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The paper [BCIKS20] improves the soundness of the FRI protocol in [BBHR18], mainly analyzing the case of batched FRI. This article
will provide a detailed analysis of the content related to batched FRI soundness in the [BCIKS20] paper.

Introduction

In the context of interactive proofs, distributed storage, and cryptography, various protocols have emerged that raise questions
about the proximity of a linear code V' C F7, where IF is a finite field and V" has minimum relative distance dy. These protocols
assume access to oracles for a batch of vectors u = {ug, -+, u;} C ]FZ, and their soundness requires each vector u; to be close to
V in relative Hamming distance. Furthermore, soundness deteriorates as a function of the largest distance between some vector w;
and the code V. Therefore, we aim to find protocols that minimize the number of queries to elements of u while maximizing the
probability of identifying when some vector u; is far from V.

? Questions

How to understand the following sentence? Furthermore, soundness deteriorates as a function of the largest distance
between some vector ui and the code V. Does soundness decrease as the maximum distance between some vectors u;
and code V increases, meaning that the probability of the Verifier rejecting decreases?

How to clearly explain the decrease in soundness?

Due to the linearity of V, a natural approach ([RVW13]) is to randomly sample a vector ' uniformly from span(u) (i.e., linear
combinations of elements in u), and treat the distance A(u’, V') between v’ and V' as a proxy for the maximum distance between
some elements of uand V. To prove soundness, we want that even if only one w; is §-far from all elements in V, the randomly
chosen v/ is also far from V.

In the following, A represents the relative Hamming distance. When A(u,v) < 6 holds for some v € V, we say "u is d-close to V",
denoted as A(u, V) < §; otherwise, we say "u is §-far from V", denoted as A(u, V) > 4.

Regarding this problem, some research results are:
1. [AHIV17]1f 6 < dy /4, aimost all ' € span(u) are §-far from V.
2. [RZ18] Improved the above result to § < dy/3.
3. [BKS18] Improvedto § < 1 — /1 — éy.
4. [BGKS20] Improvedto § < 1 — m but this bound is tight for RS codes, as it can be achieved whenn = gq.

&) Thoughts

Why is the focus of research on increasing the upper bound of this §? Regarding this question, my current thoughts are:
The upper bound of § here is related to dy, and for RS code, dyy = 1 — p, which is essentially related to the code rate. So
increasing the upper bound means lowering the code rate, which implies more redundancy. If with the same security or
the same high probability of rejecting errors, fewer queries are needed. Or to put it another way, if for the same protocol,
the number of queries is fixed, the larger § is, the higher the probability of rejection, thus improving soundness.

The second point of the above analysis seems to contradict "Furthermore, soundness deteriorates as a function of the
largest distance between some vector u; and the code V." This sentence says that the larger ¢ is, the smaller the
soundness? How should this be understood?

One question we are currently concerned with is: For which codes and what range of § does the following statement hold?
If some u* € span(u) is §-far from V/, then for almost all ' € span(u), u’ is also §-far from V.

One of the main conclusions of the [BCIKS20] paper shows that when V' is an RS code over a sufficiently large field (the field size is
polynomially related to the block length of the code) and ¢ is less than the Johnson/Guruswami-Sudan list decoding bound, the
above statement holds. Next, we call this a proximity gap.

Proximity Gaps
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First, let's give the definition of Proximity Gaps.

Definition 1.1 [BCIKS20, Definition 1.1] (Proximity gap). Let P C %" be a property and C' C 2*" be a collection of sets. Let A be a
distance measure on £". We say that C displays a (J, €)-proximity gap with respect to P under A if every S € C satisfies exactly
one of the following:

1. Pryes|A(s, P) < 0] =
2. Pryeg[A(s,P) <] <e
We call § the proximity parameter and € is the error parameter. By default, A denotes the relative Hamming distance measure.

For RS code, if V' C F™is an RS encoding, corresponding to P in the above definition, and A C [F™ is an affine space,
corresponding to S in the above definition, then either all elements in A are §-close to V, or almost all elements in A are §-far from
V. In other words, there is no such affine space A where about half of the elements are close to V, but at the same time, the other
half are far from V.

As shown in the figure below, A is an affine space, represented here by a line, and elements in the encoding space V" are
represented by black dots. Circles are drawn with these points as centers and § as the radius. Then there are only two situations:

1. All elements on line A fall within the green circular area.

all po?nts on the line are within the balls
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2. Only a few elements on the line fall within the green circular area.

several points on the line are within the balls | \__5 line 4
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The elements in A cannot be half inside the circular area and half outside, which is also the meaning of gap. It divides all the
elements in A into exactly two cases, and these two cases form a huge gap based on the relative Hamming distance.

In the following, we use IF; to represent a finite field of size g, and RS[F, D, k| to represent an RS code with dimension k + 1 and
blocklength n = |D|, whose codewords are evaluated on D and are polynomials of degree < k. We use p to represent the code
rate,sop = % 0 represents the relative Hamming distance relative to the RS code, and € represents the error parameter, which
is the probability of a "bad event" occurring.

Below is the Proximity gaps theorem for RS code.

Theorem 1.2 [BCIKS20, Theorem 1.2] (Proximity gap for RS codes). The collection Cagsine Of affine spaces in IFZ displays a (9, €)-
proximity gap with respect to the RS code V' := RS[F, D, k] of blocklength n and rate p = % foranyé € (0,1 — ,/p), and
€ = €(g, n, p, §) defined as the following piecewise function:

e Unique decoding bound: For § € [0, 1;—’)) the error parameter € is
n
e =ey =ey(g,n) = —

e List decoding bound: For d € (1%, 1—/p), settingn := 1 — \/p — 4, the error parameter € is

o li)7)q =0 (o - 12)

2min ('r], 2—6)

€E—=€] = fJ((LnaP»‘S) = (

&) Question

The larger § is, the more elements may fall into the circular area, so ej is larger than ey. Is this the reason?

Correlated agreements



The main theorem proved in the paper is correlated agreement. For two vectors ug, 41 € F? inFP, we choose a random number z
in IF, and we are concerned with the distance between the space formed by ug + zu; after linear combination with z and V/, that is,
the one-dimensional affine space A = {ug + zu; : z € F}. The correlated agreement conclusion states that if there are enough
elements in A that are close enough to the RS code space V' (d-close), then there must exist a non-trivial subdomain D' C D,
whose size is at least 1 — & times the size of D, such that restricting ug, u1 to D’, there are valid RS codes vy, v that agree with

ug, u1 respectively on D’. We say that such a D’ has the correlated agreement property, meaning that ug, u; and elements in A
not only have a large agreement with RS code respectively, but also share a common large agreement set. This result has two
parameter ranges, one is the proximity parameter within the unique decoding range, and the other is the proximity parameter
within the list decoding range.

The following presents correlated agreements for three situations. Combined with other conclusions about correlated agreement in
the paper, they are shown in the table below.

Ay(u,V)unique A, (u, V) list

Space U A agree, (u, V'
P u(, V) decoding decoding gree,(u, V)
i {uo + cF} Theorem ™ a1 Theorem 5.1 &
ines : eorem 4.
to T2 1.4 Theorem 5.2
low-degree i Theorem Theorem 7.1 & Theorem 7.2 (More precise version
g - curve(u) = {uz = 22:0 2 ug|z € ]Fq} Theorem 6.1 Theorem 6.2 ¢ >
parameterized curves 1.5 of the Johnson bound)
affine spaces 4 { } Theorem Theorem 7.3 & Theorem 7.4 (More precise version
ug + span{u,---,u
P 0T SP Lt 1.6 of the Johnson bound)

The following three theorems correspond to the correlated agreement theorems for lines, low-degree parameterized curves, and
affine spaces, respectively.

Theorem 1.4 [BSCIK20, Theorem 1.4] (Main Theorem - Correlated agreement over lines). Let V', ¢, n, k and p be as defined in
Theorem 1.2. For ug, uy € FP,if§ € (0,1 — ,/p) and

Pr[A(uo+z-ui,V) < 4] > ¢ (1)

2€F,
where € is as defined in Theorem 1.2, then there exist D' C D and vg,v1 € V satisfying
e Density: |D'|/|D| >1— 6, and

e Agreement: vg agrees with ug and vy agrees with uy on all of D’.

Letu = {ug,...,u} C F? then a parameterized curve of degree [ is the set of vectors in qu generated by u as follows,
l .
curve(u) 1= q u, 1= Zzl u;|z € Fy, (2)
i=0

Theorem 1.5 [BSCIK20, Theorem 1.5] (Correlated agreement for low-degree parameterized curves). Let V, g, n, k and p be as
defined in Theorem 1.2. Let u = {ug, -+, u;} C FqD. Ifé € (0,1 —-,/p)and

Pr [A(u,V) < >1-¢ (3)

uccurve(u)

where € is as defined in Theorem 1.2, then there exist D’ C D andvg,---,v; € V satisfying
e Density: |D'|/|D| > 1 — 6, and
o Agreement: for alli € {0, --,l}, the functions u; and v; agree on all of D'

Theorem 1.6 [BSCIK20, Theorem 1.6] (Correlated agreement over affine spaces). Let V, g, n, k and p be as defined in Theorem 1.2.
For wg, w1, -+, u; € IFqD letU = ug + span{uq,- -, u;} C IF?JJ be an affine subspace. If § € (0,1 — ,/p) and

Pr[A(u,V) <{] > ¢, (4)

uelU
where € is as defined in Theorem 1.2, then there exist D’ C D and vy, - - -, v; € V satisfying
o Density: |D'|/|D| > 1 -4, and

e Agreement: foralli € {0, --,l}, the functions u; and v; agree on all of D'

Furthermore, in the unique decoding regime § € ( , 1%} there exists a unique maximal D’ satisfying the above, with unique v;.



Correlated Weighted Agreement

To analyze the soundness of the FRI protocol, we need a weighted version of Theorem 1.5.

For a given weight vector i : D — [0, 1], the (relative) u-agreement between u and v is defined as

1
agree,,(u,v) 1= — Z wu(zx). (5)
|D| zu(z)=v(z)

That is, it looks at the proportion of agreement between u and v on D under the weight u. If we let 4 = 1, then

agree , (u,v) = 1 Z 1=1 = Z 1=1-A(u,v). (6)

|D‘ z:u(z)=v(z) ‘D| z:u(z)#v(z)

The agreement between a word u and a linear code V' is the maximum agreement between u and a codeword in V,

agree u? [ N max agree u7 v). ;
g [t( ) v g ,u,( ) ( )

1

WD) = o5 3 o) (®)
zeD’

If we define D’ in the above definition as {z € D : u(z) = v(x)}, then the agreement satisfies

agree, (u,v) = p({r € D : u(z) = v(z)}).

Finally, for u = {ug, -+, u;}, where u; € IB‘qD is a group of words, the p-weighted correlated agreement is the maximum p-
weighted size of a subdomain D’ C D, such that the restriction of u to D’ belongs to V|, i.e., for each ¢ = 0, - - - , [, there exists
v; € V such that ui\p/ = vi\p/. When g is not specified, it is set to the constant weight function 1, which recovers the notion of
correlated agreement metric discussed earlier.

Next, we assume that the weight function p has some structure, specifically, all weights () are of the form u(z) = aﬁ where a,

are varying integers with a common denominator M. For the special case of FRI soundness (where M equals the blocklength of the
RS code to which the FRI protocol is applied), this assumption indeed holds. The following is a weighted generalization of Theorem
1.5.

Theorem 7.1 [BSCIK20, Theorem 7.1] (Weighted correlated agreement over curves - Version ). Let V', g, n, k and p be as defined in
Theorem 1.2. Let u = {ug, -+, u;} C ]FqD. Leta € (y/p,1) andlet pu : D — [0, 1] be a vector of weights, whose values all have
denominator M. Suppose

Pr [agree,(u,V) >a] > 1 ¢, (9)

u€curve(u)

where € is as defined in Theorem 1.2 (with 7 = min(a — P %’)), and additionally suppose

Pr [agree,(u,V) > a] > M+ 1) (% + %)

u€curve(u) q
Then there exists D' C D and vy, - - -, v; € V satisfying
e Density: 4(D') > «, and
e Agreement: foralli € {0, --,l}, the functions u; and v; agree on all of D'
A more precise form that only applies to the Johnson bound range is as follows.

Theorem 7.2 [BSCIK20, Theorem 7.2] (Weighted correlated agreement over curves - Version ll). Let V', ¢, n, k and p be as defined in

Theorem 1.2. Let u = {ug, -+, u;} C qu. Let 4 : D — [0, 1] be a vector of weights, whose values all have denominator M. Let
m > 3 and let
a > ap(p,m) :=+/p+ P (11)
- 2m
Let

S={zeF, :agreeu(uo—i—zul+---+zlul,V) > a} (12)



and suppose

14 55)'m" , 2m 41
|S| > max A+ 2, n?l, mT (M-n+1)]. (7.1)
3p%/° VP
Then uy, . .., u; have at least a correlated p-agreement with V, i.e. Jvg, - - -, v; € V such that
p({z € D:V0 <i<lu(z) =vi(x)}) > a. (13)

Theorem 7.3 [BSCIK20, Theorem 7.3] (Weighted correlated agreement over affine spaces). Let V', g, n, k and p be as defined in
Theorem 1.2. Let u = {ug, -, u;} C FqD and let U = wug + span{uy,---,u;} C FqD be an affine subspace. Let a € (1/p, 1) and
let & : D — [0, 1] be a vector of weights, whose values all have denominator M. Suppose

ErU[agreeﬂ(u, V) >a] > (14)
where € is as defined in Theorem 1.2 (with 7 = min(a — N2 %)), and additionally suppose

M|D|—|—1(1 3)
Pr [agree ,(u,V)>a| > —— —+ — . 15
Prlagree,(u,V) 2 o] 2 = L4 (15)

Then there exist D' C D and vy, - - -, v; € V satisfying

¢ p-Density: 4(D') > «, and

o Agreement: for alli € {0, --,l}, the functions u; and v; agree on all of D'
Similarly, there is a more precise form for Theorem 7.3 regarding the Johnson bound.

Theorem 7.4 [BSCIK20, Theorem 7.4] (Weighted correlated agreement over affine spaces - Version ll). Let V, g, n, k and p be as
defined in Theorem 1.2. Let u = {ug, - - - ,w;} C FY and let U = ug + span{uy, - - -, u;} C F? be an affine subspace. Let
p: D — [0, 1] be a vector of weights, whose values all have denominator M. Let m > 3 and let

JP

a>ag(p,m) = +/p+ o (16)
Suppose
1+ 5)"m" n? 2m+1 M-n+1
Pr [agree,(u, V) > a] > max % . n—, mil, nt . (7.2)
uel B 3p3/2 q VP q
Then uyg, . . ., u; have at least v correlated p-agreement with V, i.e. Jug, - - -, v; € V such that
p{z € D: V0 <i<lui(z)=vi(z)}) > . (17)

FRI Protocol

The purpose of the FRI protocol is to solve the Reed-Solomon proximity testing problem in the IOP model, that is, for a received
word £ : DO) — T, verify its proximity to V(©) := RS[F, DO kO], 1f £(0) belongs to V' (0), accept; if it is §-far from V (%), reject.
The FRI protocol applies to any case where the evaluation domain DO is a coset of a 2-smooth group, i.e., for any DO, itis a coset
of an (additive or multiplicative) group of size 2%, where s is an integer. Therefore, for simplicity, we assume that the group DO is
multiplicative. The FRI protocol has two phases: the COMMIT phase and the QUERY phase.

In the COMMIT phase, after a finite number of 7 rounds of interaction, a series of functions

fO.DO S F @D SR ... £ DO 5 Fwill be generated. In each iteration, the size of the domain |[D(®)|
decreases. Assuming that for an honest prover, f(o) is low-degree, then for each f(i), they will all be low-degree (see Proposition 1).
At the beginning of the i-th round, the prover's message f(i) : D) — F has been generated, and the verifier can access the oracle
of this message. The Verifier now sends a uniformly random 20 € F, and then the prover replies with a new function

0 D) 5 B where D) is a (2-smooth) strict subgroup of D), meaning that D is not only a subgroup of DY), but
also its proper subset.

D+ divides D into cosets of size [() := |DO)| /| DU+ Let C’éi) represent the coset corresponding to g € D) e,

) i=1{g e DV | ()" = g}. (81)



This means selecting those elements in D that can be mapped to g in DL+l through the mapping q(z) = ml(i), and these

elements form the set Cg(i), whichis also a coset.

For each coset Cg(i), the interpolation map Méi) is an invertible linear map Méi) FC =5 T, which maps f ] o : C’g(i) —TF
. . . . . 9

(i.e., restricting £ to the domain C(z) C D) to the coefficient vector u”(g) = (u (l)( ) ,ul((?)il(g))T of the polynomial

pY )(Z) =D i U (1)( VZ7, where P() )(Z) is the polynomial interpolating f (¢ (©

. In other words, M is the inverse of
uli(g

g
AN -1
the Vandermonde matrix generated by C( ), which means that (Mg(’)) - (ug, - -+, uyi_1)T is the evaluation of the polynomial
Pu(X) = >, 1o wi X" on the coset Cél).
»») Notice To maintain consistency throughout this article, we use (mg, L. ,xn) to represent a row vector, and (zo, . . . ,ccn)T
to represent a column vector, which can also be written as:
o
z1
(18)

Ln

Let's explain the description of the interpolation map above in more detail. According to the definition of C(i), we know that it

contains [(¥) elements. Let C’ {gl, ,g;(i)}, we can write out the Vandermonde matrix generated by C’éi)

@

1og (¢ - ()
(@ _

1 ogy (99)® - (g)"!

VC;:): (19)

0

1 g;m (sz)z (gim)l

Then Mg(i) = V(;(}) which is the inverse of the Vandermonde matrix generated by C’(i), therefore
9

N -1 !
(Mg(l)) '(uﬁa---aul(i)—l)T_<VC("1>) (o, -y w0 )T

=V 0 (w0, u0_1)7

Cg
[ 0_
1 ¢ (g)* - ()" w
(0
1og (957 -+ (&) || wm
11 g0 (92@)2 (gl ) -1 [%0
ug + U1gl1 + UQ(g )2 4o 4w (gl)l (20)
o +agh + us(g} >2+ (g1
0_
_’LL[] + ulg;(i) + u2(g;(i))2 + -+ ul(i)—l(g;(i))l 1
Pu(g1)
Pu(g5)
| Pu(g))

From the above derivation, we can see that (Pu(g}), Pu(gh) - - -, Pu(g))) T is the evaluation of the polynomial

—_

Py(X) = >, ;0 wi X' on the coset Céi), so (Mg(i)) . (wp, - . -, uy_1)T is the evaluation of the polynomial
Py(X) = >, u; X" on the coset Céi).
The following proposition uses the above notation and restates [BBHR18, Section 4.1], differing from [BBHR18, Section 4.1] in that it

is done over a multiplicative group rather than an additive group. This proposition describes the property of maintaining low-
degree.



Claim 1 [BCIKS20, Claim 8.1]. Suppose that () € RS[F, D@, k()] where k() + 1 is an integral power of 2. Then, for any z()) € F,
. . . a1\ T , . .
letting z(?) = ((z(’))o, (z(’))l, ey (z(z))l l> , the function f](f(flz)() : DU+ s T defined on g € DD py

i+1 )\ .G )\ T NG
1@ = (27) - u(g) = (20) " M 0] (2)
is a valid codeword of V (*1) := RS[F, D+D | k(+1)] where k(i+1) .= 241 1

According to [BBHR18] and the above notation, in the COMMIT phase of the FRI protocol, fixing a g € D+ the next step

i+1 j ; ,
constructs f;l(:zil) (9) == Plgz(i)) )(z(’)). Let's understand the construction formula above.

(9

i+1
f}(:):z)(i) (9) =Py

<1
’ i 101
= (=)l + () P+ ()l ()
[ u(9) | o
i
(e @y e y] |
[u4)_,(9),

Let's explain the second equation given in Proposition 1, i.e., u® (9) = Mg(i) . f(i) |C(i). According to the previous analysis, for the
9

Vandermonde matrix generated by C(i), we have

o | ey [/ enlod
ul Pu(g5) £ g0 (g5)
Voo = . = (22)
i P.(q i .
u® (900) 10 (90) |
Therefore
u? ] RAURTICHN
(@) £ 0 (gh)
Uy -1 c\92 : ;
S (VCY)) : =My" - f |C;” (23)
40) ] | £ g0 (g40) |

This gives us (u(g))" = M;i) - fO

Batching

In some cases, the first prover's oracle f(o) is sampled from functions in an affine space F' C FD(O), which serves as our input,
0, N, O
F=3f"+> 2 £ |2ieF, f;: DO - F (3)
i=1

When using the FRI protocol to "batch" multiple instances of different low degree testing problems, we combine them all together
through random linear combinations, i.e., féo) + xlfl(o) + -+ a:tft(o) in the above formula. In this batching setting, we assume
that the prover has already committed to fl(o), ce, ft(o) (note that in this case we set féo) = 0), and the verifier of the batched FRI
uniformly randomly samples z1, ..., x; € F, the prover replies with f(o), which should equal féo) + Eﬁzl ;- fi(o), and now the

FRI protocol is applied to f(O). Correspondingly, the QUERY phase of the batched FRI is also extended, so that each time a query for
£ (g) is requested, the verifier also queries féo) (9);---s ft(o)(g) and verifies f(0(g) = féo) (9) + 30 =i £ (9)-

7



& Fix
The formula in the paper hereis (0 (g) = féo) (9) + 3%, fi(o)(g). I think it's missing the coefficient z; from before,
and should be (0 (g) = féo)(g) +30 fi(())(g).
The (batched) FRI QUERY phase

Proposition 1 shows that for an honest prover, for any value 2 chosen by the verifier, for each y € D(+D) the prover can
construct a new codeword f (4D ¢ V(+1) from a codeword £ € V() by calculating equation (2). Therefore, we will always
assume that f(’“) € V), for example, by assuming that the verifier always queries the first k(") elements of f(’") (in some canonical
order) and compares f(r) with the interpolation polynomial of this function.

Proposition 1 provides a very natural testing method to check the consistency between f(i) and f(“'l), and the query phase of FRI
follows this process by iteratively applying this natural test from the "top" (f(r)) to the "bottom" (f(o)).

&) Question

How to better explain this natural testing method here?

A single invocation of the FRI QUERY phase

1. Choose ¢(") uniformly randomly from D). Fori = r, - - -, 1, choose g(* ) uniformly randomly from the coset Cg(fi;l).

2. 1f fO(g(0)) £ fo(o) (g + 22:1 z- fi(o) (g?), then reject.

3. If, forany i € {0,---, 7 — 1}, fEFD(gli+D)) o£ (20T Mg(i) - f@] o, then reject.
9

4. Otherwise — if all equations in the above conditions hold, then accept.

The above QUERY process differs from the QUERY process of FRI in [BBHR18] in that the random number selection starts from the
last D) instead of from the initial D(©). Compared to the QUERY phase in [BBHR18], here we also want to verify whether the batch

is correct at step 0, that is, £ (g(?)) féo) () + 30 ;- fi(o) (g).
Summary of the batched FRI protocol

Let's summarize the important properties mentioned so far, which will be used in the following soundness analysis.

1. At the end of the COMMIT phase of the protocol, the verifier can access through oracles a series of functions
fO DO S F ..., f0 D) 5 F where DO 2...2 D) is a series of 2-smooth groups, and f ) arbitrarily depends
onz® ... z® @nd fO .. . fi-D) weassume ") ¢ V),

2. There exists a set of {()) x [(?) invertible matrices {Mg((i) ,+ gD € DY, so that applying M  to f@)]

i+1) ¢ g+l

oo maps £
g(i+1)

to a sequence of vectors u = ul = {u(()i), R ul(zz)} C IFD(M), where

(00 ) = (o (66°0). - ouliy (o)) = 2l 70y @

g(i+1)
Certainly. I'll translate the text into English while maintaining all formulas and markdown formats. Here's the translation:

Moreover, if f(i) is a valid RS codeword with rate p on D), then each vector on the parametric curve through u(¥ is also a valid RS
codeword with rate p on D(i+1),

1. In each iteration of the QUERY phase, it checks whether f(i+1) is constructed from f(i) through equation (2), and (in the
batched case) checks whether f(o) is correctly calculated through equation (3).

Soundness

Lemma 8.2 [BSCIK20, Lemma 8.2] (batched FRI error bound). Let V(©) = RS[F, D(®), k()] where D(®) is a coset of a 2-smooth
multiplicative group, and k(©) + 1is a power of 2; set p = (k(©) 4 1)/|D©)].

Let F' C FP" be a space of functions as defined in Eq. (3) whose correlated agreement density with Vs a. For integer m > 3,
let

a9 (p,m) = max {a, /p(1 + 1/2m)}. (24)



Assume the FRI protocol is used with r rounds, and let 1) = |D()|/|D(+1)| denote the ratio between prover messages (oracles) i
and ¢+ 1. Let €g denote the probability that the verifier accepts a single FRI QUERY invocation. Then,

Pr [EQ > a0 (p, m)} < e, (8.5)
z1,. . 24,20, .21
where
7 o g
(m+3) - POP  emt1) (D41 Tl
€c = 372 + . . (25)
203/2|F| VP |F|
In words: For any interactive FRI prover P*, the probability that the oracles f(o), ceey f(’) sent by P* will pass a single invocation of
the batched FRI QUERY test with probability greater than a(o)(p, m), is smaller than eg. The probability is over the random
variables 1, ..., used to sample f(O) from F and over the random messages z(o), R 21 sent by the verifier during the

COMMIT phase.

Theorem 8.3 [BSCIK20, Theorem 8.3] (Batched FRI Soundness). Let f(go)’ R ft(r) : DO 5 Fpea sequence of functions and let
V0 = RS[F, D), k0] where D) is a coset of a 2-smooth group of size n(*) = |D©)|, and p = k:z)((f;l satisfies p = 2R for

positive integer R. Let o = /p(1 + 1/2m) for integer m > 3 and ec be as defined in Lemma 8.2.

Assume the FRI protocol is used with r rounds. Let 1) = |D()|/|D+1)| denote the ratio between prover messages (oracles) i and
2 + 1. Assume furthermore that s is the number of invocations of the FRI QUERY step.

Suppose there exists a batched FRI prover P* that interacts with the batched FRI verifier and causes it to output "accept" with
probability greater than

7 r—14(;
(m+3)"-DOR  @m+1)- (DO +1) Ll LYY
:: s _ . 1+ =)). 2
€FRI €ct+ o 2p3/2|IF| + \/ﬁ |[E‘| + (\/ﬁ ( + 2m)> ( 6)

Then féo), Ce ft(o) have correlated agreement with V) onadomain D' C DO of density at least a.

Proof of Theorem 8.3: By contradiction, then directly prove through Lemma 8.2. Assume that the maximum correlated agreement
of féo), ce ft(o) with V() is less than a(o)(p, m) = /p(1 + 1/2m), but at the same time, the acceptance probability is greater
than ec + (a®(p, m))?.

Let E be the event that the acceptance probability in each FRI QUERY phase is greater than al® (p, m). This event depends on
Tlyeeey Tty f(o), z(o), R z(r’l), f(r), where each f(i) is generated by P* based on the previous messages from the Verifier.
According to Lemma 8.2, for any Prover P*, the probability of event E occurring does not exceed ec. When event E does not hold,
the probability that s independent invocations of FRI QUERY all return "accept" does not exceed (¥ (p, m))?.

Therefore, the probability that the FRI Verifier accepts does not exceed e¢ + (a(o)(p, m))*, which contradicts the assumption.  [J
? Question

Here, for the event E/ where the acceptance probability is greater than a(o)(p, m) in each FRI QUERY phase, how is it still
not exceeding e when called s times? Why isn't it (ec)*?

Proof of Lemma 8.2

Before proving Lemma 8.2, let's introduce a method to track whether the verifier's consistency check passes. Specifically, the Prover
will construct function £ (1) based on the random number z(?) sent by the Verifier, and then respond to the Verifier with function
£+ 1n the QUERY phase of FRI, the Verifier will check the consistency between function f(i+1) and function f(.

Define a series of weight functions, u(® : D) — [0,1] and v : D) — [0,1], wherei = 0, ..., 7. These weight functions are
defined by induction. When i = 0, use {0, 1} weights to indicate whether f(o) (g) is calculated correctly:
0 0
O~ J1 FOU9) = £7(9) + Xt 2 (9) o7
1 (g) . (27)
0 otherwise

Now, 1) obtained by induction can be used to define an auxiliary weight function v+1) : D+1) — [0, 1]. By taking an element g
in D(”l), we can get a coset C;l) c D@, which is composed of all elements in DY that can be mapped to g through the mapping
q9(z) = 2" as shown in (8.1),

cf):={g e DV | (¢)" = g}. (28)



Then the definition of v (1) is
VE0g) =B, o (109 (86)

In other words, V(i‘”‘l)(g) is the expected value of the ,u(i) weights of all elements in the coset Céi). Finally, define the function
w1, for each g € DU

otherwise

W (g) = {?”Wm £ (g) = 16, () )

Regarding the definition of ,u( i), an |mportant property is that ,u (g) is a measure of the probability of success in the FRI QUERY
phase, conditional on querying g from f , which is an important reason for the following proposition to hold.

Claim 8.5. The probability eq that a single invocation of the batched FRI QUERY accepts f(o), ceey f(T), where
™) € RS[F, D", k(")], satisfies

cq = Eg @U@w@mq. (30)
Proof: Recall the invocation of FRI QUERY, a series of random g( . g(o) will be selected, where g(i_l) is uniformly randomly
selected from the coset C ). We will prove by induction that forz = 0, .
Ew@m@@@%] (31)

equals the probability that when g(i) is uniformly randomly selected, and it is generated from a random sequence
g ¢ C(gl), R ONS C(?l)), all tests related to g and its induced tests pass.
g g

The idea of the induction proof is as follows:

1. Prove that /,L(O) holds for the most basic case when 7 = 0

2. Assume 1= holds for i — 1, prove that 1) holds for 4
This will prove the proposition.

When i = 0, by the definition of z4(0),

W) = {1 7060 = 1760 + Siy 2" (6) (32)

0 otherwise
The probability of FRI QUERY passing naturally equals E jocpo [,u(o) (g(o))].

Assuming p~1) holds for i — 1, now analyze u(® (g™). If £® (g is not calculated correctly according to equation (8.2), then
19 (g®) = 0, otherwise, according to the definition

pD(gW) = @ (g0 = ]Eg(ifl)ec(;'.’)” [#(i—l)(g(i—l))} (33)
i
This indicates that 1.() (g(?)) is the average of the values of 1.(*~1) on the coset C’g((ii;l) C D=1, By the induction hypothesis, it is

the probability that all tests related to g~ .. ., g(%) pass, therefore (9 holds for i. O

Lemma 8.2 needs to estimate the probability in the FRI QUERY phase. Recall the protocol of the batched FRI QUERY phase, there are
two places involving random numbers:

1. In step 2 of the protocol, use t random numbers x4, ..., x; to batch fl(o), fz(o), RN ft(o), which corresponds to the case of
affine space, and will use the conclusion corresponding to Theorem 7.4.

. .\ 0 a1 Ay 121
2. In step 3 of the protocol, use z() = <(z(l)) , (z(’)) ey (z(’)) ) for batching, corresponding to the case of curves, and
will use the conclusion of Theorem 7.2.

Proof of Lemma 8.2: Now we need to prove Lemma 8.2. By Proposition 8.5, we only need to prove that in the verifier's random
selection, with probability greater than 1 — e¢,

Eyepn [17(9)] < a®(p,m). (8.7)



If we prove the above holds, it means that when selecting random numbers in IF, if g > a© (p, m), then its probability is less
than or equal to €, which proves Lemma 8.2.

&) Question
Why isn't it "with probability greater than 1 — e¢" here?

The proof idea is to first define a series of bad events E(O), RN E ), where the probability of some events occurring is the sum of
the probabilities of each event occurring, proving that this probability is less than or equal to €. Then assuming that no bad events
occur, prove that equation (8.7) holds.

Let E(© pe the event
agree (f(o), V(O)) > a9(p,m). (34)

By the definition of ,u(o), event B s
t
agree <f(§0) + Z :L’Z-fi(o), V(O)> > a9 (p,m) = max {a, /p(1 +1/2m)}. (35)
i=1

&) Question
What exactly does agree mean here? What's the difference between it and agreeﬂ(o)? Does it represent the constant 1?

Therefore, this event E© mainly depends on the random numbers 1, ..., Z:. According to the assumption in the lemma, the
) ) 0 0)y .
maximum correlated agreement density of (fé ), RN ft( )) with V() does not exceed a.
Recall Theorem 7.4: Theorem 7.4 (Weighted correlated agreement over affine spaces - Version Il). Let V', g, n, k and p be as

defined in Theorem 1.2. Let u = {ug, -+, u;} C IFqD andlet U = ug + span{uy, -+, u;} C IFqD be an affine subspace. Let
u: D — [0,1] be a vector of weights, whose values all have denominator M . Letm > 3 and let

/P

> = e 36
a> ag(p,m) :=/p+ 5 (36)
Suppose
1+5-)"m" n? 2m+1 M-n+1
Pr [agree,(u, V) > a] > max % . n—, mil ntl). (7.2)
uelU 3[)3/ q \/p q
Then ug, . .., u; have at least « correlated p -agreement with V', i.e. Jvg, - -+, v; € V such that
p{zeD:V0<i<lui(z) =vi(z)}) > a. (37)
Its contrapositive is: If ug, . . ., u; have at most « correlated p -agreement with V, then
1+ 5-)"m" n? 2m+1 M-n+1
Pr [agree,, (u, V) > o] < max % . n—, mil nt . (38)
uclU 3/)3/2 q \/ﬁ q
By the contrapositive of Theorem 7.4, taking & = a(o)(p, m), p = land M = 1, we have
Pr [E©)] = Pr[agree,(u, V) > o (p,m)]
Tiye T wel H
(Why can the parentheses here be directly changed to strictly >7)
1+5)m" n? 2m+1 M-n+1
< max 1+ 3m) -n—, mil. nt (39)
3p3/2 a P q
(m+3)" n? 2m+1 n+1
= max —_—,
3p3/2 g VP q
Note that according to Theorem 7.4 and Theorem 1.2, V' = RS[F,, DO k(o)], n= |D(0) L p= km:;’l
Let's derive
m+3)" n?  2m+1 1
mts) n' 2m+il n+ (40)
3p3/2 q N q



Since

(m+%)7
3
(2m—|—1)7
3 x 27

>2m+1

>2m+1

=(2m+1)%>3x27

By the condition m > 3 in the theorem, (2m + 1)6 is an increasing function whenm > 3, so

(2m +1)8 > (2 x 34 1)% = 75 = 117649, while the right side of the above equation 3 x 27 = 384, satisfying

m+1)7
(2m +1)5 > 117649 > 3 x 27. From this, we get that % > 2m + 1 (not equal) holds. Then

(m+ $)7
3p3/2

Thus
L1ye - Tt
Let
1
- (m + 5)7 2
3p3/2
We get

Now fix i € {0, ..., — 1}. Define event E(+Y as

n? 2m+1 n?
- —_— > O
q p3/2 q
B 2m+1 n?
p-p'? 4

(Since p < 1)
2m+1 n?
VP g

(Since n® > n + 1 whenn > 2)
- 2m+1 n+1

agree, (1) (f;t:lz)(l), V(i+1)) > max (agree#(i) (f(i), V(i)) /Pl + 1/2m)).

Ll Notes Understand event E(i+1), According to the definition

agree,, (i) (f](f(:?m, V(”I)) =

It measures, after constructing f](f(iz) from @ and random number z(®, finding 2 in DY) that make f;ﬁlzz) consistent

(i+1)  (i+1)
g(i—%lea‘ic(i—l) agree, i) (ff(L),Z(L)’ g
1
max

g+ eV (D) \D(Hl) \

1 .
@
_g(i—%leé%;{u—l) | DG+ Z Eg/ecﬁ‘) {'M (g )}

(41)

(43)

(44)

(8.8)

(8.9)

with a polynomial g(”l) in VV +1), then calculating the sum of the expected values of the ,u(i) weights of the elements in the

corresponding cosets in D for these .

On the right side of equation (8.9)



. . 1 )
() (z)) _ (i)
agree (f vV iAo Yo u9@) (46)

,u(i)(:c) measures the probability of passing in the FRI QUERY phase when querying « from f(i)

Event E(*1) aims to define such events: for f , constructed from f(®) and 2(®), for a polynomial g1 in V (1), take out

the set of points  that make their values equal calculate the sum of the expected ,u(i) weights of the cosets corresponding to
these points, and the ratio to the size of Dt

Fix £ and p(®), then event E"*1) is determined by the random number z(%). According to the definition of 1 (*1), we have

W4 (g) = {?”W” 7 (g) = £157,(9) "

otherwise
Only when the condition f(+1)(g) = f](f(;f’lz)(l) (g) is satisfied, "1 (g) will be equal to »(**1)(g). Naturally, we can get
agree i (f(”l),V(”l)) < agree, 1) (f(lH) (”1)) (48)
Therefore, if event E**1 does not occur, then according to equation (8.9), we can get
agree i) (f(”l), V(i“)) < agree, i) (f;l(i)(), V(”l)) < max (agree (f(z 1748 ) V(1 + 1/2m)) (49)
Then
agree,, i+ (f(”l), V(”l)) < max (agreeu(i) (f(i), V(i)) /(1 + 1/2m)) (8.10)
Let & = max (agree (f(l 1748 ) V(1 + 1/2m)) According to the definition, expanding ff , we get that event E(1) is

agree,, i+ (uo 4+ 20wy ... 4 (z(i))l(i)flul(i)_l, V(Hl)) > a, (50)

where ug, - - ., u0_1 : DU+ — T are the functions obtained from f(9) as defined in the FRI protocol (see Proposition 8.1). This is
exactly the case handled by Theorem 7.2.
L Recall Theorem 7.2

Theorem 7.2 (Weighted correlated agreement over curves - Version ll). Let V, g, n, k and p be as defined in Theorem 1.2. Let

u = {ug, - ,u} C quD .Let u : D — [0, 1] be a vector of weights, whose values all have denominator M . Let m > 3 and
let
o> ap(p,m) = \/p+ o (51)
- 2m
Let
S ={z€F,: agree,(ug + 2u; +--- + Zu, V) > a} (52)

and suppose

1+ 5)'m” , 2m 41
|S| > max 1+ 37 n?l, m (M-n+1)l). (7.1)
3p3/2 VP
Then uy, . .., u; have at least a correlated p -agreement with V', i.e. Jvg, - - -, v; € V such that
p{z e D:V0 <i<lui(z) =vi(z)}) > o (53)

In Theorem 7.2, take M = |D(0) |/|’D(”1)|. At this time, we are analyzing thecaseof i +1,son = |Di+1| in the theorem, then
M -n = DO = {ug, -+, wm_1} 1 = 1) — 1in equation (7.1). According to Theorem 7.2, if

. . v 2m+1 DO 41
Pr[E@“)l>(l(”—1)-(e“>+ mtl PO+ (54)

N

where,



e(i) B |D(i+1)|2 B € (m+ %)7 |D(0)|2 1

DO)2 €= (10 .72 - 332 q (10 .72 (55)
If the above condition is satisfied, referring to Theorem 7.2, we have
(0)
VP F
_(mt )T POP DEE e, 2mtl e 1 1
=g o U -0 = (0041 (0 -
1+ 2)"m7 . . 2 1 .
:%.‘D(wl)ﬁ.(l(z)_l)ﬁL m+ (M -n4+1)- (19 —1) (56)

3p3/2
1 N7 T
_ w.nz.(lm,m
3/2
3p VP

1+ 2)m" | 2m+1
> max ( ( 32?/3 n?l, m (M-n+1)l
p

Satisfying equation (7.1), therefore by Theorem 7.2, there exists a set § C D(*1), and codewords vy, . .., v0_, € V, such that u;
and v; are consistent on S, and v(**1)(8) > a. Recalling equation (8.4), we know

u® (g<z'+1)) — p®

OIS
gli+D) |Cg(8+1) (57)

The invertible interpolation mapping Mg((iill) maps f(i) |C(i) to u® (g(”l)). Using its inverse mapping, i.e., the evaluation
9(i+1)

mapping, for each g(i*1) € D), apply this inverse mapping to v (g ™), . .., v0_1 (g"). Let Cg(al) ={90," "> 90 11

then the result after application is

Vg (g(i+1)) vo(g(i+1))
(i+1) (i41)
C I LA N I R Clat)
(Mg(i+1)) - VC_;@)'H)
Ul(")fl(g(ﬂrl)) ’Ul(i)il(g(iJrl))
[ 0 )
Logh (@) - (@07 | T we(g)
0 .
1 g (91)? (g’l)l 1 Ul(g(zﬂ))
(O ) i+l
1 g;(")*l (g; i —1)2 T (9;(1-)_ )l ! Ul(z)_l(g( )) 58)
vo(g D) + v1 (g ) gh + ua(gh)? + - - + vy (g9 (gh) "2
B vo (g + 01 (g gh + ua(gh)? + -+ + vy (9 ) (g1)"" !
_Uo(g(iJrl)) + ’Ul(g(z+l))g o+ Uz(gl 1)2 + v (g (i+1) )(g (i),l)l(i)il
[ h(gp)
| o
_h(i) (gim,l)
We can get function h(®) : D) — T, for each g e C ) | we have
1H_1 101 ) 0
A\ J A\ !
=5 0 o) - 6 () o
Jj= =

Therefore, since v; € V(”l), we have b)) € V() Moreover, according to the definition



agree,, (f(i), V(i)) = 521%() agree,, (i (f(i),v)

> agree i) (f(i), h(i))
1 i
“mor 2 @
| | z:f O (z)=h0)(z)
_ V(i+1)(S)
> a,

This contradicts the definition of a: o = max (agreeu(@ (f(i), V(i)), VPl + 1/2m)). This means that the assumption we made

when applying Theorem 7.2 does not hold, that is, the following equation holds:

. ) ) 1 DO 1
Pr [E@“)} < (19 —1). (e(” Lmel DUIALY

N

Therefore, if event E*1) does not occur, according to equation (8.10), for alli € 0,1,...,r — 1 we have:
agree,, (i) (f(”l), V(”l)) < max (agree#(i) (f(i), V(i)) /Pl + 1/2m))

According to equation (8.8), we get

2

m+ )7 |pO
Pr [E®] <e, wheree = ( z) . L .
L1y Tt 3p3/2 q

If the probability of event E () or some E 1) occurring is estimated as

r—1 r—1 0)
: . s 2m+1 DO 41
(0) +1)] <« @ _1). [ D .
et B9+ 2.5 B < 6+; ((l D (6 T IF|
r—1 r—1 0)
. . . 2m+1 DO +1
— e+ 3 (10 —1)- e 4 10 —1y. .
pr g VP ||
—1 i r—1
] 10 —1 2m+1 DO +1 .
=14) ———— e+ : D -1
( = NCENTE ) oY

: 1 - . . ;
Let's estimate 3.7, (l(ol)il(l))z Sincefori € {0,...,r — 1} we have I()) > 2, therefore

r—1 l(z) -1 r—1 l(z) 1
L (100)...7G6))2 4 10) .. 7@)2  (70) ... 760))2
( ) ( )

1=0 i—0
_ i 1 B 1
= =\ (10...76-1)210)  (10)...1(0))2

1 1
Tt T e T o l(”—2))2.2) T @)
1 1 1 1
10 @Oz Oz T (10)..q0-2)2. 2
1
o (100) ... 7(r=1))2
1
N
1
<2

LL] Another proof method: using geometric series summation

(61)

(63)

(64)



=0
_ r—1 1
2 (10 @0y
1
(Because 0. 10)2 > 0)
_ r—1 1

(Because 1) > 2,50 107 1@)

r=1 o1\t
‘ 2

(]

N
Il
o

1r71 1 7
-32(3)
1 1
<373

1

<3

&) Question
Is there a more concise way for the above proof?

Therefore

r—1 i r—1 16 1 om+1 ‘D(U)H—l r—1 .
e, [E(O)F.Zpﬁ[’f(“)}é(H;m>e+ B b D DO

=0 2 \/ﬁ i=0
1 2 1 DO +1 =
<(1+—) mtl PO+ S -1
2 VP |¥| —
(0) r—1
g +2m+1 |D |+1'Zl(i)~
=3 VP || =

In summary, we have obtained that when some bad events E® occur, their probability is strictly less than

3 2m+1 DO+1 L,
—e+ . . l(l) =€ec,
2 VP || ;

When no bad events occur, the following equation holds

agree,m (f(r)’ V(T)) = Egnepe [,U(T) (g(T))]
(Because £ € V(")
< max (agreepwl) (f(”fl), V(“l)) /Pl + 1/2m))
(According to the definition of event E*Y see equation (8.9))
< max (agreeumz) (f(r_2), V(T_Z)) /Pl + 1/2m))
< max (agree#(o) (f(o), V(O)), Vol + 1/2m))
= max (o, 4/p(1 4+ 1/2m))
= al%(p,m)

At this point, we have proved that equation (8.7) holds, thus proving Lemma 8.2.

(66)
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