ZeroKnowledge

HOR, A THM CRS RIBE X, 7E RS HASHIEM E1BHN T — DM sumcheck AR, WMENNEZ IR 0 #1173
L sumcheck AR, XENBLZMNE XN REEEFSEDNFIT U —REKRFH R Z TR, BFELR sumcheck BIIE
ffg%, out-of-domain answers BJIEFEMEAR shift queries BIIEHEE

MaE, BERA WHIR B9— RN, FJAEHRES BaseFold 1 STIR hiX Bt R, XBHXET LR ER—TZIN
XNE5ZTEMEZMANHR, BTSRE f S g2y f ZEUBHEY%, @i CRS 5|, HXEIEFREMNT
ISIF—P A sumcheck BIASRAVIEREME,

w(f(b),b) = o (35)
be{0,1}™

F S BaseFold RUBAE, ST k %Y sumcheck, EZTEMEZINR f A sumcheck X PHIRENLEL o Bikis k
AR, N f MIFBRABEREMBETL o . £4 STIR (B, HTHREBER, eYEnRBE— 8AnE L2 +
BTRIE, FEE WHIR 158 out-of-domain sample A shift queries 45585 STIR tHXZEM,

BE, ME7T WHIR thiZ2MIERRFARIM— Lt correlated agreement 451858/ mutual correlated agreement 45

i/tl\o
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