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FRI ZEMEUEBARIZ 0
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AN FES Proximity Gaps & Applications to Succinct Proofs fSTHEIE L, &EIEX[BCIKS20], N4A
Proximity Gaps BIt:&, A5 Proximity Gaps BEZZEXRA Correlated Agreement 32, H7t FRIZZEM
IR TIEEEEMNER.

£ FRIYA, HF—PSHR f: D = Fy, & f(z) =ap +arz+asz?+...+ ap_12" 1, HE—MR
BUNF kSR, BEHEE D E#TRE, EP |D|=n, W f € RS[F,, D, k] . Prover #8[ Verifier iEfA
fx) BOREBIE2NTF k8. R f € RS[F,, D, k|, M Verifier it accept , MR f BB MAIRIBZEE
RS[F,, D, k| B 6 iz, ML reject . Verifier BESIRBMIE X T —RTIKEA oracle, FRI HBELIAY
M Verifier &if] oracle RAJREMD, HEEX D W f BT LERH—FIER.

NEIR kE— 1 REE, BA

f(z) =ao+ a1z + ax?+ ...+ ak_lwk_l
= (ap +asx® + -+ ap_12" 1) + z(ag +azz® + - + ap_22"?) (1)
= 9(z*) + 2h(a?)

A AR BRI 25

k-1

g(z) =ao+awx+ -+ ap1z? 2)
h(z) =a1 +asz+---+ ak,zx%
Fri& Prover #81a Verifier iR f(x) BREBUNF k., BIERIAD R =1 Fia:
1. TEBRERER g(x) BOREUNTF k/2, BD g(z) € RS[F,, DY, k/2]
2. EBREER h(z) BOREUNTF k/2 , B0 h(z) € RS[F,, DV, k/2]
3. I8 f(z) = g(x?) + z - h(x?)
g2 [DV| = n/2 , E=RSERSFERD SERN, BETUSRI g(z) 1 h(z) BF2RM f(x) PSS
MBI ER, DRDBEFARENT k/4 ST, MBI 4 M SHXROREBNT k/4 , BIISEDES
TFREM SR, XN IRNTEFRT, FTNEMETRNZRREMN 2 (ISR R K, EXNTRE, BT

IEREEIFDBREEAN, FEREXTMEXEZINM oracle 45 Verifier, AIMERAIZENZMHALER K
%7, W5 kOB RIS R,
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degree ¢ k <k/2 <k/4 <k/®

AR B RTASTRRENTFE— 1, RIOEETREN f(o) PRTERE LEBRS Y, 2
BATZIR, BIEET—HIERE—TSWRRBNT /2, ZFEARXRDRENSR ., BEAMEIX—=
E? FATRIAM Verifer E— NI r € F, 3§ g(z) F h(z) EEMAS, B g(z) +7-h(z), ¥ f(z) 8
REUINTF k Bel@ 5 R -

1. fO(z) = g(z) + 7 h(z) BRENF k/2, B0 f(z) € RS[F,, DY, k/2]

R REN ST ERMER TEXEFET, AINERIERENZINIM oracle RAFLD T,

> g(x) +rh(z) [92(:1:)+r'h2(:n)) (gg(a})+ r”h3(wﬂ

/I \:/ ) \l/ /” 7 \y
flz) —— fO(z) —— FO(z) —— fO(z) oo
degree < k <k/2 <k/4 <k/8

BAMER T—NEEE, SEMEETMERNAREMNIR? LAME Prover 2IHSTHY, 1RIE RS HBRIL I,
g(z), h(z) € RS[F, DY, k/2], BLELMASZEMARZE RS[F, DY), k/2] iy, {BUR Prover fE8E
R? Bt g(z) BEEHIBERE RS[F,, DY, k/2] 5 637, HMNFLEMIE r #TEMES ZEH

g(x) + 7 h(z) TEHE § XA, X Verifier BEG5RI Prover 18, HIIRFEENEFTEZEN

g(z) + 7 - h(z) ERWRARIDE MTEER T, Proximity Gaps SHIRENRESHMEER2IER M, MY
=, XEBIME AR EHITIIET .

Proximity Gaps



FARNZRWER T STRIFBHAER, TIRPBRI12 BRI —RETSHRET SN SHA T batch,
RERITRBEER—MIOER, BIZEm VAR (ug, ..., Un1), WE—Du; € FP, ANBEHRD - F L
HZIR, hAAEER |D| = n #HEE. XX m MaSHTEEAS, iofF A = span{ug, ..., um 1},
XEH A £ FP hy affine space , i24mB=a V := RS[F, D, k|,

BMxD AN RSRBTE V 2BANEBXAZEFN, ITEAMR, ¥HRE=E V FFRA code RinA
R, LS RELD, Ui RERE—KE, AFEBENTER—T2T4HFERSR, IR A PHUTRES V £
HUE code Z[EMIEXS Hamming EEB/NFETF 6, FiRASEFHFEL Hamming IRZ BB RE, JEFRARIXLE
REHEFMFN T EPEENEEXE, RaiER, MTFEERES C ANE— 1 TtEae, —EEFE—
veV, #5 A(a,v) <4,

Ho«mwﬁng ball

#1795 FP H9ERER affine space BRE—PES Caffine , Proximity Gaps £51€[BCIKS20, Theorem 1.2145iF Xt
FEE—" A € Castine (W0 A =span{ug,...,upn 1}) , HBEBL A BRFENTERHERTXSEE,
B A hARBRVN—SDTEEREXEH ., FalgER A P—FNTRERFXE, M3 —FNTERERR

Xigh, MARNKEMERENE TEMIMIFRZ—:
1. PraeA[A(a,V S

)
2. PraeA[A(a, V) <

AR & 9 proximity SE(proximity parameter), € RiRESE(error parameter), Ef—TIEE/)BUE., H
RET e BEAKTKEXN, EM g, n,p,d 2BXM, Ble =€(q,n,p,d) , H p RIRBBER, p = % o

BAXBHAE XERARMTAR? XTEILS FRINZEMSTZ BB T AXRAIR? TEHXIHLA Prover F11E
BH Prover IXFINIB RSN A Proximity Gaps Zie# 170,

WSCAY Prover



SRR Prover , BAK (uo, - - -, Um—1) FRB—THEBEw €V .

Ug 1
U] ——— 71
A = span . .
_ Tm—1
_ et

t random linear combination

RS fRIBHIL I, BNMBEUASZE—EXERBZE V A, Et A CV, Wi A PAEHNTEEE
V B, BB Verifier #THNEMAESZE, ARER—xRa c A, MEEFE a € V, LT Verifier —ERHE
2., XMIERIIRL Proximity Gaps I &R, X6 =0, LAY

Pr[A(a, V) = 0] =1 (3)

=1 Prover

S0 Prover fE8E, {RIRTE Prover Ki%44 Verifier I m PMEAIZE U = (ug, ..., Up—1) FREAT—TEZEE V
Foiz, BN

Jufeu, Aul,V)>4 (4)
MATE A = span{ug, u1,...,Up_1} F, Ba*=ul € A, EFF

da* € A, A(a",V) >4 (5)
LERSARYE Proximity Gaps 4518, E4E A FRN— P RAEBEXEN T, ELbHBR
Proca[A(a,V) < 6] = 1 3#1ER, REER Proca[Aa,V) < 6] < e, XMBIRAME m MEEFRE—

MEEBNNNRLZEE 6 AR, ADPKBHTRIES VA 0IB2IE. HROIER, BT A PEEE—
ma, H5V ZENEREREX m TAEFESE V NRIZES.

H7E Verifier fiM A FRENIEE—m a € A, RKNE A(e,V) BEAT§, sHIFAMER, —MEETE
PRPRRXE, Z—MEEEIRZXE 5,



GFFM& space A random choose one point a N

shadowed region

s / VeY'l/ Veﬂl SW\O\“

prover is very lucky

@ Aa

K A(a,V)>§
\_ | J

#WR1: Aa,V) <. IR Verifier SEIEA a FERBSIRIEA. TATHRLLE Prover IEEEE, 24 Prover
12t T HOEHIZE witness , BIIEE/RIBTIE 6 i, (ERMNEMEA T EESRBTOLEHE dBART, LA
Prover BERLINIRIT Verifer , HINXFIE RS Verifier SRR RIFE, 1F1E Proximity Gaps & &iFREA
ProcalA(a,V) <] < e, UMERELE— S B RENHRZIESEIEE/\N, Prover EEGHEZ0
AFEBA1T, WL Prover BERINIRIT Verifier BIIRASIBIT €,

Bn2: A(a,V) >3, IR Verifier EES a ZEPBESXIS). Prover MAHRE/EBEINNG? T2ER,
7 Verifer 8B TX*F a B oracle, BETAENE a PHEE, RETHE—LEKREEEEV ., UR
Verifier A&#—%, BF A(a,V) >, B4 ahEATF I LENSES v WD ERE, LT Verifier B
AT 0 BOEERINZ Prover /B8, i RIRLLAT Prover BEFEBAINAIMR BT 1 — 4

\_

Verifier choose one to check

H052 Verifier BEH k)R, LA Prover BEfESEMINIBRFAET (1 — 6)"
BB, {ESEH Prover SESSRINEUIIERE E AT RABSHR, BIRABT
e+ (1—0)" (6)

EEAHEBRRESHME AR FRI /X soundness DITANER, BXHFZRRERR 1 WHRET —LE"H"NEH
("bad” event), RERRFH'NBHLERENERT, EITER 2 9HBR, REHBERITESEIAITON.

HATAE FRIHIND AR TBER, — T2 Commit BER, H—1=E Query ER, BATAILUE LAMRIERS XM
MR ER XS MR SK -

1. BERIER 1 47T Commit FER, Verifier 23EEXBENLEGL Prover 33 Z I #H{TIHS,
2. BRER 2 WM ELETE Query BYER, LAY Verifier 2FEHLIEER—LE S3#1T query 1E,



SR batched KRAH FRI 1Y, BIEBSNSTR £y, £, £, BROTF kRUSTAK, AR
M {x1,. .., 2z} HTRE, 53

t
= £+ mi £ (7)
=1

piEE £O(z) RA—RE FRIY, ERESNTF kLROS|R. KBS soundness 23R ERESR 1
, EnaTaererE TR B SE £ O (z) IR RS HROZEZE %E'Jrﬁﬁ 0

0 18N SRR EZ I
FESHT proximity S § RIBIMAEFRAABM? HITDEDHHIELE Prover SERINET Verifier {2
FiE

et (1—0)" (8)
RMEREMFDAOER, 6 MBMASH:

soundness malicious Prover Verifier

G - oy
\[ 1— \j sad:( happy :)

1. €T, MEIFZLRIBRR, 6 12%HTHD Hamming BRE9H12, WIR §18K, BB Hamming lEX, HS
affine space A ZEIIRERIBIRMEEKR, UMERTZXEIEKR, XIMEIFE e 28

o MYE¥LHY Prover SRR EFE ) ., EALLES Prover TELEZHIEMEIEZT, BEANEBRFNEEN
PEEZX1E, BERXINIRLY Verifier 7,

o B, X Verifier FIREIRE (.
2. (1=06)" |, MR FREEM JEXM, J18K, B4 (1 —0)" 2T/,
o SHEEERY Prover KiREIRE (., ERULLET Prover EERINAIRRET /N,
o 3J Verifier IRRIFE 1) . UIRIBEERREERINE Prover 1E¥E, EIAZIERNREMERT, Verifier
REZEDNRERBMEEAZIERT .,

AIAER, §REMES e TR, (1-06)" T, EZMRF, e BIFFENW, (1 —0)" EBNMMKFFSGLHE
R, EHBEEZET/NN, iiﬂz E FRI GRS, soundness &)y, thiRBASEMNRE,

EEREM soundness BEDITRY, SR Proximity Gaps & Applications to Succinct Proofs HiREI—s, J BY
1K &{F158 Correlated Agreement £5183E188 55, Correlated Agreement —tkE Proximity Gaps B a4
i (BIERIRLE, ®EBIEREENEN) . TEAMNAT Correlated Agreement 41,



https://www.youtube.com/watch?v=8AMiZdWA1eM

Correlated Agreement

RIETIZZIM affine space A = span{ug, u1,...,Up_1}, HRIEFH [BCIKS20, Theorem 1.6] &Eit—5, #H
—EE uo BIANERRENE, ' A =u+ span{ul, s Um—1}

Correlated Agreement EI2 ([BCIKS20, Theorem 1.6]) i#f28%R 0 € (0,1 — /p) #8
Pr[A(a,V) < 4] >, (9)

acA
Hh, € 72 Proximity Gaps &ieHBE e, BABTED C D, UKk vy,...,Vm1 € V E18
1. Density : ||Z|| >1-94,
2. Agreement : S3EEM i € {0,...,m — 1}, Bu|lp = vi|p .

ERBMRERNAEXENTERS, HbE Proximity Gaps &iEHH € B AMIE, BBAE V hEERF
Voy ey Um1, BEXE D PEE—NHERAGE 1 —0)WFE D, AXEE u,; HESINMN v, D'
J:E—ﬂ(E’J IRHE Proximity Gaps HI451E, A FHITTRD AATRAFNIER:

1. Proca[A(a, V) < 8] <e

2. ProcalA(a, V) <d =1
MIEE NP KM TTE S € BA, BABRRRE—TER, BH A FRENTEHEERFXET, B
ProcalA(a,V) <] =1.

i Correlated Agreement 24 H T EMEMFNLEIL, MNEEINEZRINTE u; STERIBZE V RHEIRID
Fou; ZENXR,

514N, Prover Z8IFERRYZE— ’I\%Iﬁ‘ﬁfeRS[IFq,D(O) K], ;2 D) = {z1,...,z,}, &
{f(z1),..., f(x,)}, Prover G XLAER oracle Ki%4A Verifier, SEFRHRERA Merkle H#975 3L

B | v

o (e ) )

% f BIFEDBHFE ST g(z) 5 h(z) . WEWERT g, h € RS[F, DV, k/2], Heh
[DO] =[DO)/2 =n/2.

Correlated Agreement it &EiRHEA1, WTF g(x) 5 h(x) 2K affine space A = {g+2z-h:z€ F},
B A hABIT Proximity Gaps ZieHAY € E’]I:H’i']ﬂ’])‘l:%%&%)\? TAEXE", BIHE A(a,V) > 6§, BoiE
?"ill]'Flﬁﬁj_'E’J D', Mk g,h € RS[F,, DV k/2] . RHi& D' = {1, qn,...,;}, BARIELL
D/ D] > 16, BiEtFi > (1—0)n/2. EHEND |, 9555, h5h—5, EEGHEEE
™, BERMEEXE D S8FNAERE, ENNER—H#H.,



agree length

D’ / i > (1-8)n/2

2 OB e Ke?) a3I IaiIamI m
Vv { ¢

g9(z) |aler) l g(e) I glas) l I
_(:p) g(az) 9(a2) Iﬁ(a )

RS code /
degree < k/Z\ () h(az) | h(as)
}_L(x) [h(m) R(as) l R(as) l R(a;) | A(eui) Ih(a /2)

E3) & A OHT, FINEZIRES § AEA, Correlated Agreement 5 ERIE—5% Density FR9 1 — J #EZ
/J\, XEBEICHEERRNEEV P80 5 u;, —BNFE D' BT T, F5E3NELEST.

;"

—
Q
i‘.

7 [BCIKS20] X #itZEl, Proximity Gap EIE([BCIKS20, I 1.2]) M2&d Correlated Agreement EIE
(IBCIKS20, EIE 1.6]) #HSFEHA, {ER Proximity Gap EIEBFIEAAERES L Correlated Agreement , 4l
R Proximity Gap AN8E#EE Correlated Agreement EI2A91E, 17BA Correlated Agreement EIEE—1EE
Proximity Gap EIEERIVLEIE. FBUREEELANE, RBXATEERZFNT .

/\

-

[Correlateo( Agreemen’c] Proximity Gaps J

HIL Correlated Agreement EEEMIRARZ, ENARN A MEEFRIARNEE, AIME:
1. #(lines): A = {ug + zu; : z € F}
2. RS EL B (low-degree parameterized curves): curve(u) = {uz =Yz € Fq}
3. affine space: wug + span{uy, -, Upm_1}
BT, %xF Correlated Agreement EIRHIE M
Pr[A(a,V) < 6] > ¢, (10)

acA

XEBNTVENZ a 5V ZEAEXY Hamming IEE, HE(IEFTMEXTNETSE—MRML, MENE, 58—
WEEE u: D — [0,1], EXFHIEE u 5 v ZBEIEX p-agreement 79

1
agree,, (u,v) = o g p(x) (11)
zu(z)=v(z)

WEY = 10,



1 1
agree,, (u,v) = — Z p(z) = — Z 1=1-A(u,v) (12)
D] D] .5
zu(z)=v(z) zu(z)=v(z)
ENMNENEMTEETA 1 EEEN Hamming BBE 7, EFEX—1TRE v 5RB=ZE V ZEN&ER
agreement A

agree,, (u, V) := max agree,, (u,v) (13)
BERPRMEHTRN:
afe’i[agreeu < a] > (14)

MSFEIXINAY Weighted correlated agreement FEIE(M[BCIKS20, Section 7]). AJ M Correlated agreement &
ERIFEREN. EILX[BCIKS20, Theorem 8.3]Fk T batched FRI #}Xf9 soundness IE, FIEEX T HRE
AORNE R EI 1 , 1EF3 Weighted Correlated Agreement FEIERIIERR, AZR Proximity Gap EEERIHITIERR.,
BizeB—REBEMERIDETR, EEBNNERNNIREBZENEF v, , BHEEEECHIRIINER, &8
BT S EIBHIULEIFE.

Correlated Agreement EIE7E soundness I

XEEEIEIAT Correlated Agreement EIETE soundness WEBBFHIN FE, 8B IBASE, LMNZ2EDFES
BEhEa,

BIET FRI tHiX8Y soundness DD IFDERS

1. 7Ebatch BrEg s & Commit frER, HTHEHENEREAS, EHRRAEBRIEZERETNZIN, 2IRE
ZEIEBRANNRBZEEFELT, WMEHEANT HEKE,

2. 7£ Query MER, HTFBENLHITIOE, SHUKIE Prover 1EEE,

Correlated Agreement EE X B R MAEFE—BAFNMESH, REEXLHNEE BV HEZM
A*(fO,RSD) > 6, 5 0 58 gitD) 5 h(+) | BRENM r € F #5582 585 fold, (9, %
T

A(fold, (), RSETY) < § (15)

XEAET A%, ENEXS Hamming EEEAAMEXZ, HEXZRT FRI B Query BrERMIBENEN, XEMATIFH
BAT. BREE—HFHSMH EO) WRTET e, B

Pr[E()] = Pr[A(fold, ( FO),RSHY) < 6] < e (1)
re
1SR FRI YIRS doR, BARE— LR WBEHOBERBY d- ¢, B

PrEY] <d-e (16)

XGRSO RONERT, BEBRIIKEXEWNEHRE, KOMBE_IMORR, REREEMH

MHEERAMAEST soundness BILEIL,
PR T — P XIS anaiEe (1) =, EnEsmmE A*(fD,RSV) > 6, 5
Pr[A(fold, (f®), RSy < §] < e (2)

relf



BEMEARIES, & (2) XML, B

Pr [A(fold, ( FO),RSHD) < 6] > e (17)
re

XEHR T Correlated Agreement EEMEM T, HBAMLETEE D' C DY | g glith, a1 ¢ RSO
E

z+1 |D’ —g z+1)| , E(i+1)|p/ _ z+1 |D’ (18)

HE |D'| > (1-6)DEY)|, ggExpmEEhnpe gl 500 | gra— sm fO

FO(z) = g (@?) + 2 - A (2?) (19)
BFREBrgEE, Baf0 sEthe—BF, BF0 c RSY, ANE
fOlp = f9p (20)
BT D] > (1-6) . HATATEE A*(F@, RS < A*(fO, FO) < §, XE5EEFE, Rt
(2) RAIL.
S

Proximity gap £ FRI X FEEZEXEENEA, EEILENBONABNEN ZMAH#ITHE, XAKEDT
Prover &% oracle f¥( &, BRI/ T Verifier E10RIENE. b5, Proximity gap 1 Correlated Agreement
EEZYEx, FHE FRIAY soundness DR 7 < BEMA.
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