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Proximity Gaps

S48 Proximity Gaps BIE X,

Definition 1.1 [BCIKS20, Definition 1.1] (Proximity gap). Let P C 3™ be a property and C C 2*" be a collection of sets. Let A be a
distance measure on X" . We say that C' displays a (8, €) -proximity gap with respect to P under A if every S € C satisfies exactly
one of the following:

1. Pryeg[A(s,P) < 4] =1.


mailto:yu.guo@secbit.io
mailto:jade@secbit.io

2. Pryeg[A(s,P) <é| <e.
We call § the proximity parameter and € is the error parameter. By default, A denotes the relative Hamming distance measure.
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ETXH, AF, RRANR g 08RE, RS[F,, D, k] RR4EEH k+ 1, BE(blocklength) A n = |D| RS 4i3, EBFE%E D
LEk{E(evaluated), K < kSN, A p RRBER, Mo = % . 0 RHBXFTF RS code HIHEXS Hamming #88, € &Rk error £
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THE%H RS code B Proximity gaps E,

Theorem 1.2 [BCIKS20, Theorem 1.2] (Proximity gap for RS codes). The collection Caggine of affine spaces in IFZ displays a (4, €) -
proximity gap with respect to the RS code V' := RS[F,, D, k] of blocklength n and rate p = % ,foranyd € (0,1 —,/p),and
€ = €(g,n, p, §) defined as the following piecewise function:

e Unique decoding bound: For § € [0, 1;—'0) , the error parameter € is
n
e =€y = ey(g,n) := 7 (1.1)

e List decoding bound: For § € (1%’3, 1—./p), settingn :=1—/p— &, the error parameter € is

B e e B
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agreement &8, XTEREMMSECEE, — 1= unique decoding SEEIARY proximity 2%, B—1 = list decoding SEERNAT
proximity %5,

BATFEEE T =MIERRY correlated agreement, E&IEXHEMKXT correlated agreement B4518, TR,
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i {uo + cF) Theorem h a1 Theorem 5.1 &
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curve(u) = qu, :=> . (2 -ullz€F Th 6.1 Th 6.2
curves () == Dico il q 1.5 corem corem bound EFEHERRZAR)
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p. Uo + spanyui, - -, U 1.6 bound EHEHEARA)

TE=A"TEEDFINNL. MRSHEEIE affine spaces Y correlated agreement EE,

Theorem 1.4 [BSCIK20, Theorem 1.4] (Main Theorem - Correlated agreement over lines). Let V', q¢,n, k and p be as defined in
Theorem 1.2. For ug,u; € F?,ifé € (0,1 — ,/p) and

Pr[A(uo+ z-ui, V) < 4] > ¢

2€F,
where € is as defined in Theorem 1.2, then there exist D' C D and vg,v1 € V satisfying
e Density: |D'|/|D| >1—4,and
e Agreement: vg agrees with ug and vy agrees with u; on all of D’ .

2u={ug,...,w} C FP, MREA | 1 parameterized curve 2 u KM TIE FP iy @mes

curve(u) : {uz = Zz ‘u;lz€F }

Theorem 1.5 [BSCIK20, Theorem 1.5] (Correlated agreement for low-degree parameterized curves). Let V, ¢, n, k and p be as
defined in Theorem 1.2. Let u = {ug, - --,u;} C FY .1f§ € (0,1 — ,/p) and

Pr [A(u,V) < >1-¢

uccurve(u)
where € is as defined in Theorem 1.2, then there exist D’ C D and vy, - - -, v; € V satisfying
¢ Density: |D'|/|D| >1—-4§,and
o Agreement: foralli € {0,---,l}, the functions u; and v; agree on all of D' .

Theorem 1.6 [BSCIK20, Theorem 1.6] (Correlated agreement over affine spaces). Let V, ¢, n, k and p be as defined in Theorem 1.2.

Forug, Uy, -+, U; € IFqD letU = ug + span{uy,---,u;} C IFqD be an affine subspace. If § € (0,1 — ,/p) and

Pr[A(u,V) < 4] > ¢,

uelU
where € is as defined in Theorem 1.2, then there exist D' C D and vg, - - -,v; € V satisfying
o Density: |D'|/|D| >1—46,and

e Agreement: foralli € {0,---,l}, the functions u; and v; agree on all of D' .

(4)

Furthermore, in the unique decoding regime § € (0 —} there exists a unique maximal D’ satisfying the above, with unique v, .

Correlated Weighted Agreement

WRESHT FRIHIYAT soundness , FAEZE Theorem 1.5 A weighted RS,

SHF—NMAEH weight @8 1 : D — [0,1], u,v ZEHEXIA) p -agremment EXH

1
agree, (u,v) 1= —— Z u(z).
w(z)=



OHMEENRE L 2 TEuS vED E—EHtEHEZD. RS pu=1, B4
1

agreeﬂ(u,v):% Z 1=1—- — Z 1=1-A(u,v). (6)

| ‘ zu(z)=v(z) ‘D| z:u(z)#Av(z)

— P word u 5—PEMRR V ZIE/ agreement H u 5 V ZEN—MBEZBRISR AR agreement

agree ,(u, V) := max agree,, (u,v). (7
EX subdomain D' C D ggfnil(weighted) A/

pD) = — Y ul). (®)

| | zeD’
BEAEXFH D EXH {z € D:u(z) = v(x)}, W agreement iHE agree,(u,v) = p({z € D: u(z) = v(z)}) .

&E, dFu={ug, -, w}, Hbu; € FqD 2—4H word, u-weighted correlated agreement 2 subdomain D’ C D &K -

weighted K/, #8uED LWRHIET V]p , BIGFENi=0,---,1, HEv, € VIEBu|p = vi|p . H u KIBER, BR
BENEBNERI 1, XWRE T EREITIEH correlated agreement EEZRIHR.

BTk, BAMRIRNERY p BRERLEEN, BEAKR, MENE u(r) BEFER u(z) = 35, HF o, RTBANEY, BEHENS S
M , 33F FRI soundness U455 IE)R (B M ST FRI MY RS #3489 blocklength) , X/MBRIRFESEAIL, U T2EE 1.5 BN
wr,

Theorem 7.1 [BSCIK20, Theorem 7.1] (Weighted correlated agreement over curves - Version I). Let V', q, n, k and p be as defined in
Theorem 1.2. Let u = {ug, - --,u;} C FY . Leta € (y/p,1) and let yu : D — [0, 1] be a vector of weights, whose values all have
denominator M . Suppose

Pr [agree,(u,V) >a] >1-¢, (9)

u€curve(u)

where € is as defined in Theorem 1.2 (with 7 = min(ao — VP, %) ), and additionally suppose

N l(M|D|+1)(1 +i),

N q

Pr f[agree,(u,V) > o

uecurve(u) n P
Then there exists D' C D and vg, - -+, v; € V satisfying

e Density: 4(D') > a, and

e Agreement: foralli € {0,---,l}, the functions u; and v; agree on all of D' .

&R T Johnson RIRTEEMN—MEMRBRIIFZLUT.

Theorem 7.2 [BSCIK20, Theorem 7.2] (Weighted correlated agreement over curves - Version ll). Let V', g, n, k and p be as defined in

Theorem 1.2. Letu = {ug,---,u;} C IE‘Z’ .Let i : D — [0, 1] be a vector of weights, whose values all have denominator M . Let
m > 3 and let
p
> , = —_—. 11
a > ag(p,m) \/E+2m (11)
Let
S ={z¢€F,: agree,(uo+ zu; +--- + Zu, V) > a} (12)

and suppose

14+5)m" | 2m+1
|S| > max A+ 57) n?l, mt (M-n+1)]. (7.1)
3p3/2 VP
Then uyg, . .., u; have at least ax correlated p -agreement with V', i.e. Jug, - - - ,v; € V such that
p{z € D:V0 <i<lui(z) =vi(z)}) > a. (13)

Theorem 7.3 [BSCIK20, Theorem 7.3] (Weighted correlated agreement over affine spaces). Let V, g, n, k and p be as defined in
Theorem 1.2. Let u = {ug, -+, u;} C FqD and let U = ug + span{uy, -+, u;} C Ff be an affine subspace. Let a € (4/p, 1) and
let w : D — [0, 1] be a vector of weights, whose values all have denominator M . Suppose



ufe’%‘][agreeﬂ(u, V) >a] > (14)

where € is as defined in Theorem 1.2 (with 7 = min(ao — VP %) ), and additionally suppose

MD|+1/1
Pr [agree,(u, V) > a] > MD+1 (— + i) (15)
uel q no P

Then there exist D' C D and vg, - - -, v; € V satisfying

e p-Density: 4(D') > «, and

e Agreement: foralli € {0,---,l}, the functions u; and v; agree on all of D' .
B, FTF Theorem 7.3 tHHFXTF Johnson FIRAIEIFHHAIFZI .

Theorem 7.4 [BSCIK20, Theorem 7.4] (Weighted correlated agreement over affine spaces - Version ll). Let V, ¢, n, k and p be as

defined in Theorem 1.2. Let u = {ug, - -+, u;} C FqD andletU = wug + span{uy,---,u;} C FqD be an affine subspace. Let
u: D — [0,1] be a vector of weights, whose values all have denominator M . Letm > 3 and let
/P
&> aop,m) == v/ + Y2 (16)
m
Suppose
14+ 92)m" n? 2m+1 M-n+1
Pr [agree, (u, V) > a] > max % . n—, mil. nt . (7.2)
uel 3p3/2 q VP q
Then ug, . .., u; have at least « correlated y -agreement with V', i.e. Jug, - - -, v; € V such that
p{zeD:V0<i<lui(z)=vi(z)}) > a. (17)
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TEHMER T EEX R EMET AR, RIE C’ tEY, mERPnTEE 104, 8 C_(gi) ={g1, > g0}, BTG C;i) H
Bt Vandermonde 4B S 43k :

1 g () - ()"
(@) _
1 ogy (g5)° -+ (gp)"!
VC;“: . . . . (19)
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THEHNSEERT HRNSES, EFHAURT [BBHR18, Section 4.1], 5 [BBHR18, Section 4.1] REIME, BEFREEMASINER LT
B, 1Zan IR 2 R low-degree BIIER.

Claim 1 [BCIKS20, Claim 8.1]. Suppose that f(i) € RSJ[F, D(i), k(i)] where k() + 1 is an integral power of 2 . Then, for any 20 e F,
) ) ) w1\ T . ) )
etting 29 = ((z@)“, (0),.., () ) the function £}, : D) — F defined on g € D+ by

i+l )\ .G )\T D) el
f}(;z)(i)(g) = (z()) -u()(g) = (z()> 'Mg() 'f()|cg(i) (2)
is a valid codeword of 7/ (i+1) . = RS[F,D (i+1) k(i+1)} where k(@D .— % _1

1RIE [BBHR18] LUR EEIHUIES, 7 FRI TN COMMIT B, BIE—1 g € DO, F—simisn £, 1, (9) = P, (z7), F@
BT LR0IEH0R T



j<10)

— (=9)" ulg)+ (29) ul@ + o+ (:9) Tl (o)
u (g) (21)
ui(9)

TEHETHE 1 anE=rs, Bud(g) =M. FOl oo o RIBBIEISAT, 33T e C £ p# vandermonde 4ER5#

'] ey [ en)]
uy Pu(gh) | | /Pl (h)
Vool |7 |7 . (22)
i P.(q i '
_ul((i))—l_ (910) _f( )|Cg("> (g;(i))_
&Lk
u(()z) [ f(i)lcéi) (g’l) i
(4) f(z)l ) ( /)
Ul -1 Cél) gz i ;
. = (VCs('i)> . ‘ = Mg() . f( )|Cg(i) (23)
ul((Z))A £ |C§i> (gém)_

BUEEIT (ul)(g))" = M . 0

Batching

ERELIBERT, $E— prover B oracle £ M —Mp5I=E F C FP fRERARAERY, X MBS EEERRIGEN,
t
F= {féo)-l-zmi'fi(o) |mi€F,fi:D(O)—>IF} (3)
=1

4(E 8 FRI 15K “batch” SR low degree testing [IESEAIRT, HABCHNAMHAREENSBASE—=, BLzh
FO 42 f O+ b2t gmixa batching B ES, HMEE prover E2EET £0, .. f0  CrEmIREER TR
£ = 0) | 38 batched FRI # verifier M F hSIBEM#RAE 21, ..., 2 € F, prover 58 fO) | HREZEF

O L5 2 £ s eRIistEERTF £O) T, #8RzHE, batched FRI B QUERY MBI R T, B RER £O (g) t5iH
W, WEEENGEST £ (9),. .., £ (9) #BE FO(g) = £"(9) + Xty = - £(9).

& Fix
exx2nngn £O>g) = 209 + 34, £0(g) . BIANKES THENRS z; , RIZH
FO>9) = £ + Sy zi- £(9) -
The (batched) FRI QUERY phase

@8R 1 REAX TSI prover , verifier EEVIERME 20, WFE—1y € DY | prover o @TItE (2) X, M—TBF
O e VO mg—armwBs F0) ¢ VD | m, BIsagms f0 e vo, sim, EEiskirssesmi £ wan ko) o
TE (RBEMISEIRE) 355 ) 528 8e0EESTRRHTHR,

B AR T—MIERERINESE, BReE O M £ ZiEw—5%, B FRIOEEMESEIM TRE (F7)) ) EER (
FO)) et R IXHN B AN B EX— T2,

f=)
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SNETE Tt A RRIRIX B A B AR 73 758 ?

A single invocation of the FRI QUERY phase

—_

- MDY DRI o) . T i =7, 1, MBS O\, Y s pminsmim ol
mE FO(g0) # £ (6®) + iy zi - £ (9®) . misBte,

R, WFEEM € {0,---,r— 1}, & FED(gitD) £ (z0)7T. M. F9 00 . MBS,
4. BN —— MR EAREARNFTES RN, NS

w N

5 QUERY 33425 [BBHR18] i FRI B QUERY ii2 AR R, XEREBHMEMBE— D) hiFiaisig, mAsMman DO
HIEENEY, HAEE[BBHR18] H1A9 QUERY MER, XEBHATREBEIUIES 0 Y, batch WEEIEM, i

FOO) # £ (a) + iy £ (7))
Summary of the batched FRI protocol

TES4L TEMRINEREENMR, KBS TER soundness DA,

. TEMMYAS COMMIT BYERZESRAT, verifier ATLAEIT oracle iBla—&5IEE £ . DO c f0 D(T — F, Hr
D(O);...QD(T £— %5 2-smooth #, #8 O FamsmF 20,..., 20 <L,u;zf<0,...,f D), #®Mgig F0)

2. E—A 10 x 1) gyaEripsEs {M ) gttt e DUy Iltl:HM , RIFTF £0 |C —JL‘M% 9 gz — P EEF
u=ul {u i l(z}CFDM)’ Heh
ul (g(”l)) = (ug) (g(””), e ’“53_1 (9(”1))) =My £ 0 0 (4)

toh, R fO 2% DO LiB%Y p AR RS B2, M@ ul) Wi LS ESthEE DY HEERY p H9EM RS 1B
F.

1. £ QUERY EstE Rt ahs fH) 252@ia A (2) M fO) miss, #E (7 batched t9ERT) #E O 2B2ETA
12 (3) EmitEm.
Soundness

Lemma 8.2 [BSCIK20, Lemma 8.2] (batched FRI error bound). Let V(0 =RS [IF DO k(o)] where D is a coset of a 2-smooth
multiplicative group, and k(®) + 1is a power of 2; set p = (k(®) + 1)/|D(0 |

Let ' C F?" pea space of functions as defined in Eq. (3) whose correlated agreement density with V' (0) is . For interger m > 3
, let

a9 (p,m) = max {a, /p(1 + 1/2m)}. (24)

Assume the FRI protocol is used with 7 rounds, and let 1) = |D |/|'D (+1) | denote the ratio between prover messages (oracles)
and i + 1. Let eg denote the probability that the verifier accepts a single FRI QUERY invocation. Then,

Prleg>a(p,m)] <ec, (8.5)
21y 2,20, 207D
where
7 —1 (s
_me T POP  emn- (DO 1) S5 o5)
C pr—
203/2|F| VP |IF|
In words: For any interactive FRI prover P*, the probability that the oracles f(O), ey f(’") sent by P* will pass a single invocation of
the batched FRI QUERY test with probability greater than a(o)(p, m), is smaller than ec. The probability is over the random
variables z1, . .., z; used to sample #(©) from F and over the random messages z(O), ..., 2" sent by the verifier during the

COMMIT phase.



Theorem 8.3 [BSCIK20, Theorem 8.3] (Batched FRI Soundness). Let féo), ceey ft : ) 5 Fbea sequence of functions and let
V0 = RS[F, DO, kO] where D) is a coset of a 2-smooth group of size n.(° |D )|, and p = k(::)(;; satisfies p = 2R for
positive integer R. Let a = /p(1 + 1/2m) for integer m > 3 and e be as defined in Lemma 8.2.

Assume the FRI protocol is used with r rounds. Let 1(2) \’D |/|D (+1) | denote the ratio between prover messages (oracles) ¢ and
7 + 1. Assume furthermore that s is the number of invocations of the FRI QUERY step.

Suppose there exists a batched FRI prover P* that interacts with the batched FRI verifier and causes it to output “accept” with
probability greater than

7 —1 (i
(m+3) IDOP  @m+1) (DO +1) il 1)\’
€rRrI := €c + o’ = 2 + = +( -<1+—>). 26
i e 20972 ]F| NG RN S (26)
Then fo(o), ey ft(o) have correlated agreement with V' (©) on a domain D' € D) of density at least .

FH8.3 I RiBE, ABEEEISIHE 8.2 KL, &g féo), e ft(o) 5V () g8k correlated agreement /\F
aO(p,m) = \/p(1 +1/2m), BEEMESHWEEAT cc + (¥ (p,m))*.

1% E N7ESR FRI QUERY MERIESHEERAT o0 (p, m) M, SNABEHEEEBTF z1,..., 20, F©,20, .. 2D 0 Hepgp

f) 2 P* 1RIBZH Verifier 54 BAERMN, BITEIHE 8.2, NFEBM Prover P*, HEM E REMBETET ec . YBEMH E FTRIL

B4, B4 s JIRITIEA FRI QUERY #B5&E "accept” fulER AR (o (p,m))* ,

Eit, FRI# Verifier ESMBERBE ec + (a0 (p,m))*, X5BEFE. O
? Question

XEER FRI QUERY M EES I EATF o0 (p,m) WEH E, BEABRAR s ROMRIKARTEBE ec B? ATATE
(EC)S g?

Proof of Lemma 8.2

FEIERA Lemma 8.2 ZHi, %ENEB—MIRER verifier 42 consistency 2B @I A%, BIRsKIH, Prover £1R1E Verifier ELE’JBJ‘EHL%S(
20 SergiEEmE £+ | SRSME Verifier BIRIEEL £+ , 7E FRI B QUERY FRER, Verifier RIERE £+ S5z% £

consistency ,

EX—RIR (weight)Zzk, p@ : DO — [0, Mk v® DO 5 [0,1], Hhi=0,...,r, XEMNRHRETIADERE X
. Hi=08, A {0,1} weights skigm f0)(g) REITEIER:

19 (g) = {1 FO(g) = £37(9) + Xy 2 (9) (27)

0 otherwise

HE, FILLEIANESEIN p) REN — ) Weight g v D - DD [0, 1], 72 DUHY hER— TR g, FAIINEE
DO shgpzge C\) € DO | e gmAneE DO hisdiBanst O (z) = o' 185 g A TRAR, B (8.1) B,

i) == {g €DV | ()" = g}. (28)
W vt BESR
v (g) =B, oo [10(9)]. (8.6)
s, vt () RIE C) R TEN 1O weight WHIZME, B, REXEM u(1), HFE—1 g e DD :
) (i+1) (i+1) () — £0+D)
M(Hl)(g) _ {V (9) f (9) ff(z‘),z(z‘) (9) (29)
0 otherwise

#£F ul) mEN, —MREEOUERE, 1O (g) 27 g M fO dquery KM, FRIQUERY MEXRINEVEEIRI— N ER, XET
EN@SRRIIN—TEERE,

Claim 8.5. The probability eq that a single invocation of the batched FRI QUERY accepts f(o), ceey f(r), where
™ € RS[F, D", k(1)], satisfies

eq = Egnepin [u(r) (9(”)}- (30)



iFA: BB FRIQUERY RUIBF, SiiE—RIURNM o0, ..., g0 , Heh g(-) gMpsk O\ Y s opaiinme. FEBLAME
SEIERE, 3F i =0,...,7
Egoepo [10(g")] (31)

STRMIE, HTHEEER o0, H#ARRM—IBENFI oD € [, g0 € C) eempn, FiEf g RHSIR
B AT B
A EERR A B AT T

1AEAR T i = 0, BEANER 0O maz

2. BgF i — 18 O B3z, SEBRSST ¢ B () BRaz
MTIFREEERRIZ AL,

=00/, Bu® uEY,

0 0

1O (40 = {1 FOE) = £(69) + Ty 2 " (9) (32)
0 otherwise

AR FRI QUERY SBISMIIRBAZET E 0cpo 10 ()] -

g Fi — 1aF plY paz, MEsH p@ ("), me FO (W) kizm@t (8.2) Efite, 34 p®(g®) =0, ZNIE, RIEE
N

,u(i) (g(i)) = y(i)(g(z‘)) = ]Eg(i%)ec(;';)” [#(i,l)(g(i,l))} (33)
iR p@ (g1) RrEREE c;f;” C DOV £ pul-D) pyfEmTinE, mEABRs, H2M g0 Y, ., ¢O mxemanitdd g
R, EHEENT i 6 p@ gaz. O
Lemma 8.2 FHFE(LITHIZTE FRI QUERY M ERAVIEER, [EIF_LEA/Y batched FRI QUERY FEREIIIIN, BT8R BIREHEL:

1. HINE 2 5, (B ¢ MBI 21, ..., 2 o batch £ O£, X5 affine space BOIEIR, BRI 7.4 MRS
i,

. . . N (-
2. ixmE3 s, mal) = ((z@)o, (=), (29 1) ST batch , X curves BB, SFEIFIE 7.2 M4,
Lemma 8.2 iFfG: VUESIEMEIE 8.2, BB 8.5, RAGEH, 7 verifier (BB, MATHE L — e
Eyepn [17(9)] < a® (p,m). (8.7)

SRR T LIRBISI, BAtFRRINTE F, RsEEIMEN, W8RG o > a(p,m), BARBENFETF eo, XFMIEATE
8.2,

&) Question
HXERTALATRR “URFBEEL — ec B

BRI BB A EN —tFtREs EO) .. B | Hh—sEpa bt MBRES N ML EMBERZH, EEXMERNFETF ¢
. BEBERIYSERNEMHREN, WERRXF (8.7) KL,

2 BO) wHp
agree (f(o), V(O)) > a9(p,m). (34)

A u nEssEt EO K
¢
agree <f(§0) + Z z; i(o), V(O)> > a9(p,m) = max {a, /p(1 +1/2m)}. (35)
=1

&) Question

XM agree AARTAEX? M agree o) KWXHIRTA? BRTER 1152



ExAEH EO) SBEATRNM 21,. .., 2, . BI8Eb0EE, 5 (£, ..., £7) 5 VO g8% correlated agreement

density F&8id o

I TEHE 7.4: Theorem 7.4 (Weighted correlated agreement over affine spaces - Version Il). Let V', g, n, k and p be as

defined in Theorem 1.2. Let u = {ug, -+, u;} C FqD and let U = wg + span{uy, -+, u;} C FqD be an affine subspace. Let
u: D — [0,1] be a vector of weights, whose values all have denominator M . Letm > 3 and let
VP
a> o m) = + —.
el 0(pa ) \/ﬁ om
Suppose
1+ 57)"m" n? 2m4+1 M-n+1
Pr [agree,, (u, V) > a] > max % - —, .
uelU 3p3/2 q
Then uy, . .., u; have at least a correlated p -agreement with V', i.e. Jug, - - -, v; € V such that
p{zeD:V0<i<lu(z) =vi(z)}) > a.
MEFSHAN: WR ug,...,u; 5 VEEZ oy correlated p -agreement , IBAH

1+ 57)"m" n? 2m+1 M-n+1

ufgj[agree#(u, V) > o] < max (W T

MEE 7.4 EEHHE, Ra=aO(p,m), p=1UEM=1, &
Pr [EV)] = PrU[agreeu(u, V) > a9 (p,m)]
ue

EARTRRTY 773

(M4 3% BAFS BLAE BB R A% 1 > 7)

- ((1+ﬁ)7m7 n? 2m+1 M-n+1
< mas | —— .

3p3/2 g’ VP

((m+§)7 n?® 2m+1 n+1
— max e .

32 q P

B, RIEEE 7.4 MRFE 1.2, Hh V = RS[F,, DO, kO], n=[DO)], p= A+

THH#ST
(m+ )" n2>2m+1 n+1
3p3/2 q \/ﬁ q
BT
m+ )7
%z2m+1
(2m +1)7
_ > 2 1
3x27 me

=(2m+1)%>3x27

(40)

REERFRNESEmM >3, (2m+ 1) Em > 3 28EE, Ft (2m +1)5 > (2 x 3 +1)% =70 = 117649, AR LXKIGR

(m+7)

3% 27 =384, HE (2m + 1)° > 117649 > 3 x 27, eukigs 2 S op 4 1 EABIES)MT. Ba

3



(m+3)" n2 2m+1 n?

3p%/2 q p3/2 g
2m+1 n?
e a
(EFHD p<l1 ) (42)
2m+1 n?
Ve o4

(MFn>2mn®>n+1)
- 2m+1 n+1

VP q
M
Pr [E©] < max Mﬁ 2m+l ntl
L1se - Tt - 3p3/2 q ’ ’\/ﬁ q (43)
(m+3)" n?
_ 2 N
C O 3p32 q
%
(m+3)7 n?
ey (kgistsh n = [DO)) (44)
&
Pr [E0]<e (8.8)

MmEEE € {0,...,7 — 1}, EXEH B+ 5
agree,, i+ (f}?:?l), V(”l)) > max (agree#(i) (f(i), V(i)) /Pl + 1/2m)>. (8.9)
Ll Notes B T =4 E(HD) | iRIBEN

(i+1) (i+1)) _ (i+1) (i+1)
agree, i+ (ff(i),z(i)’ Vv = ga.ﬁ%im agree,, (i1 ffa) @ g

= max 1 Z ) (z)

gty (D] z:f(l.(?)(-)(Z):g(""l)(z) (45)
1) 0

Eg'eci“ [H(i) (Ql)}

=1 G o (@) =04(a)

1
= max "
PICEPSACEY "D(z+1)‘

wENRE O SHNK 20 w1558 ff” =3 TD”I i EES f}ij; £5 VD) agg— 2w o) B o,
BITE XL ¢ MR DO dhenpzsErhrgt i ul0) weight AUEAEEZ A,
(8.9) A0

1

7 (4) V(i)) = TS
agree,, (f ) g(ri?ea{;{(i) |D(i)‘ £ 0)(

w1 (@) (46)
z)=g") ()

p(z) EEMESM £O & qurey z BF, 7 FRI QUERY M ERBEEITAIMEER,

B s o —es5e, B3 f0 5 20 misgamn fff1>, HF VD dgg—2hst g+ | B EEENEER
Az (S, EiHEIXE SRR 1) weight WEBZZF1S DD gk otbiE.,

B fO 5,0, mEg ECHD 2hpng 0 rem, #iE o) ey, 5
) (i+1) (i+1) (1+1
L6+ (g) = { (9) F4(9) = £ 2 (0) ()

0 otherwise

LWHERM ) (g) = f}fﬁ{” (9) B, u(g) 725 v+ (g) 18%. BRAUESE



agree,, i) (f(”l),V(”l)) < agree, 1) ( }i;gi),V(iH)) (48)
RUMREH B TRE, BABRE (8.9) XALuEH
agree i+ (f(Hl), V(”l)) < agree, 1) (fj(f(;i)(l), V(Hl)) < max (agreeu(i) (f(i), V(i)) /Pl + 1/2m)) (49)
Ty
agree,, i (f(”l), V(”l)) < max (agree#(i) (f(i), V(i)) ,v/p(l+ 1/2m)) (8.10)
% o = max (agree,o (£, VD), /p(1+1/2m)) . RIEEX, BF f}’;;{ b, 8BS B %
agree,, 1) (uo + 200y 4+ (D) Ty, V(”l)) > a, (50)
R ug, ... ue_g : DUHY — T 978 FRINEX R fO) SRNRRAHES.1), XELERE 7.2 FTLEIER.

LU EEERE 7.2

Theorem 7.2 (Weighted correlated agreement over curves - Version ll). Let V, g, n, k and p be as defined in Theorem 1.2. Let
u = {ug, -,u} C IFqD .Let u : D — [0, 1] be a vector of weights, whose values all have denominator M . Let m > 3 and

let
a > ag(p,m) ::\/ﬁ—i-i. (51)
2m
Let
S={z€l,: agree,(uo+ 2us +--- + Zu, V) > a} (52)

and suppose

1+ =)"m" |, 2m+1
|S| > max 1+ 37 n?l, m (M-n+1)l). (7.1)
3p3/2 VP
Then uyg, . . ., u; have at least a correlated p -agreement with V', i.e. Jvg, - - -, v; € V such that
p{z e D:V0 <i<lui(z) =vi(z)}) > o (53)

HER 7208 M = |[DO|/|DUY| | XRBNHFHE i + L08R, BEEERn = D, I M- n = |DO|, BFHRNDHF
u = {ug, -, u ), B (7.1) hel =10 — 1, RIEEE 7.2, R

i om+1 |DO|+1
Pr|ECY| > (10 -1 (i) . )
Heh,
QDO e (miq)T POP 1 (55)
DO)2 TCENGE 3p3/2 g (0. 0)
mRHmE LRFM, NREET.2, WE
0
S| > [F - (1® — 1) [ @ 4 2mEL DO +1
VP F
(m + %)7 |D(0)|2 |D(i+l)|2 o — ) .
I Tpop FET D (DO +1)- (19 —1)
3p%/ g [DO) 7
14+ L)"m7 . . ) , |
- % DD a0 1y 4 TEEL (1) 10— 1) (56)
3p N
(1+ %)7,”7 —

3p3/2

n? (19 —1) + (M -n+1)- (19 —1)

VP

n )
3p%/2 VP

14 5)"m" , 2m 41
>max(( ) 2 m+

(M-n+ 1)l)



WRER (7.1), AHATERE 72 AEFE—TEE S C DY, BEBF v),..., 0w €V, BRw Sv; €S -8, H#E
v (8) > o, EF (8.4),

u® (g(Hl)) = M;(ii)Al) ’ f(i)|c(i) (57)

g(i+1)
ﬂﬂﬁawmayeng;@{l) % f<i>\c- ayeaqﬂw u® (g 1+1) {EFELEIRES, B evaluation BREY, SHE—1 ¢l+D) € DOHD) | gz
uyemm@wo(g““’),...,vm_l( @) F, uc )y =g by} MHERBILERY

UU(Q(HI)) UO(Q(HU)
_ (i+1)) ) ( (i+1))
(i) 1 1)1(9 . 19
(Mg““)) ' : _VCﬁH)' :
0-1(g") (9 (1)
- 0_ .
1 96 (90) e ()t vo(g(*t)
0 _ ,
1og () e (@) v1 (g Y)
1 g (Go)? e (g )" Lo le™)

(i+1) (i+1)Y 4/ IN2 L ) (64+1)\( o 1D -1 (58)
vo(g") 4+ v1 (gt ) gh + ua(gh)® + - - + v 1 (9" ) (90)
+

. : (@) _
vo(g") + v1 (g ) gh + ua(g))? + -+ + v 1 (g7 ) (g)"

_Uo(g(i+1)) + Ul(g(z+l))g o+ ua(gy 1)2 + v (g (g a)_l)l(“‘l
h((gp)
h(gh)

AEHEg Y : DO - F, 3F8—1g0 e, A

B0 (g — Z (gm)". ( z+1) \- 1( ) (( m) ()), (59)

—
|

—_

—

Jj=0 7=0
Eit, BFv; € VO, @i h e VO, 55, iRiBEX
agree,, (i (f(i), V(i)> = nel‘%() agree () (f(i),v>
2 agreeu(i) (f(l), h(l))
! i 60

= T8 Z 19 (z) (60)
| | 2:f O (2)=h0)(z)

_ V(i+1)(S)

> a,

25 a MEX o = max (agree,o (O, V), /p(1+1/2m)) BFEM. BARBRIVELMER 7.2 WFTANBIRE TR,
oAt 2 TR AL

) . Vv 2m+1 DO 4+1
Pr | B+ 1D _1). | €@ . . 1
Pr[BC] < 00— 1) (4 /5 IF] (61)
Hib, MREEEH ECTD &£, 188 (8.10) %X, WFHAMI0,1,...,r — 1 §%F:
agree i) (f(”l), V(Hl)) < max (agree#(i) (f(i), V(i)>,\/ﬁ(1 + 1/2m)) (62)

1RIE= (8.8) 153!



mREH EO) spz—tr B Ramiiriits

zl [ } i { ZH} <e+ T=1 ((l(i) —~1)- (E(i) n er\z/gl ' |D(‘|3;[|+1>>

i=0 % =0
r— 1 r—1
DO +1
=l =0 \/ﬁ |]F|
—1 r—1
10 —1 2m+1 |[DO| 41 ‘
=(14+ = es+ . . 10 _1
( " (z(o>...z<z))z>€ NG IF] ;( )
TEETT Y, j 7, BFNF e {0,...,r— 1} B0 > 2, Ei
r—1 10 _ 1 r—1 1) 1
; (10 ... 160) £ ((1(0)...l(i))2 - (l(o>...l<z‘))2)
B i 1 B 1
B — (l(O) ..l(ifl))2l(z) (l(O l(z))2
1

0)(1)
oo+ (- ! + )—
(0. qr-2)2 T (o). gr-2)2.09 ) (0. r-1)2
1 1 1 1
10 @022 qOim)2.2 T (0. 222
1
_(l(o) D)2
1
=70
1
~2

LU B—MiERR7 % FIREFLEESIRM

(63)
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(EMD > 2, mupl®? > 1)

r—1 >i+1

N

Il

o
~
=
=

<

N
Il
(==}
7N
| =

1r71 1 7
-32(3)

1 1
<33

1
<3

&) Question
X F EERE R B EE A 52
£S5l

0
2m+1 [P 41 ,
)e+ mil P+l S0 g (67)

3 .
< —€+ . . 19,
2 NG |F| 2

SR, Bl1SET URLRNEN B0 B4R, HERMENT

3 2m+1 DO+1 L,
Sey . ST — ¢, (68)
2 VP || ;

LERNEMHREN, THENXFMRIL

agree ) (f(r),V(T)) = Ej0epn [,u,(") (g(T))}
(EHf" e VD)
< max (agreewfl) (f(rfl), V(T71)> ,v/p(1+ 1/2m)>
(RgmaepEC e . mk(8.9))

< max (agreeﬂ(riz) (f(r_z), V(r_z)) /Pl + 1/2m))' (69)
<...

< max (agreeﬂ(o) (f(o), V(O)),\/ﬁ(l + 1/2m))
= max (o, 4/p(1 4+ 1/2m))
= a0 (p,m)

=, iEER (8.7) I, MUMSIIEIE 8.2, O
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