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This article mainly introduces the key ideas of the DeepFold protocol [GLHQTZ24]. The DeepFold protocol is a
polynomial commitment scheme (PCS) for multilinear polynomials, combining ideas from DEEP-FRI [BGKS20] and
BaseFold [ZCF24]. The BaseFold protocol [ZCF24] is also a PCS for multilinear polynomials, combining the FRI
protocol and the sumcheck protocol. However, in its original paper, it is limited to unique decoding. If it could be
optimized to work under list decoding, the number of queries made by the verifier to achieve the same security
parameter A could be reduced, thus also reducing the size of the proof. The DeepFold protocol adopts the DEEP
method from DEEP-FRI to achieve this. However, in [H24], Habdck proved the security of the BaseFold protocol for
Reed-Solomon codes under list decoding. On the other hand, the STIR protocol [ACFY24a] has fewer queries
compared to the DEEP-FRI protocol. The WHIR protocol [ACFY24b], which combines the STIR protocol and the
BaseFold protocol, can achieve fewer queries compared to the DeepFold protocol, although its security under list
decoding has not been rigorously proven yet.

DEEP Method: From Unique Decoding to List Decoding

First, let's review the BaseFold protocol. Taking a trivariate (let u = 3) linear polynomial as an example, let

f(Xl, X2, X3) =ag + a1 X1+ asXs + CL3X1X2 + a4X3 + 0,5X1X3 + a6X2X3 + a7X1X2X3 (]_)
The corresponding univariate polynomial is
f(X)=ao+a1X + as X%+ a3 X® + ay X' + a5 X° + ag X5 + a7 X7 (2)

fand fare referred to as "twin polynomials" in the [GLHQTZ24] paper, sharing the same coefficients

a = (ag,a1,---,ar). Suppose the query point is Z = {z1, 22, 23}, and the prover wants to commit to the value
of f at this point as f(Z). The BaseFold protocol first converts the committed value f(Z) into a sum form over a
hypercube {0, 1}3, i.e.,

f@&= ) f0)-ab?) (1)
be{0,1}3
where éq(g, Z) = H?:l((l - g[z])(l —z[i]) + g[z] - Z[i]). To prove that equation (1) is correct, the sumcheck
protocol can be used. However, in the last step of the sumcheck protocol, it will require obtaining the value of f at
a random point f(r1, 72, 73). This value can be obtained through the FRI protocol for f. For an honest prover, a

Merkle tree can be used to commit to a vector 5 = f()(X)|, € RS[F, Ly, p], where f(0(X) = f(X), rate
p = 23/|Ly|, and evaluation domain L; 1 = {z? : € L;}. Express f(*)(X) as even and odd term polynomials

FOX) = X + x- 1P (x?)

(3)
= (ao —i—a2X2 —{—CL4X4+(16X6) —I—X (a1 +a3X2 +a5X4+a7X6)

Then use the same random number r; € F as in sumcheck to fold f](;) and fél) to get a new polynomial f(l)(X)

FOX) = FPX) + - F(X)
= (ag + a2 X + asX? + agX?) 471 - (a1 + a3 X + a5 X% + a7 X?)

(4)

It can be found that the multilinear polynomial corresponding to f(l) (X)is
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f(ri, X2, X3) = ag + a1r1 + a2 Xo + a3 - m11Xo + ay X3 + a5 - 11 X3 + agXo X3 +ar - 11 X2X3
= (CL() —|— (I2X2 —|— a4X3 —f- a6X2X3) + 1 (a1 + CL3X2 + CI,5X3 —|— (1,7X2X3)

(5)

The prover sends the Merkle commitment ) = f(l) |1, to the verifier. Generally, continuing the above steps,
divide f("’l)(X) into odd and even terms,

) = £ + X £ (x) 2)
Then fold using the random number r;,

FOX) = 2X) +ri- £5(X) (3)

The prover sends the Merkle commitment 7 = f(i) |, to the verifier. In the last step of the FRI protocol, we can
obtain f(?’) (X) = f(rl, T9,T3) as a constant, which is exactly the value that the last step of sumcheck wants to
obtain. This way, performing sumcheck protocol and FRI protocol simultaneously completes the commitment of
the multilinear polynomial, which is the idea of the BaseFold protocol.

It can be found that in the BaseFold protocol, the role of the FRI protocol, in addition to its own purpose of
ensuring that ¥ is A close to the corresponding RS code space RS[FF, Ly, p], also provides the value of £ to
ensure the correctness of f(rl, r9,73). It is mentioned in [GLHQTZ24] that the original FRI protocol only requires
the provided vector ¥ to be close to some RS codes, but in the ¢-th round, it does not specifically require which
codes 3% should be close to. Under unique decoding, there is at most one code f(i) close to the corresponding
@ in the 4-th round. If it is list decoding, it means that there can be multiple codes f(i) close to 3®, and a
malicious prover can choose f(i)l to proceed with the protocol, which can also pass subsequent checks, and in the
last round, f(?’)' is obtained, which is not a correct value.

RSI[F, L;, p| 70 . £—T— codeword

Therefore, we now need a method to ensure the correctness of f(“) = f(3) under list decoding, that is, in the z-th
round, we need to ensure that only f(i) can be A close to 3(*), and f(i) corresponds to the correct multivariate
polynomial f(rl, cees iy X1y e - - ’Xu)- The DeepFold protocol uses the DEEP (Domain Extending for
Eliminating Pretenders) technique from the DEEP-FRI protocol [BGKS20] to solve this problem. In the %-th round, a
random number a; is selected from [ instead of from L;, and the verifier additionally queries two values

£1 (+a;), from which the verifier can calculate the value of £ (a?) by themselves. Since

_ X)) + £V (-X)
2 7

(i-1) — 1)
_ S0 1) .




Therefore

f(z)(XZ): g)(Xz)‘i"’"z g)(X2)
FNE) X)) - F(X) 2

- 2 +Ti'

Substituting X = a;, we can get

f(i)(a?) _ FO D (ay) + FED(—a) . FE D () — £ (—ay)
l 2 2. (073

The verifier can calculate the value of f(i) (af) based on the above equation. Since «; is a random number
selected from the entire I, with high probability, there will not be two different polynomials f(") within the A
range of 90 that satisfy the same value at f(i)(af) under list decoding. This way, through the selection of o, the
list decoding is restricted to only select the unique polynomial f(i).

Let's explain why, with high probability, there can only be a unlque polynomlal f (@) that satisfies the same value at
f(i)( ) Suppose there are two different polynomials f1 and f2 that have the same value at a random point
a€F,ie, f1 (@) = f2 (cx), and they are both within the A range of 3. Let [3%)| = n, A = 1 — p — ¢, and
there are no more than £ codewords within the A range of 7, Accordlng to the conjecture in [BGKS20], we
know that | £| < poly(n ) Since fli (o) = fZi)( ), the polynomial fli f2i has avalue of 0 at o, and the
polynomial degrees of f1 and f2 will not exceed n, so the degree of f1 f2 will also not exceed n, and
there are at most n zeros in . Since a € T, the probablllty of such f1 f2 being 0 at point o will not exceed
n/|F|. There are ('2‘) ways to choose different f1 and f2( ) within the A range of 7, so the overall probability
will not exceed n - (‘g')/|F| If |IF| is large enough, this probability is very small. Therefore, it's the same for a%,

with high probability, there is only one polynomial f(i) that satisfies the same value at f(i) (af).

Now through the DEEP technique, we can convert list decoding to unique decoding, solving the problem that
under list decoding, there may be multiple polynomials within the A range of 7, and the prover can choose
different polynomials Ieading to inconsistent f ). Now the remaining problem is to let the verifier verify the

correctness of the value of £ (a?) in each round.

Ensuring the Correctness of DEEP Method Evaluation

The [GLHQTZ24] paper mentions that in the DEEP-FRI paper [BGKS20], the quotient method can be used to verify
the correctness of f(i) (af). According to the folding relation in equation (3),

FOX) = fX) + 7 £5(X) 9)

A new form can be constructed, namely

(i) D)) - (FD(02) 4 £ D (g2
o (x) = e i fo (X);i—_gf( D +ri £ (o)) 7

Iff ( ) is correct, then the newly constructed f ( ) above is a polynomial, thus transforming the problem of
verifying the correctness of f ’)( ) into an IOPP problem about f . However, this method is not applicable in
the current multilinear polynomial PCS scheme, because although equation (4) can ensure the correctness of
f(i)(a%) in each round, the f(#) obtained at the end of the protocol is not equal to f(7).

The DeepFold protocol provides a new method to ensure the correctness at these points {«; }. Let's still use the
case of . = 3 to explain this method. Suppose now the verifier selects a random number a; < $Finthei =1
round, and now the verifier wants to ensure the correctness of f(l)(a%). First, the verifier can query the prover for
the values of f(%)(da;), substituting into the expression of f(X), we get



f(o)(ial) =ag+aj- (ial) + as - (:|:Oél)2 +as - (ia1)3
tay - (Fa)* + a5 - (£a1)’ + a6 - (£a1)® + a7 - (Fay)”
=ag+a;- (Fai)+ay-a? +as- (+ay)-a?

4 4 2 4 2 4
+as-af +tas-(fay)-ajtag-aj-af+ar-(fay)-aj-a]

(10)

This exactly corresponds to the value of the multilinear polynomial f(X1, X5, X3) at the point (a1, a2, a}),

f(£ai, a2 af) =ag+ a1 X1 + asXo + a3 X1 X2 + as X3 + as X1 X3 + ag X2 X3 + a7 X1 X2 X3
=ag+ay-(+ai)+ay-a? +az-(+ay)-al (11)
tay -0t +as- (ay)-afl +ag-a?-af+ar-(xay)-a?-af
Therefore fO)(+ay) = f(day,a?, at). After the verifier receives f()(£a), they can calculate £V (a?)
themselves, that is, by calculating using the following equation
FO (i) + £ (i) FO (i) = £V (—ai)

fD(a?) = 5 + 7

Similar to the derivation of f(O)(ial) above, the f(l)(a%) obtained at this time should have the following
relationship with the corresponding multilinear polynomial:

f(l)(a%) = f(rlaa%aa%) (12)

Now, to ensure the correctness of f(l)(a%), the verifier can query the prover for f(l)(—a%), and the verifier can
calculate £ (a?) themselves using equation (5), at this time

FA(ed) = f(ri,ra,al) (13)

Now the correctness of f(l)(a%) has been transformed into proving the correctness of f(2) (a‘ll). Similarly, the
verifier queries the prover for f()(—a?), and the verifier can calculate ) (a?), at this time it should equal

f(g)(a?) = ]2:(7"1,7"2,7'3) (14)

In this way, the correctness of f(Q)(o/ll) is finally transformed into the correctness of the value of f(?’)(a?), which
should equal f(rl, r9,73), Which is exactly the value that will be obtained in the last step of FRI.

verifier compute

\ f(l) (a%) f(rlya%’a‘%)
/ verifier compute

AU 7 FOad) | frira,ad)
: f(O)(_Otl)l: f(—ochoz%ya%) > ( 1) b verifier compute
L LA P =T - ,
prover send E f(l)(_a%){ W _a%’a%) > f(3) (a§) f(7'1;7'277'3)

rover send AN, I /t\\
prover sen ! f(Z)("a‘it) : (T17T27 _a%) (arovio(ed b‘/ FRI
]

)

prover send Finally, verifier can check this correctness

Through the above process, we can also find that if ¢ # 1, generally, in the i-th round, the correctness of the value
of f(i’l)(j:ai) provided is transformed into verifying the correctness of f(i)(a?), by the prover additionally
sending f @ (—a?), it is transformed into verifying f ) (a?), until finally all are transformed into verifying the
correctness of f(") = f(rl, T, ... ,rﬂ), which is exactly what the FRI protocol provides.

DeepFold Protocol



Summarizing the introduction of the DEEP method above, in order to avoid a malicious prover possibly selecting
an incorrect polynomial f(i)' within the A range of 7 to pass verification under list decoding, the verifier selects
a; from the range of [F in each round, forcing the prover to provide only the unique polynomial f("), making its
value at () (a?) correct. To verify the correctness of the value at f(?)(a?), the prover provides f®)(—a?), the
verifier calculates f(”l) (a?) on their own, until finally it is transformed into verifying the correctness of

f(“) = f('rl, cen ,7"”). Below, taking the PCS of a trivariate linear polynomial as an example, we will go through
the complete DeepFold protocol [GLHQTZ24]. Although the protocol process has many steps, the core ideas are
still the two points mentioned above.

In the commitment phase of f the polynomial commitment sent by the prover to the verifier is C = (rtg, a, c).

1. The prover calculates v = f(o) |L,, and commits to this vector using a Merkle tree, that is, sends
MT. Commit(v) — 7ty to the verifier.

2. The verifier sends a random point a < $IF.

3. The prover calculates ¢ := f(©)(a) and sends ¢ to the verifier.

The prover wants to prove to the verifier that: at the query point 2 = {z1, 22, 23}, f(zl, z9,23) = Y. At the same
time, the verifier has C = (rty, «, ¢) received from the prover during the polynomial commitment phase. The
prover and verifier perform the following protocol process: Step 1: Let Ag := {Z, a}, where & = (a, a2, a*).
Step 2: For each round ¢ € [3], perform the following steps:

21Wheni =1
a. The verifier sends a; < $TF to the prover. Let Ay := {Ag, a1} = {Z, &, a1}, where a1 = (a1, a3, af).

The a sent in this step is the random number outside of L used in the DEEP method to limit the prover to
only send the unique polynomial f(l). The vector a1 = (a, a%, 0/11) is for subsequent continuous

verification of the correctness of f(1)(a?) = f(r,a?,a}).
b. Let A1 := 0, for each & € Ay = {Z, &, c’1 }, the prover sends the following polynomials to the verifier:
92[2:] = g(22,23) = f(X7 z27 z?))
g&m = 9(a%at) ‘= f(X7 Oé2, a4) (15)
; 2 4
9071[2:] = g(a%,a‘{) = f(Xa A, al)
Let Ay := {A1, W} = {(22, 23), (@?, a?), (o2, a) }.

The g(X) polynomials in this step are similar to the univariate polynomials constructed in the sumcheck
protocol to prove the correctness of the sum.

c. The verifier sends 1 <— $IF to the prover. d. The prover calculates the folded polynomial
fO(X) = fg)(X) +7ry- él)(X), where f](;)(X) and fél)(X) should satisfy

FOX) = X + x- 1P (x?) (16)

The meaning of satisfying this equation is to ensure that fl(,Jl)(XQ) and fél)(Xz) are the even and odd term
functions of £(0(X).

e.LetzM) = f() |,, the prover sends the Merkle tree commitment of vector 7 to the verifier, i.e.,
MT. Commit(3™M)) — rt;.

2.2Wheni = 2



a. The verifier sends ay <— $TF to the prover. Let A; := {A1, a2} = {(22, 23), (a2, a?), (a2, a}), (a2, a?)},
where @y = (aa, ).

Note that the length of each vector in A1 has now changed to 2. The a5 selected here is to use the DEEP
method in the second round to limit the prover to only send the unique polynomial f(z)(X), and ensure
that the polynomial () (X) satisfies f®)(a2) = f(r1,72, a2) at point a3,

b. Let Ay := 0, foreach @ € Ay = {(22, 23), (a2, a*), (a2, a}), (a2, a2)}, the prover sends the following
polynomials to the verifier:

~ (17)
gal[Z] g(a4) = f(T]JX?a].)
ga2[2] g(a2) - f(rl’ X’ ag)
Let Ay := {A27 11}[2]} = {(Z3), (a4)a (azll)a (a%)}
c. The verifier sends 79 <— $IF to the prover. d. The prover calculates the folded polynomial
fAX) = fg)(X) +7ry- féz)(X), where f](;)(X) and féz)(X) should satisfy
FO0) = 17 () + X - 157(x) (18)

e Lletp® = f(2) |, the prover sends the Merkle tree commitment of vector 7 to the verifier, i.e.,
MT. Commit(3?)) — rt,.

23Wheni =3

a. The verifier sends a3 < $IF to the prover. Let Ay := {42, a3} = {(23), (@), (af), (a2), (a3)}, where
0?3 = (ag).

b. The prover sends the linear function to the verifier
g(X) = f(’l'l,T'g,X) (19)
Now it's the last round, directly send the function g(X).

c. The verifier sends r3 <— $IF to the prover. d. The prover calculates the folded polynomial
fO(X) = fg’) (X)+7rs- g’)(X), where fg’)(X) and fg’)(X) should satisfy

3 3
FOX) = £ + X £5(x) (20)
e.Let 3 = fB)| . the prover sends f) € [ to the verifier.
In the last round, FRI will finally fold into a constant polynomial, so here directly send a value f(3).

The following steps are the verification process performed by the verifier.

Step 3: The verifier checks

zm(zl) =Y
ga (@) = (21)
g(rs) = ;¥

According to the construction of the g(X) function when i = 1 and i = 3, for an honest prover, the above
three equations hold because



9z, (21) = flz1,22,23) = y
9ap, (a) f(a a?,a ) c (22)
( ) f(rlar2vr3) - f(B)

Next, for each round, the verifier also needs to perform the following checks.

3.1Wheni =1

a.Foreach @ € Ao = {7, &, a1}, check g5(ro) = gy, (w1), i.e, check

9w
9(21,22,23) ( ) g(zQ,zg)(zl)
aa2,a4 ( ) = g(a2 at) ( ) (23)
g(al,al,a%)(r ) - g(al,al)(al)

@ fix | think in the original paper's Step 3

For each round 4, where ¢ € [u], a. For each @ € A;_1,ifi <, V checks g4(7i) = g, (w1) ;
otherwise, V checks gz(7;) = g(w1) .

should be changed to, when i < g, verifier checks g(ri-1) = g3, (w1), otherwise checks
9i(ri—1) = g(w1). The reason is that, for example, when i = 2, gz(r1) = Yisy, (w1) does not hold when
substituted into the function construction sent by the prover earlier.

Actually, the last equation above does not need to be checked, i.e., §(a;,a2,a2)(T0) = g(a2,a)(@1). We can
verify that the above equations are correct because substituting into the g(X) equation from Round 1 gives

g(zl,zz,Z3 ( ) f(z17227z3) ) g(zg,zg)(zl) — f(zla Z2723)

_ _ (24)
I(a2,at) (ro) = f(e, o’ a4) =c g(az,azx)(a) = f(a,a2,a4)
3.2When i = 2
a.Foreachw € Ay = {(22,23), (@, a*), (a?,af), (a2, a2)}, check gz(r1) = i, (W1), ie., check
9(22,23)(T1) = G(z3) (22)
g(a2 a4)( ) - g a4 (az) (25)
920t (1) = glan ()
g(az,a%)(rl) = 9(2) (Otz)
The last equation g(,, 2)(r1) = g(a2)(@2) does not need to be checked. We can verify that the above
equations hold because substituting into the g(X) equations from Rounds 1 and 2 gives
9(29,23)\T ( ) ~(7“1,»’52,23) ( ) = f(T1,22,Z3)
Glazaty(r1) = f(ri,0%,a%)  gasy(@?) = f(r1, 0%, a?) (26)
9(a2,ah)\T (r1) = f(7’170117041) g(a‘l‘)(al) (7’1’(11,0‘1)

3.2Wheni =3

a.Foreachw € Ay = {(z3), (a?), (a}), (a2), (a3)}, check g(r2) = g(w1), i.e., check



9(23)(r2) = 9(2’3

g(a4)(7‘2) = 9(“4)

9ty (r2) = g(ai) (27)
g(ag)(rz) = 9(043)

9(a3)(7‘2) = g(as)

Similarly, the last equation g(,,)(r2) = g(a3) does not need to be checked. We can verify that the above 4
equations hold because substituting into the g(X) equations from Rounds 2 and 3 gives

g(zs)(T2) ]?(7’1,7‘2,23) g 23) (7‘1,7"2,Z3)
gty (r2) = flri,re, ") gla®) = f(ri,ra,a?)
: ) ) (28)
9ty (r2) = f(r1,ra,ad)  glad) = f(ri,ra,af)
92y (r2) = f(r1,m2,03)  g(a3) = f(r1,r2,03)

Step 4: Repeat query s times: a. The verifier sends 8o < $Ly to the prover. For ¢ € [3], define 3; := ﬂf_l. b. For
each i € [3], the prover uses MT. Open to open 1 (8;_1) and £V (—B;_1). c. The verifier checks if the
results sent by the prover are correct by calling MT. Verify. d. For each ¢ € [3], the verifier needs to check if the
following three points are on a straight line:

(5171, £ (52'71)), <—ﬂi71, f(i_l)(_ﬂifl)), <7’¢, F9 (51)) (29)

In this step, the verifier is performing FRI folding queries, randomly checking if the folding is correct,
repeating the query s times.

Step 5: If all the above checks pass, the verifier outputs 1, indicating acceptance; otherwise, outputs 0, indicating
rejection.
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