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XX R IT Reed-Solomon (RS) 4wigi2 H 7 —HETHY IOPP (Interactive Oracle Proof of Proximity, IOPP), #{ZJ FRI (Fast RS IOPP,
FRI), B&fS, 7€ [BBHR18a] H{FM FRI tHNAIET — 1AM ZK R4, BIFEAIZENAY STARK,

EE3LE:

SHFEEBRI F PaoskiE (evaluation) 54 S, B S MTEMCR N, BE—MBESH p € (0,1], %HBRS[F, S, p] RRWEHRE
EEf: S — F s, Heb f 2R d < pN HZIERIE (evaluations), BIFFIERH d < pN WS f 8 f5 f#£ S tiESR
—3,

WX EBEXFMIFZ RS proximity problem: BRISFAIEEIAEXTEE f: S — F B oracle, FE Verifier BRIONBNERE, RRNBRS
HIEEBEH AL f BT TEM—MIER:

1. f € RS[F, S, p]

2. A(f,RS[F, S, p]) > 6

tMEBE 4 f 2 RS %8 RS[F, S, p| F—1MBE, BAEEMA RS[F, S, p| sht0ida91E5 Hamming IEBHMATEASH . — AR
HIRBE R verifier TSI d + 18, ABHET f BF LAB—RER, MERFE—H, WSS, NEBFEHM, e, HNMRREZ
ERd+1=pN ., Eit8 Testing ENERER, SRATIMIEBIRML verifier, 3P4 prover 2iik verifier 1(5 f € RS[F, S, p]
FRMEMITEERERN 0, TENBHEN 0, MRFEMIERRKER 0, St % (Testing, [RS92]) 5FRI IS ZE, MTFRFT
([BBHR18b]),

prover itHEZRE ERRRE verifierit 8 S xE THERE ROSRE
Testing [RS92] 0 0 pN - 1og?®) pN 0
FRI [BBHR18b] <6-N <X <21-logN 2log N Lol

FIMAEH, FRIH prover WItHEERERREMNHE verfier WITEERERZ ™R, MEWEREEXNRRAHI(BBHR18b]),

FRI 145

ESTIRE) FRI 2—F IOPP, THEAW IOPP FIEN.,

Definition 1 [BBHR18b, Definition 1.1] (Interactive Oracle Proof of Proximity (IOPP)). An r-round Interactive Oracle Proof of Proximity
(I0OPP)S = (P, V) is a (r + 1)-round IOP. We say S is an (r-round) IOPP for the error correcting code C = {f : S — X} with
soundness s~ : (0,1] — [0, 1] with respect to distance measure A , if the following conditions hold:

* First message format: the first prover message, denote (), is a purported codeword of C', ice., f(0 : § - &
e Completeness: Pr[(P <> V) = accept|A(f(?,C) =0] =1
* Soundness: For any P*, Pr[(P* <+ V) = reject|A(f(0),C) = 6] > s (9)
BB Z Prover fl Verifier 217 r -BHRE, FEHE=T5FMH.
1. B—8 £ 2 Prover MIAFEIRINE C shIRBF.
2. &M BRI TSI Prover, MR fO) 7 C o, BB4 Verifier —ERHiH accept .

3. Soundness: DHTRIRIETER Prover , ZIRE 2[5 Verifier IEAMBRE S, EXHH soundness s~ : (0,1] — [0, 1] —1 &
¥, BT8O0 c (0,1], XtRTEDH soundness i, BHfIZERIESIEER Prover, EEEMN A(F0,0) =6 > 0, EXMIE
LT Prover # Verifier #4725, REELHIPMERZ D, IMRERNTRME s~ (0) € [0,1], AFXERTHEME, BR s (0)
REEEHXE [0, 1] .,

FRI ¥
TE#HEFE TIEX [BBHR18b] HXF FRI MY AYFER
EXFES
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Interpolant For a function f: S — F,S CF, let interpolantf denote the interpolant of f, defined as the unique polynomial
P(X)= Z|S|0 a; X' of degree less than |S| whose evaluation on S equals f|s , i.e., V& € S, f(z) = P(x) . We assume the
interpolant P(X) is represented as a formal sum, i.e., by the sequence of monomial coefficients ag, - - - “,a8)-1 -

Subspace polynomials Given a set Ly C F, let Zeroy, £ HZGLO(X — ) be the unique non-zero monic polynomial of degree |Ly|
that vanishes on Lg . When Ly is an additive coset contained in a binary field, the polynomial Zeror,, (X) is an affine subspace
polynomial, a special type of a linearized polynomial. We shall use the following properties of such polynomials, referring the interested
reader to [LN97, Chapter 3.4] for proofs and additional background:

1. The map « — Zeror,(z) maps each additive coset S of L to a single field element, which will be denoted by ys .

2. If L D L are additive cosets, then Zeroy, (L) = {Zeror,(2)|z € L} is an additive coset and

dim(Zeroy, (L)) = dim(L) — dim(Ly) .

Subspace specification Henceforth, the letter L always denotes an additive coset in a binary field I, we assume all mentioned

additive cosets are specified by an additive shift « € F and a basis 81, - -, 8, € FFsothat L = {a + Zle biBilb1, -, by € IP'2} ;

we assume « and B = (B, -, Bx) are agreed upon by prover and verifier.

COMMIT BHEX

IR EN r 2 [’“”T*RJ , H¢ R =log(1/p), pERMBE, £ COMMITHERIME i %, i € {0,---,7 — 1}, Verifier AILIHE—F
M Prover 1223894 £ : L0 — F g9 oracle, Heh dim(LW) = k@ = k© — .4 3Bz LY SWcBETH, 1304, SORK
i3 Verifier BEE

FRI-COMMIT: Common input:

e Parameters R, n, 1, all are positive integers: - rate parameter R : logarithm of RS code rate (p = 2-R) ~ localization

parameter 7: dimension of L(()i) (i.e.,

L((]i)\ =2M:letr £ Lkm;’RJ denote round complexity - ¢ € {0, - -+, 7}: round
counter
e Aparametrization of RS® £ RS[F, L, p = 2-R], denote k) = log, |L?| (notice k@ = dim(L®));
. L(()i) c LW, dim(L ()) =n;let V(X)) = Zero (X) and denote L) = ¢()(L(®)
prover input: f@ : L) — T, a purported codeword of RS
Loop: Whilez < r:
1. Verifier sends a uniformly random @ cF
2. Prover defines the function f](cfjl)(m) with domain L+ thus, for each y € L0+D
o LetS, = {z € LW|q( () = y} be the coset ofL((]) mapped by ¢ to {y} ;
o P( )(X) = interpolantf sy ,
o flity®) 2 P ()
3. Ift = 7 then:
o let f) = f}ET) D g1 for f(1) = f}f) 1 g1 defined in step 2 above;
let P1)(X) = > is0 ay)Xj = interpolantﬂr)(X) ;
letd=p-|L"| —1;

[e]

[e]

o prover commits to first d + 1 coefficients of P (X), namely, to (a(()"), cee a&”)

[e]

COMMIT phase terminates;
4, Else(z < r):

o let fi+1) = f}“l) for f](ffl)(. defined in step 2 above;

o prover commits to oracle f @1

o both parties repeat the COMMIT protocol with common input
= parameters (R, 7,7 + 1)

= a parametrization of RS(Y) £ RS[F, LY, p = 2-R] and L(Hl) LG+ ,dim(L(()iH)) = 7 and prover input
f(zﬂ) defined at the beginning of this step;



QUERY FfER

FRI-QUERY: verifier input:
e parameters R, 7 as defined in the COMMIT phase

e repetition parameter [
e sequence of rate-p RS-codes RS, - .- | RS("), where RS(®) £ RS[F, L, p] and log, |L®| = k@ = k) — 1; (notice
k@) = dim(L®));

e sequence of affine spaces L(()O), sy L(()rfl), each L((f) is of dimension n and contained in L® ;
e transcript of verifier messages (¥, ... 2"~ ¢ F
e access tooracles f(0 ... f0r=1)

e access to last oracle P (X) = ijo a;.T)Xj ford=p-|L0)|—1;

Terminal function reconstruction:
e query a(()r), ‘.- ,a((;) i(@total of d + 1 < 27 queries)
o« let P'(X) 2 Y, a0l X7,
e let £(") be the evaluation of P’'(X)on L") : (notice f() ¢ RS™)
Repeat [ times: {
1. Sample uniformly random 5O e LO andfori =0,---,7 — 1let
o s = q((s0))
o S pe the coset of Lgi) in L that contains s
2. Fort=0,---,7r—1,
o query £ on all of §(®); (a total of 21 queries)
o compute P (X) & interpolant” /s ; (notice deg(PW) < 27
3. round consistency: If for some ¢ € {0,---,7 — 1} it holds that
FED (5640 2 PO (ali) )
then reject and abort;

}

Return accept

AT\Y
FRI 1B EE MR
THENEIELE T FRITMYEEMR, B1E5& M (Completeness). Soundness. Prover 84 E MK Verifier 822, HEWXHITAHT
— MERMEARA, TIE3X [BBHR18b] Theorem 1.3, ZFEEAILUERE FTATEFIRE n =25 | = 1 EPFIAN, XEMEFEZEARXD
BEINEZEAIRA

Theorem 1 [BBHR18b, Theorem3.3] (Main properties of the FRI protocol). The following properties hold when the FRI protocol is
invoked on oracle f(O) : L) — F with localization parameter 5y and rate parameter R (and rate p = 27R) such that p|L(O)| > 16:
1. Completeness If £ ¢ RS £ RS[F, L), p = 2-R]and f1),... f(") are computed by the prover specified in the COMMIT
phase, then the FRI verifier outputs accept with probability 1.
2. Soundness Suppose §© 2 A (£0 RS()) > 0. Then with probability at least

3|LO)|
1-— 2
- (2)
over the randomness of the verifier during the COMMIT phase, and for any (adaptively chosen) prover oracles f(l), ceey f(’") the

QUERY protocol with repetition parameter [ outputs accept with probability at most

l
1-3p—27/4/|LO)| )
. (3)

1 —min< §©,




Consequently, the soundness of FRI is at least

3|L(0)|

sT(60) 21— 7

1 —min< 60,

(4)

l
1—3p—21/4/|L0O)
4

3. Prover complexity The ith step of commit phase can be computed by a parallel random access machine (PRAM) with concurrent
read and exclusive write (CREW) in 21 + 3 cycles — each cycle involves a single arithmetic operation in [ — using 2\L(i)| +n
processors and a total of4\L(i)| arithmetic operations over IF. Consequently, the total prover complexity is at most 6\L(0)|
arithmetic operations, which can be carried out in at most 4| L(?)| cycles on a PRAM-CREW with 27 + 3 processors.

4. Verifier complexity Verifier communication during the COMMIT phase equals r field elements; query complexity (during QUERY
)
phase) equals [2r = [2" (1 + {WJ ) On a PRAM with exclusive read and exclusive write (EREW) with lr - 27 processors,
the verifier's decision is obtained after 21 4+ 3 4 log [ cycles and a total of [ - - (6 - 217 + 67 -+ 6) arithmetic operations in .

EE 217, Soundness &g, %FAT—18% 60 2 AO(0 RS©) > 0, x2ag AO(£O, RSV)) HL3#R2% MEGHEK Hamming
BE, TEALINENEY, BREET51E% Hamming BEZH0XEA,

Block-wise FEENIE

Definition 2 [BBHR18b, Definition3.2] (Block-wise distance measure). Let S = {S1, - - -, Si,} be a partition of a set S and X be an

alphabet. The relative S-Hamming distance measure on 5 is defined for f,g¢€ %5 as the relative Hamming distance over
T X x B,

As(f,g) ) fSi 7’5951] _ |{Z € [me Si 7&95;} ) (5)

r |
ic[m] m

Thus, for F C 29 let AS(g, F) = min{AS(g, f)|f € F}.

5T BB, 1E PRI, B8 FLY Lag block-wise B8, EDA FRI XRIESE i H#9 L0) S DAESFIOES S,
AF B EAENFNFER T, £5 5, RNEBHEES L)) . L)) Hxabignmss ¢ wom, wmes L0 SAsieg o m
5 LY Rt e T RIES, FMFHSHRLRED

Ly = {z € LOlg"(z) = e). (©)
muE L)) wrEmsgs LO #5345, Bassm A s, U LO gaseich SO = (L. LY |}, samie
i (4)
AY(f,9) £ A% (f,9) (7)

HFANEE f,g: L0 - F, @xsgn L0, @Egn F, SR Block-wise BRI RME SO dixsefagEhfse—
BurEE BtE, AnES© = (L)), LY |} o @igm > 2), REE L) 5 LY 3BIRA LR £ 5 g SHORSETES
1808, B fl 0 # 9l B fl0 # gly0 . EHROBEE RN f 5 gRe—H, BATNHELE AV (f,9) = L,

L@ A (f, ) Ba0R FY S TRONE, TERBTEXTATEAT—ARE f0) e FI" 5238 RSO c FLY(
RSY = RS[F, L), p] G482 FI"” t9F8)53 ity block-wise SEBWE, R

A)(§0) RSOy 2 As(i)(f(i),Rs(i)) — min{AS(i)(f(i)’g(i))|g(i) e RSO}, (8)

Ha v emEEs RSO hammEs ¢, mxe ASY(f0,¢0) | mhgwmmrEme ASY(FO,RSY) . £FiZ Block-wise I8
HE, — T EENTSHE

L—p> AU, RSY) > Au(£9,RSY) (4)
ZENR7E FRIAY Soundness TEBAR R EFAEI, LEREE, XBLEEIEA,

iFB: ST SRz, B1—p > AV(FO RSY) | geEmsg—12mt @) € RS, ER#ideg(g?) < p|LO)], @A
AG(FO g0y =1 — p, TEHREA gl toriEt, BIOHFNTHOME: EpEas?) = (L, LV |} &, mRFassEas

(LY, LD Y = fmo, @1, @ ipo ) BRI p|LO| MR {2, @1,y p0 ), BEEESSINL £O) f0fE

{FO (@), £D(z1), -, FD (2 pypo) 1)} FENRLEAREXIAISLT Lagrange il BE—NRE < p|LV| w931z o), AN SEX
#i0sE g0 € RSO = RS[F, LY, o] . ANiREsmEmmsamasa {Ly), -, L0 |} = {zo,z1, 20,1} LESK fO 5
9" MERLERE2IE%M (X8 p|L0)| MERMFRS SHE pm MEAH, FREARE—EARSRE—MESN—HHH0ER, K20
FiEW p . [LY| 2 2 WERFR, 8E05%E), BATITEE



7 € £ 910 # 99101

AO (50 4@y = =1-p (9)

m

Rt AV (fO,RSY) itsry RS s £O) s ALY FevmME, BEEFRBIIHAN g0) € RS WIBE, BAIEHT RSN
pyZEn 1 — 7 > A()(fO, RS, ?g"FEElEHHT%TE’JE:Fm AG(FO RSD) > Ay (O, RSV, iz

A7, o) € RST) =0, Ak—fatt, 2 £05 o) e {L) - Ly, 1 = (e oo} LRSS, SRR
A{Lw SO A X O ACIRPRN A GRS L —m ot L0 LR, ¢ Bt

{Ly,- - fsﬁkl}:{xm ﬂfa\m 1} 5IL )| mEs fO T3, BitRtmT Ag(f©,¢") <6, HmmRs

AC(70, RSD) = 5* g A (9, RSD) < 5* = AW(FO), RS, -

= = >

EIE 1 STHRIEIEEA

THRAEE 1 PE&MIERNEE, ERTTEM:
Completeness If f(0) ¢ RS©® & RS[F, LO), p = 27R] and fO, ... £ are computed by the prover specified in the COMMIT
phase, then the FRI verifier outputs accept with probability 1.

MBI T ML Prover, MiatEs £ 27 RSO HmB=EH9, BPAET FRI I COMMIT RERRF=4 — L3R %
FO ) O BB Verifier £ QUERY MMERERE S ELME accept .

B4y tE.T—n_EE’J%IIE ER%EIERIERRE, SIBRANEES SR O e RSO, aarmrcomwmgx, Verifier &M F
BEMIEEY () &4 Prover , Prover FBIZBEAN GRS T —55 1R K ffijl(l BT FhEs—1 2 | s sk ffl(jl(l B
RSUHY zsjgeh, s@am3 | BERRRUT, T %3 RA0 IR BEEE# TR,

Lemma 1 [BBHR18b, Lemma 4.1] (Inductive argument). If f(i) e RS then for all (¥ € F it holds that f}l(;i)(,) € RSUHY |

FEMIIPNERRE, £ QUERY BER, Verifier EEZEHES 3 $49 round consistency &ML, —BE—$Hi € {0,---,7 — 1} T
MR EERY reject, HIINFER I MIGNEET, KKTRME accept , BARTF i <7 — 1, RiE COMMIT MER f("“) FItRIEE
72, round consistency BT, WF i =r — 1, RERESSHODEES FO e RSO, mem@@anixiET f) e RSY | 8ER

EIZEEILIBB7E QUERY MERtE &M@ round consistency, &4 Verifier hfi—ESHE accept 7. BAMSERIMEIEBUT,

FEHE 1 E—MEHIIEE: ST ML Prover, SITFEBN—NEE FO), £ COMMIT MERRIE 2 Hoh, TFEBM I <r—1, #EH

i+1 i 7
f}(;z)(i)(y) éPy()(m())‘ (10)
IRIEZIDIE, FBA—TERERE QUERY MIERRVEE 3 5— 238 round consistency , EJ
£ (504D = p) (500 (11)

AL,
TEREBETFi =7 — 1 i, round conS|Stency @, RiEsstmEzm f© e RSO | @ Lemma1@A78 ) € RSO
, BA—FBFE—RE < p| L (x ) #8 f(X) 5 PO)(X) % L") LR%2—5%, Bt Prover 27 COMMIT B E&
ME3ILEEPO(X)d+1= p\L | NERE <a0 L aEl )> , Verifier £ QUERY FERAY "Terminal function reconstruction“ B EX
RiERRE RN d + 1 A%?&l’f’]LtH P(X)2 Y, 4aY ’XJ ﬁffE?E P’ ( ) BRI /0, @ 0 2 P(X) L0 it
(evaluation) , BBAFTMIEETHE f/T)| 0 = P/(X) = P(T)(X) =f" E,\\\KJELEEY: =r—1 $5E’] round consistency , Ef

fl(r)(s(i+1)) _ P(rfl)(xi) (12)

MITISIE Verifier RiE—ESE accept O

e 1 B5IA

FEIERAS 3R 1 AR — P EENGE, BRZGERIERASE 1. ETAGAH, BNEFE ¢,y KRRTEPHUTERE, BASFEX,Y %
RRBETE,
Claim 1 [BBHR18b, Claim 4.2]. For every () : LG) — Fthere exists Q) (X,Y) € F[X, Y] satisfying

1. fO(z) = QW (z,q¥ ()0 forallz € L)

2. degx(QY) < |Ly|

3. 1f f@ € RS[F, LY, p] then degy (QW) < p|LE+Y)|



Zan T TR FRI HE LR EREM, Vitalik ZEEEE XE STARKs, Part IIl: Thank Goodness It's FRI-day B A First Look at Sublinearity /)y
THREEH T —TEANGF, ENGIREYWE FRIMNAAER, BIEXERAGE 1 WUBREREEXMIF. BEERE L B9K/hA
N=10°, #2m f(X): L - F, BEX#M < 10°, 32H f € RS[F,L,p=10"%], {REGT 1 518, —EFE—N T2 HR
9(X,Y) e F[X,Y] %2

1. WF Ve € L#% g(z,q(z)) = f(z), Hepg(z) = 2"

2. degx(9) < |Lo| = 10

3. BF f€ RS[F,L,p=10"7], M degy(g) < p|LM| = 1073 x 10° = 10° M7E Prover 187 Verifier iEfA f(z) KRBT Z/NF

10° 49, 7EXEDA T EXHLEERRRIRIERITRE.

0,1,2..999,999,999

(1000 \
11000
1000 \

999,999 9991000 (Most) rows must

be (close to) deg

<1000 polynomials

Make sure (most) The diagonal
points on the (Most) columns g(x, x1%99) = f(x)
diagonal are on the g‘USt t?leo(()colose to)
same deg <1000 eg <1ul

polynomials

polynomials as the
rows and columns
FET, EARMEAETHEEATE X, BETEME L, A8510° 4, MANEFHSaT8Y , HRETER {21z c L}, F
BRI —NE (2, y) MRAES TR ER g(z, y) BE. SFEESTAINBE NS (z,y), Rz =y, B4
9(z,y) = g(z,21%%) = f(z).
ERRRE R T :

1. Prover A& BRESFHET g(X,Y) WOFFE S0, HIAMER Merkle WiSE#{TEGE,

2. Verifier BBAEENAL 4T, WFIRZFNE—1T5051, Verifier REREIA 1010 MRAIER, BRESMIER TRBRNRAZ—UT
XLk b, LBU Verifier IBEREE 5 5, BRALLES © = v4, HAPFEEE 1010 MEAR, PBLREL[RELITEZBET, RFHEIIHMN
BATRAT, ALy = "0 MR TZR (24, 2)00) ERAL LT,

3. Prover [B1E Verifier EREISIIRMEE g(z,y), HE EXRE Merkle 937, EBREA1Z Prover BSREEMEIRIN—ES.
4. Verifier 162 Merkle X 2B, BERNFE—TE—5, Verifier BiE Prover 12HAXLE S 2 FZEAINT N —RE < 1000 B9 IR
. Verifier A DAOEIT T XL s TR ERIEX — 2.
[RE3iRE:

This gives the verifier a statistical proof that (i) most rows are populated mostly by points on degree < 1000 polynomials, (ii) most
columns are populated mostly by points on degree < 1000 polynomials, and (iii) the diagonal line is mostly on these polynomials.
This thus convinces the verifier that most points on the diagonal actually do correspond to a degree < 1,000, 000 polynomial.

RILRSEIC AT IMBR R @ T 1 L5 AR =150
1. WFAZEIT, WRARE < 1000 WS, thE2iRA degy(g) < 1000,


https://vitalik.eth.limo/general/2017/11/22/starks_part_2.html

2. HFABHF, HEARRE < 1000 WSHRX, BHEHEE degy(g) < 1000,
3. WASEFEMXESHN LORER, hMSUEXLEROERR 9(z, ') .

XFREERIN S A S S (2, 21000) HR—DRE < 10° WEmR, XER f(z) = g(z, 210%) , Wik Verifier BIESTR f(X)
RO < 106 N7,

HE, MERMVEEERSTR f(X) WRENFEME, BEGHE 1, —EEE— 220 9(X,Y) 85 f(X) m4EBR, B4R
f(z) = g(z,q(z)) , MTARIEREXT g(X, Y) s degx (g )_'5 degy (g) IR, XS BRI RIEE DL S BEMEXRNS T
REORER ., ESTEIAM RS IEHTIBIA, XEH IR EH And Even More Efficiency Vi, HiREIthREE FRI HHNESTIE,

N RaY

\
4 P\

N

Eventually the
column becomes
small enough that
we can just prove its
low degree directly.

The column of each
"layer" of the proof is
the diagonal of the
next.

EZa Al 1 HYIERR

S8 18 < PY) = interpolant’” | EIEE £O) £ L0 #47iEE, BR2mt PO, MFX,Y] ZFEaRE F L= T3HR
3 SRRSO SRS H B IR THS, BRI X REHTHR . 2

QV(X,Y)=PY(X) modY -q"(X) (13)
5 PO(X)BRAY — ¢ (X) tosst, BIZEX, ANEE—EEE— B R(X,Y) € FIX,Y] @8
PO(X) =QV(X,Y) + (Y — " (X)) - R(X,Y). (14)

WFVe € LU Uk y = q(x), %*)\rcqzaﬁEEL—IH ‘JLM-%J (Y q (X)) -R(X,Y) = ( —q¢9(z)) - R(z,y) = 0. Eit
PO(z) = QW(z,y) = Q¥(z,¢")(x)), T PU(X) e fO(X) & L) LiEES2IN, B4 fO(z) = PO (2) = QW (z,¢'(2))
, tRLIERR T SEPRE 1 . HERROEF, AEENNRE Q HRE

degx(Q(X,Y)) < deg(q") =L, (15)
FUHLHE 1 895 2 TIRAL.
BEITHGHE 1 05 35, @&t fO € RS[F, L0, p| 5118 deg(PW) < p|LO)| , RIEREENAR BIRHEFHN,
degy (QY) = Heg J {de J V'L(Z)J = [p\L(“”IJ < p| LY. (16)
eg(q 1Ly’
RUSEHE 1 5 37, 0

5|HE 1 AR
FEAHE 1 MBS, AHENE 3 TS, WFEBN 20 5 degy (Q¥) < p- |L 1|, TEAER
vy e LE, 10 (y) = QU (21, y) (17)
FRMBRIIAIIET deg(f ) < degy (QW) < p- |LEHY| | x#ITIA T deg(f ) € RS
ATIERLR, %BEy € L), 8, € SO %R ¢9(S,) = {y} wEa, soer L0 & LV wie, @ 70D wimsarm
#0 (y) = interpolant’"s (z(@)). (18)

AR 1 A58 1 i



Vo € Sy, f(i)(:r) =p0 = Q(i)(w,y) (19)
MeE 1% 27, T4 degx(QW) < |L| = [S,|, BBANE X S— pRanE, 85
interpolantfm‘SV(X) =QY(X,y) (20)
BL X =20, xaminnsns ) Lt EsEeBEEn. MmE

F0)(y) = interpolant’"”s (z®) = Q0 (2@ ) (21)

B, UMTERNyc LY, &
vy e LE, {0 (y) = U, y) (22)
ELLASIE O

EIE 1 Soundness A S

RTEEIRAEE 1 F soundness BIERRRR ., BFEAEMEERTRINEN, EERPEMIEENSE, SEREXMN5IIEKIERA

soundness,

round consistency 5 kK&

soundness DRI R FE T B2 ERNEITHS FEREEN prover , BIIH verifier RE, RABIZMNAMER, BEERHTHE

i, BAVEEESRENNOTRES, MEMHAIERTERE, URBNEXEREIRHZLERNBEITHEENRE, FEBEERD
#r, ®MBESEI soundness T, FEXMNIRRF, AT MXLERREHINRENBERATRERGIT O, HNFTEERIBIEA R XEMT, MR
MNFENEATEN, TEMAEEINIRFPLEN—LEEX,

HEi L, _EXF fO5 ) Woracle, AR Verifier A EIRENEL 2(0) |
? ERg)
XBEXEESH, B f0Y 2
e inner-layer distance 5 ith § inner-layer distance #2 V) 355 RS® a9 A g5,
80 2 AG) (£ RSY) (23)
ZE XM BISHREINEE © 58 block-wise BB,

e round error F i > 0, B ith round ;222 (round error set) L) l9— 1 F&, EXITF
Al (f(i)v f(ifl),w(i71)> = {yg) € L|interpolant’" (m(i71)> # O (y(s”)} (24)

round error set H#RBIFREAESE © %0 Verifier 27442 round consistency Mt s MAgERLE L) shpgrt=, ARAERME ith round error
(4)
err(V |

[=Nasd

1AL
L)

err(®) ( 70 fufl),x(ifl)) 2 (25)

o closest codeword % f() &ix7E AC)()-mETE RS hiE® O grmms, BMNmEA()-uEex LY wrensEs SO
hi—ER, ©80 C SO xR 0 5@% 7O 5115 SO hR—BE A" ("bad") KIFEE, BD
s§ = {58705 795} (26)
g SO i mERE—REREaN DO = Ug 08, TR DO 8 L0 0T %, Hbs—PrRf—MFnEe,
e 60 < (1—p)/2, BWARIBLXET block-wise 558 AD wRER, A5
AR <50 < (1-p)/2, (27)

HRIBIEST Hamming BBMA0R, AT —iRE8, RiE FO) amBer—m 7O | Banras SY 2n—w, #m Al baee—mn
ET.

o KRE&EXNTF e >0, fO ELE (distortion set) 1

B [f(i);€:| N {m(i) e F|Ag (fj(ci:;)wRS(m)) < e} (28)



B LA EMNERAX Hamming B8, PILSHSIBRIX MRESE, BA1AE Verifier RAMEIRI F sisBbst s () Rixts Prover
, Prover R4 Verifier &3ty ) IR fO) &g T—5ty £, BERNEMWBHT—H40 F07) 5 RS 2191883 Hamming 28
%,W%ﬁM£E—¢ﬁe,ﬁMEmegmmﬁ%ﬁMﬁWfﬁanﬁ%ﬁﬁ?ﬁRy”U%%¢WNHmngﬁ§¢$ﬁEW%ﬁe
oﬁ—iﬁﬁ,%ﬁ%%ﬁﬁthﬁWmm,E%W%fﬁaﬁ%E%QW%EﬁﬁRy”Uﬁ—EEE,ﬁ?ﬁ%%ﬁ%ﬁﬁ%e,ﬁﬁ
€ > 0t HAME [}, ERTHEONRE—ER0ES, §EFERSC ziE,
PAKEEEEHSMLAEHIIRZNBERIE? TEM Verifier WITHNAELE, BRE Verifier EH LRI A 420 T HaHLH
KR ST R BRI,

soundness iEAAE

MR T REEEBZEM Verifier EEBENECI R AIBEEMANRE, BAS—TAEFZ Prover EMEIEHE R COMMIT AR £
RE., WHMREENE(IT soundness B, ZERMTAMRAEIRENER:

1. Verifier ) T s BRBEHER () S3040i22,
2. Prover £ COMMIT M ERSENETIRE,

HLtE T soundness DITRIAREREBREE, SfditsE 1 MIERAENBRE, BRIZE 1 MBERTSRE, REF 2 MERNEE, REBEROTH
BN RN ZEE, ISR T HENEEMN soundness .

ATEITESE 1 MIEROER, ERAEXTRESEN N5, XFMXN5IEERNEREN . HMNIMEEN code BRIBIEIRES, REF—
MEX Hamming EEEIZE §, 3T § HESFMIER:

1. MR < (1—p)/2, MERBEME—H, BN unique decoding .

2. R0 > (1—p)/2, WAMRIBERE—1FIE, £ Listdecoding.
LU Notes
AT BIFHIEAR List Decoding, XEBABEEN:

Definition 2 [Essential Coding Theory, Definition 7.2.1] Given 0 < p < 1, L > 1,acode C C X" is (p, L)-list decodable if for
every received wordy € X",

{c € ClA(Y,c) < pn}| < L. (29)

ERMRRAAE—MEX Hamming EBSH §, MRIIRNKELR L, WFE—MEKAMER Y, ERBER CH, REBF c
5HR Y ZEIEX Hamming BEB/NFETF pn, HIRMIAS c RERHED. BNERFZEBSHNERRED c 0 MERERE
L, BMRXNRBE (pn, L)-list decodable,

RIE Hamming BBE, BX#F— T4

Proposition 1 [Essential Coding Theory, Proposition 1.4.2] Given a code C, the following are equivalent:

—_

. C has minimum distance d > 2,

2. Ifdisodd, C can correct (d — 1)/2 errors.
3. C'candetectd — 1 errors.
4

. C can correctd — 1 erasures.

1% C #9183 Hamming BBEA 6, 4 0 =d/n . RIBLANMR, MENT C, AUUESKEROEIRNBIBAILLEN < % .
X | Singleton bound 40,

§<1-p (30)
Hib, SEHZOEBLLE < 1L B, WRDXEZRFIMMIERN, heaUE—R.

TEERAEX—XEE, Lemma 3 BRNERBLZBTHR—RBR (1 — p)/2 ISR, T Lemma 4 FEHEMBLZNT (1 — p)/2 1E
%, EDME—ARE,

Lemma 3 [BBHR18b, Lemma 4.3] (Soundness above unique decoding radius). For any € < % and f(i) such that 8@ > 0
) L1 : 27
Pr [z® eB|f®;=. (5(’)(1 —€) — p) < — (31)
z()eR 2 €|l

Lemma 4 [BBHR18b, Lemma 4.4] (Soundness within unique decoding radius). If §) < (1 — p)/2 then



L]

Pr [af:(i) €B {f(i);é(i)ﬂ < . (32)
z(cF |F|
Moreover, suppose that for i < r the sequences f = (f@, - .-, fYyand 2 = (2@, -, 2 satisfy
. . . 1—
1. forallj € {i,---,r} we have §U) < Tp
2. forallj € {i,--+,7 — 1} we have fU+1) = f}{;i)(j)
3. forallj € {i,--,r} we have 1) ¢ B[f®);§0)]
then
Pr [QUERY( 7.7) = reject] =1 (33)
seDl)
and consequently
. . | D] ,
P ERY = > 7 156 4
L [QU RY(f,Z) re.]ect} Z L] é (34)

IRk EENEY, XFN3EHSREREMMIBER ¢ T Verifier RN ¢ #\KEENTE,
Lemma 4 [STE#I moreover BREHILIETHIIR AN R B FHIR A
1. HFFEN G € {i,---,r}, BRE—RE, wHe oY) < 2.
2. WFFAM G € {i,---,r— 1}, ERSY o, mEEE U RirwoiF U, Sk () mist F—SaEsh f}{;;{j), g
£Fa RSV e fU) mirwmE, e fU) = £
3. MFFBEMG € {i,---,r— 1}, BRENM V) gE#AkcEE, B2l ¢ B[f0);60)].
BBABEIEICTETE QUERY ER, MBM R #IFEE D) BHR%IE s°, B4 Veriifer —ES7E QUERY MERIELE, BD

S(i)lzlg(i) [QUERY(f, z) = reject] =1 (35)

MBI IABEINE s° 2MEAD L) chikElf, QUERY MER Verifier SEEMIREZ DR % , BD

Pr [QUERY(]? z) = re'ect] > D) =40 (36)
sOeL® ’ e =10 '

MEEEMITFESETIET, FFAIERRMIYA soundness, ZIEBINLE, EERZEIREIATELZEIRENIER, soundness IERAERUT,

1. 7 COMMIT BiER, Verifier AIAE%RISL ELEErREOBENER,. TUE Lemma 3 F1 Lemma 4 B4 AT IAZEBI BTG B AL X A5 R AR .
AR Verifier 3ERIL EEROREMNER 2 (0) HELE THRIEM, Verifier BEEERE r MENE, 28 20, -, 20D | S5
Bi%R T REEFNEHSFEN EO, - ECD | BIETAE T RN EHOBROR, EIBRSSN

3\L(0)|
IF|

f_.

2. 7£ QUERY FiEg, Verifier JRERIELE, RIRIER 1 FERE, EXMEMET, it QUERY BER Verifier EERMIRAF, RFITEN

—RIEEBEREDN
1-3p—27/4/|LO)]
1 :

min { 6, (38)
3. ERZEEIER 1 ER 2 #ak5E, BERERE Verifier £ QUERY MEREE T | /X, BBAFRILAEE] FRI 1KY soundness /0K
l
L 1—-3p—2"/4/|LO)|
sT(60)y 21— 3||IF| | + |1 —min{ 60, 1 (39)

&) Thoughts



EWARRE—FER, TR Verifier MET —LEis () , #ATHREES, REH—NIES RS code LR (Big e i) #9 fO)

IR (D) s f}'ﬁ?,ij” KX MNEERERS, HERE/), HMIKET, X MMRNRHEIDET QUERY 18, HITREEENLS
WAXFNE R, BRENRE— ST fj” EAEEE%E RS t, ERREXER RS hFe, Veriifier BEMIAEN2EE
BMAH— D STXTIEE RS code TaH € AT, METEET, HKT, TIAA Prover SFEMESE, ERIXMEHEHRSTNFLAH—
T2 e, REEWMET accept,

& X TE({F soundness #E i SHIIEE

BEEE—HEEN ZK Y 1Z6lF 5B /3B Zero Knowledge Proofs - Introduction and History of ZKP)

Here is the idea:
How to prove colors are different to a blind verifier

Claim: This page contains 2 colors

Toss coin to decide if to
flip page over or not
Heads flip, Tails don’t

Sends resulting page

If page is flipped .,
Set coin’=heads | guess you tossed coin ) If coin = coin’,

Else coin’=tails reject, else accept

ZKP MOOC

HAAEZE soundness £, RAIZTE Prover LEHE— M AR ERMEIBHNENIERT, 118 Verifier B4R, XE I Prover
BHE—KRA— T EENAESM Veriifier #1728, BAER Prover R%A 1/2 (O RAEISET, thit2E Veriifer BE054H accpet. B
ZBEIRNBEN T EAMR.

Here is the idea: * If there are 2 colors, then Verifier will
How to prove colors are differ] 3Pt
* If there is a single color, Vprovers
Prob,,.s(Verifier accept)< 1/2
* If repeat i=1..k times and V accept if
coin;’=coin; every repetition,
Vprovers Prob,;.s(Verifier accept)< 1/2k

Claim: This page contains 2 ¢

&

Toss coin to decide if to
flip page over or not
Heads flip, Tails don’t

Sends resulting page

If page is flipped .,
Set coin’=heads | guess you tossed coin . If coin # coir,

Else coin’=tails reject, else accept

MRHFAHEDHF soundness , BFZ Verifier IBLAERE, BESFHNMERSZH 1/2, BLA—RARXOEBOFERZEDLN 1/2 ., MREBSE
£ kR, %4 soundness i, WFEEN P*, &


https://www.youtube.com/watch?v=uchjTIlPzFo&ab_channel=BerkeleyRDICenteronDecentralization%26AI

1\*
Pr[(P* <+ V) = reject|This page only contains 1 color] > 1 — (5) (40)

EMTF XM BB F T soundness F9iT72, HAIHEE FRI B soundness, EEHIFHOMRE EHEERNEZNALRNEBERT,
M Verifier YBEHLAET thB 1 MR A3 Verifier RISES. WF FRIHGEH, mermimA— f© ¢ RSO | &5k RSO
f, PBAUEGEEIR, HIMEETE block-wise WETES RS A2, 8160 2 AO(F0 RSO) > 0, EERNLLULER
Veriifier JBEHLERAELL Prover B Fal5h, EIT Verifier 7 —LeBatlE () (548 Prover geasfsgint £© ¢ RSO mttniy, s

)
R RIBHAET, EERBINMEANT KBS, A4 verifier BtmEasn L.

BE— 1 REETE QUERY MER Verifier R1ELAITER, FEIBDEIF Verifier BIZFIRT Prover £ coin' 5 Verifier B2 FEAM coin
ELHEE, BEEN, EESIANTAENY, NRITETHEE, MaBERES, FREEEHTSTHNS. BARNIMESFWT FRI
WA QUERY MBREEAHAS S ORMIIERIR? 118 LI QUERY MER, Verifier &M L(O it BN s©) |, RBEE#TIH
7 round consistency 2EAEBEE, XD s(O) 3| NMIBE T FEMERATEEITIE QUERY MER Verifier RIEBAMTRIXE,

N T BESEIEMTHEOATER, 18I COMMIT BMER Verifier SEERAIREME () BB NLEE, BERIIES QUERY MESI MM
M, iR s© wi%E, FINA Lemma 4 #) moreover MIEHRE, MREFPH=DRKMMRL, AT —MELOTRY, BHRES
DR 60 | REEREERSASERANEROERT Verifier SIEEMBRELES /D, XNEIBNSRTaRaEs AV 1
D,

TEIERLE Soundness iR,

ZHZ 1 Soundness I % € = (o s AERRN, BRr REH (EM8 e = oy 2EARKNR, BRESTRE—RER) .

Part | - —RIIMIFEM 2 i MEEM BV XN

o large distance: #15 §() > 1—;” , B4 EY) si2s4

) N | .
(i) @. 2. (501 —e) —
z eB[f 5 (5 1—e) p)] (41)
* small distance: 21 §) < 12, 34 BV 2
9 cB [f(i);g(i)} (42)

s B aaRE,
1. R0 < L2 | mamESt BV WRAEENEY, TGS

29 ¢ B [fa);(;(i)}, (43)
B
20 ¢ {20 c Flag (£5;0, RSOV < 601, (44)
FEATTS
Ap (f;i:;i)<i)’ Rs(iﬂ)) > 6t (45)
YIRIE Block-wise BB AERE
A1) ( fﬁ:ilz)(mRs(Hl)) > Ag ( f}meS(””) > §00) (46)

2. ROV > L MaiESL BEO MRAHENESN, FNEE

Y

s (1 m)

Y

(47)



1RiE Block-wise BEEAEXE

Loy =

1-3p—e
4

A6 (451, RS) > s (747

AG+D) (f;

i+1)

(1)’3;(1) ?

i

- 4

, MBS% EAmRER, nReEsn EY gaks, 1E

RS(”I)) > min {5@, 50}

Part Il - RE—MFEGFRENERE BT Lemma 3 f Lemma 4, UREIITSE e xR, &

Pr [E(i)} < max

BT || @m0, B, i <r/20H,

%> r/2 0,

HREE

U |L(i)| |L(r/2)‘ |L(i)|
—_, = max y ——
elF| " |F| F| " |F|

max {

|L0/2)| L) |L(i)|
<
|FF|

" |F] |IF|

EsFEH EO, ... B | REEHNIBRELS

A

i=1

AF dim(L®) = dim(L©) — in, HEit

RIE r FIE X

fi k© =log|L©®

, A1

MHREREFRX R

i
L] = gdm(L?) _ gdim(L0)—in _ odim(L) (i) _ L(°)|(

r—1 )
Pr [ -E()

|L(i)| r |L(r/2)‘
>1-— -
]— (Z F 2

i<r/2

JRste) 5 LB

(52)

(54)

(55)

(56)

(57)



i ] — (r/2)
>1-— |L(0)|<i) i + loglL ‘ R 'L |
2, \ar) T m

1)’ log|[LO| - R
@) — o = o8l IR
(rlz] = 120 (57 ) or < 2EELER,
_— L] 1\" loglL®-R |LO] 1
2w L) T e
log|L(O)|-R
1 r/2 1 2 |L(0)|
/2 — 10 L o =
(1{‘4]\|L |—|L |(2ﬂ) S‘L |(2ﬂ) - 1og\L()\72)
271—
- |ILO)] 3 1)i+log|L(0)|R ILO| 1
N Bl S \ 27 n gn*sig = [F|
log|LO| - R 1og|L<0)|—R o
(B r ;  TRTEE A — A 55 . g T)
S 1 L] T 1 i+10g|L -R L9 1 (58)
- IE] S \ 2 U 27,_1%;:”% [F|
11 1\ 1\’
Ny n — —_ N _
(B >1=2"22= o < :; (2,7) <> (2) )
i<r/2 i<r/2
0 0
>1_i 2‘L(0)|+log|L()\_R' |LO)]
|F| n log |L(0)|-R
2n

1 i 1(1 — (Lyr/2+1 1
(BB 4 ZHOIRAI AR TS Y (5) Gl i <3)

i<r/2

1 L©
>1- 2 (220 1 10g(piro) . 2L
|]F| 2’7

log\LZ(:M—R
w%«ogw |~ R = log L] ~ log(1/p) = log(p/L")])
=1 (2201 + 10g(ol2) - 1201/ )
(H% |IL© _ |LO)] _ |LO) _ |LO)] _ |LO)] _ JI2p)

log|L(0)|—R log|L(0)|-R log(p|L(0) / /
o7 og | 2n‘ 9 og | 5 9 og(p\2 D 210g( p|LO))) p|L(O)|

% f(z) =logyz, glz) =+, Wz > 168, f(z) < g(x) . 1EM sagemath A LAE H XA R B GHTLER.

# S\ SageMath RYLEIINAEE
from sage.plot.plot import plot

# TEXRER
f(x) = log(x,2)
g(x) = x"(1/2)

# S REER
pl = plot(f, (x, -10, 30), color='blue', legend_label='log(x,2)")
p2 plot(g, (x, -10, 30), color='red', legend_label='x"(1/2)")

# BATEGNRASE—EHER
(pl + p2).show()



5.

2 A = > 160, logyz < v/z % h(z) = f(z) — g(z) =logyx — vz, 3t h(z) REAE
1 1 2y/z—=zln2

Wo) = g~ 2vz  2(In2)-zvz (58)
AMEH, Hx > 160, h/(z) <0, Etbh(z) < h(16) =0, Milogyz < /T .
wEEEss p|LO) > 16, m
PILO| > 16 = log(p|L)]) < /p|LO)]
= log(plLO]) - \/ILO]/p < \/plLO] - {/ILO|/p )
(HFp < 1, m\/ LO]/p > \/ILO] > 1, Fnmmb— K FLAECR S8R5 007 5)
= 1og(pl L)) - y/|ILO]p < |20
B LERTEXRNBEREXPE
r—1 1
Pr|\ B0 21~ F( 01+ 1oglol20) /101
i( 9] 4120)) (61)
(0
=1- 3 |]F‘

TEHINBGEEEH EC) 2K%, 44 soundness HIEIE,

Part Il - SR REIE R ERRE soundness SEEF T Lemma 4 F3FFF £ = (FO, -, fOYF1Z = (29, -, 20D) =B
1. forallj € {i,---,r} we have §U) < ;p
2. forallj € {,-+-,r — 1} we have fU+1) = f} v

3. forallj € {i,---,r} we have 1) ¢ B[f®);§0)]

MFRIMBR T REHRNEY EO 254, EILBIS 3 LRI, PBASMBRESTHIME T TELMIER.



FS {ERix% 1 i 2 fRi% 3 &

1 x v v
2 x X v
3 v X v
4 v v v BmRzE s 50

BITEFS 4 XMIEREHTON, XMEREEE, EN Lemma 4 BRAY T = MERIREHRHIER T Verifier IE4A0RZE D 50

BERNENEEFS 1 5SS 2 WER, WRERR1BREE, RR2BEAETHE, BLAGEEREMERIR 1 THE, A

5@ > 1-r (62)
2
BEEEEFE 30BN, LTSRN
50 < % RO % £ (63)
wt, mE—tic {0, -, r— 1} B FHRMIERZ—mRIL
1. 60 > 12
2. 80 < L2 g fln 2 g0
RIS, 26 < r ROBELATMEN Y —OBARS, T8N DI 2r—mEwn, Exo? < L2, B Fit) bom—m, T
IR AR IMTAY Prover M58 (i + 1) SEBIEEN Hamming B TE 0+ 20 §) BBAiR
Claim 5 [BBHR18b, Claim 4.5].
Au(fO, £1000) > b (64)

Prover 1821840 £ F1 () | 2B COMMIT RIS A MSTHIMAT, FhaEMIEEE J“+1 1 fO+D) xiRee RS chipmg £+ £

ACD() S FRFHOBIBE, W £ 1, 5 FO+D 1185 Hamming B 500

UFRg: RIERIEAIDHT, D PMIEREITITE.

1. 60 > 2 mxr, mFBRNNRIEERE EO Brk%, Rt Part | (i feas
i+1 f 1-3p—c¢
B (£ RSU) 2 === =4

¥ O wmeReE RSO hEm £, BEWET, Eit

Ap(FHD, fﬁf:;)(i)) — Ay (f%;)(i),RS(”U) > &
A A RRALIL
2 50 < lT B P £ f (i+1) , B, W7, B g = f;’“ BEX f® € RSY , B4 Lemma 1 A8
g= 140, e RSy WA F6 € RS . RSO — RSOV[E, LI, ] | Byash Rs code 89 MDS BRI

Hamming BEB%TF 1 — p)Rl13EA% Hamming 555 AH(RS“+1 [F, L0+ p)) =1 — p, BWAFF RS chpg@4 code fli+D)

5¢%F, BEfZE/NAE Hamming EBZEDA 1 — p ., H=ALEAE
1-p < Ap(f¥,g) < Ap(FHY ffiji(z )+ AH(ffgi(mg)
mEig ) < — AR BIEIERRIE B block-wise MESHEX Hamming BEE Z BN ERS
An(f0,0) < A0, g =50 < 220
B EEN=ATEARTRINE

(67)

(68)



AH(f(i+1)a (Z-H) ) > AH(fT(i+1)7g) - AH(f;t:’i)(l),g)

£ 26
1-p
>(1—-p) — —
A=p)-—
_1-r
2
2-2
4
2—-2p—(1+p+e)
>
4
_1-3p—c¢
4
= 50
ElLt & RRRLIL
PR, SRS,
T anlE

Claim 6 [BBHR18b, Claim 4.6].

G U D)
W Z AH(f ‘ff(’) )
iFgg: B DY wENElE, WTMB e ¢ DY, &

f(i“)(x) — f(iﬂ)(a:)

i ALY ey e, wFRE s ¢ AYY 5

Esisig « ¢ ALY UDEY) | 5
Fi (@) = f0 (@) = 7110, ()
RIEEX Hamming BEEMNEXAE

Pr [f z+1( )#ffﬁ—l ( )} AH(f( m(“f z+1)

ze [+
A

Pr (fO(z) = f00 (@) = 1 Au(fl o, FO)

zeL+1)
B TFAAE « ¢ ALY U DY | ERUTFH SRR
1. firD(z) = ffl(;;@ (z)
2. fO ) (2) = fO ()

(69)

(71)

(72)

IUERZEBIE— N SRRINEER 1 — An(f]) ), FO) , BaLABSARNRIOBES EFRBIRERE SR TH)

&, 8D
Pr [o¢ AL UDE = Pr [ (@) = £ (2) = F0) ()]
zeL(+1) L+ fo
< F(i+1) () — 1)
< Pr @) = £ 6 @)

—1- AH(f“+l , FHy

1t



AW pli+1) . A
% = Pr lze ALY U D]
xe i+1

1 (i+1) (i+1)
=1 br g dm T UDT] (77)

i+1 (i
>1— (1 An(f o, F))
= Au(flY,, F)
Rt e BB, O
£54 Claim 5 # Claim 6 BY451818

\A((gﬁ_l) U D(i+1)|

> (i+1) (i+1) )
L) > Ag(FED, £ 1) > do (78)

10
=l

‘Ag;rl) U D(Hl)‘

IMAEER1E QUERY M EMERAIREMNE s+ . aseimim ALY sy, #imame s(+) ¢ AU | 347 QUERY MR Verifer —E 2
1B, EERIIRE | OTE, HFMMIEREEE Verifier IEHHIER,

MRi+1=r, BABETF FO) c RSO, 18R DD e, wid D) — 0, Eximn FmE s+ e ALY | Verifier —££18
4, X

ALY uDE Al

|LG+D)] |L (i+1)| = (80)
LEAIEIR T Verifier ELMIBERE DR 0 .
MR+ 1 <r, BIHERIIN OB, WO i FTRRA TR RG
1,60 > L2
2. 80 < L2 g f 2 fE
Z—MRAER, BREEE BENFS f = (FO), - fO)E = (20D, 20 D) gmRnE, BISHE Lemma 4 =5

#, B4 Lemma 4 194518, MR s e DO+ FAZE QUERY BRI —E 2164, 91]%3”1 e At >, Verifier b—ESIE4, FPBAX
MEEMEMEE XM MESWHENAIEL LOTD a2 A, BEIEH

1ALy DY)
Her =7 155,
LG > o (81)
FELEXFE R FIELBTRBZE DR i) »
BE RIS R, EENEREDR I,

BEAZADHE Lemma 4 ZFERIELME, AIMBRTERERNEGLRENEAT, BME Lemma 4 B =FHE—EMILAVRTR
)

1. Lemma 4 BIRIF D SAEIRIL, Verifier BIELEIRE DR 60 |
2. Lemma 4 ETA M EEARTTEMRAL, Verifier BIELBERZE DR 0o o
BT
|L/2)| kO —n-(r/2)

ILO)|  (2K9-70) :

© . (/2)— &0
:2k0 n-(r/2) 3 (82)

1) _pr

=927z

(1 Fk@ >n-r. wk© —n-r>0)
>1

1Lt



|02 > 4/|LO)] (83)

NIIE=]

2n
= o) = 2"/ 11O (84)

MEGIT 6o, 15

1-3p—c _ 1—3p—27/4/|LO)

8o ya— I (85)
Fitb, WRRBERNEERE, Verifier BIEEIETRE /DR
1—3p—27/4/|LO)|
min{6, 6o} > min { 60, : (86)
&8 Part Il 99, £ COMMIT BBk Verifier SEBRREHEAIRRZE D5
3|L(0)\
1- T (87)
A FAEER Prover B oracle () ... ()| 7£ QUERY IHXFIBESE R I, Verifier i accept MRS ZH
!
1-3p—27/4/|LO)]
1 —min < 60, 1 (88)

TESH TAEEE] FRI AY soundness , 181 soundness FIE X :
MFEEN P, Pr[(P* < V) = reject| A (£, RS) = 0] > 5= (5)

soundness S FBELEFEELHENTRs (60) . £ERITEENP*, HER/E Verifier i accept MERRZ NS, Bid bk
D, BRI MMIERER:

1. MRBIFNEH E(i)(i =1,---,r—1) &4, B4 Verifier i accept IR RZH

3';1(0” (89)
2. MBRERNBHED (i =1,---,r — 1) R4, Verifier B accept RS2 H
1 — min 5(0), Lo i”/\/w | (90)
Eitt, WFEBRI P, TGS Verifier #it accept AR LR, BD
l
Pr[(P* ++ V) = accept| A" (@, RS()) = 5] < 3'?;0)‘ +|1-min{ 4§90, L i"/\/m (91)

MR FEENPY, &
Pr[(P* & V) = reject|] AQ (FO, RS()) = 6] = 1 — Pr[(P* +> V) = accept| AV (f©, R§©) = 50

1
1—3p—27/y/|L0) (92)
4

3|LO)|

> T 1 — min< 60,

M, 18%I FRI B9 soundness 2/



l
3|L© 1—3p—27/4/|LO)]
s7(60)y 21— L7 1 —min ¢ 4§ (93)
F 4
ZE5ERL soundness IERR, O
E—fRIS$ 12 — Lemma 4 BIERR
iFgg: BF 60 < L2 | IEN closet codeword EXFRHIHHELRIRE F 5 Sp(f()) BlE—. HFES Sp(f©) Frg— 8085
£S5, S eS(f9), &
Xg) = {a:(i) € F\interpolantf(i)ls(a:(i)) = interpolantf(i)‘s(w(i))} (94)

AX(i) FRTRMIRILAE F iR (misleading)# 27, T,EE\zEETE1E¢Iﬁ‘ﬁlnterpolantf(i)‘s(:r(")) interpolant/" ‘5( ) 25,
B2 m%s;ﬁaj—uwmm, SRR E BN TR RER low-degree 2Tz, B fO)|g # fO)|s ., a3EH, Xt z() 428" THAT, BARS
HEnSm, B0 £ S HEEERNS RSB0, £ FERIIEITH

B [fm,(;(i)} — U X (95)
SESB
mF fO € RSO, BAM Lemma 78 f}jjl(l e RSUTY | siFAH S §é SB(f ) H#Bys = q"(S), BamTF
Se(f) = {S S \f \S # fC |S} . BUHTFVS ¢ Sp(F9), & fO|s = FOs, B#% interpolant’”’s = interpolant/ s
F]Tﬁﬁ%lﬁ_ﬁqﬂﬁ)\ z( 1nterpolantf(i)‘5( @) = interpolantﬂi)‘s( 9y, m fle 0 (ys) = f)(?gi)u) (ys) . BF 6O hFre—hr
EE’I¥1X 2 s ](?z.+1) c RS (i+1) '3VS ¢ SB(f ) 5 ffz+1 (ys) fj(?zJ)r )l (yS) w18 f l+i(i) 27 Hammming BEE TEE
f;“ gty RS spgiB(codeword). Eitt A g ff’+1 RS = Ag( }”1 , f )
W £, R4 Hammming BRI 1)), ity RS smgiaF(codeword) MRS EMIE? MARRBIT
=R O%IEM,
B, XFPNREIE ys LOEBRSBENEUTHENRMEZ—MIL:
1.5 ¢ 8Sp(f)

2. SeSp(f) B2 e x¥

1. SESB(

")

HLAS, XA PMRBE ys LNEARR S BXEN TR S4B AL
)

2. 8¢ Sp(f)

2@ ¢ X(i)

LM 1 BRIIR, &2 RE—ER S £ Sp(fY) ERMAERT, BR O %X BRI, FBARIASEIXM T REE ys LRETE
HEMS

SeSp(f) pa® ¢ x¥ (96)
I
.T(l) g USESB(f(i))Xg)' (97)

XA f}f“ )5 (f—) BEs RSOH) @ f}f“ RN {ys|S € Sp(fV)} ER—BHARY 20) ¢ Ugeg, 0, X5 o B4
B[£0,60] = {20 e Flag (£ 0, RSY) <50} = {x(i) € Flau (£570,, 760, ) < 60 (98)
M)

i) RRIEL |Sp(f! £,
{yS\SGSB( N} £—%, 3Uf¥§?fsd\3:5 LT fEY 5 () RiERSCHY ﬁ%%f’”l R {ys|S € Sp(f?)} £—&
Oz O 26
élﬂmém S USESB(f( 5 . FELLAE

B |:f(i),5(i)] { € FlAg (fle @ fle > = 6(i)} B Sesgf ))X "

|tk L) gopsenss, Ay (ff”l s Py ) < 00 ERmasER £, 5 Fii ), st

BRI FEZEIENER, Bl



B { 70, 5(1’)} - x{ (100)
SeSs(£0)

ETL’\%TZF PUERfEIH SR EDIMR, BLE, interpolant’’ ‘S'amterpolamf s g RIRHNT |S| AN FROS T, it

| Xs| < |S , BBAMRYE X g X, 71nterpolantf ‘“-ilnterpolantf Is sretmy [S| M E—, XM E
BEERRMAMEET, X5 interpolant’”!s 7 interpolant’”'s EHATEANZHX SF B, Hilk
‘B{f(i),é(i)” U x| <isl- ‘sB( )‘ < |L9), (101)
SESE(fW)
ZYATET Lemma 4 (35— P RZ
. - B[f9,69]] |10
(0 0. 501 _ | ) -
Sorp [m GB[f 30 H IF] = TR (102)

TEZEE Lemma B &E’J 5 f5 %, MEern, e fO & L0 FRRESHESRE, TRNE
R, BOELGEE O — fO ki8RITEEK, B

@ o MRAZXMIF

i+1)
ffA me+ = 0| (103)
MBigre (i+1) — £+ _ ) /
B3150% 2 MR FY = £00Y = 0]y, B4
i+2 i+2
fJ(F““)),z(") = fé\L(ijl)yw(i) = 0| (104)

RS 2 MERE £ = £ =0
ih, f(r) =0|0 .
Z &1 QUERY MERIFS (s, - -+, () ) H :p e DU | & jxwEs sV ¢ DU garmsaniEs, ;¥ s € DO | mEiEX
“L' jREEEm, mEX [0 =00 A8 DY) =0, Eitj <r. HA3IR0E 3 MERAEN C (i1} B

i) ¢ B[f¥;60)] U RAIEIESME

Lee , DU, @aAgss, aesFREnic (G, ry 8 9 =0|0 . 55

B {f@),a(i)} - U xP (105)
SeSp(f)
A8 2V ¢ Ugeso XJ . Eit fffj D (sUHD) £ 0, BRET jMEXA j 268 s0) € DU ﬁjzzm?jzaq?éi&, BATFLE § KK
j+18 st ¢ DJ+1 , 1838 DUY ey, Df+> Ugesyn S, EeR S SRR 57" fOBESE, B
SY = {5 € UM g 2 FurD|g L (106)

i st ¢ DU+ | @ FUHD (s0H)) = FUHD(s6GH)) = 0, Zp3(1183)
ffjji(z ( J+1 ) 7& 0
2. f]+1( J+1)) 0

E5]lid
i (s07D) £ U (s (107)
XZRRTE QUERY MYERTR B round consistency 18, it Verifier 7£ QUERY MER—ERIBEFT (s, .-+, s()) , XIEBET
s(i)fe’jg(i) [QUERY (f, a:) = reject} =1 (108)
i 00 UR&Es DU E XA
) D(i)|
50— | 109
] (109)
ES]lid
Pr |QUERY(f,Z) = reject| > DY) =5 (110)
s(i)eﬁm[ A T AGTI



ZE ST Lemma 4, O

HBidE—EIEY¥ 12 — Lemma 3 HJIERA
N TIERE Lemma 3, FAIEE [Spios] F5|3E 4.2.18 B FEGHMAS.

Lemma 7 [BBHR18b, Lemma 4.7] Let E(X,Y") be a polynomial of degree (am, én) and P(X,Y’) a polynomial of degree
((ae + €)m, (6 + p)n). If there exist distinct 21, - - - , T, such that E(z;,Y)|P(z;,Y) and yy, - - -, y,, such that E(X, y;)|P(X, y;)
and

1>max{6+p,2a+e+§} (111)

then E(X,Y)|P(X,Y).

7

Lemma 3 A9iFRF: TEIEEA Lemma 3 fE S &R, SR T Lemma 3, HiHE, WFEEN e < ﬁﬁ MR 9, &
80 = AD(FO RSD) > 0, 324
B0 (90 -9 g)] 2

<=, (112)
|| e|F|

MENEEES B, 55

ﬁ@smﬁﬁ$iﬁezﬁ%,W%ﬁ

B9 (000 -9-p))| _ 2

7 > (113)
B4
50 — A(i)(f(i),RS(i)) <0 (114)
HENTF FENGE
SEOHTFRE e > L, MRE
B[f®;1.(5(1—¢) — n
|B[f 2ﬁ$ ) Pﬂ|>é%_ (115)
B4
60 <6 (116)
TEERTHE 8 SHH 9 S iFff: =) RIE#, B&HE 9 LTI, B4
60 > 6 (117)
AT AR 9 RAFFITS
B 0009 -l _ [BI%5E-00-9-p)] 2 ws)
|| |F| e|F
BATHEBA 8 FEM, FELb
59 <0 (119)
X5 00 > 6 BFE, BB 9 HLLMIL,
<) RIE%, BIgHHE 8 HILFMII, B4
59 >0 (120)

HMEEEXE—6 > 0, FETENRFRIL
80 >8>0 (121)

i



B[fD55- (691 —e)—p)]| _ [B[fP;5-(6(1—¢) —p)]|
> (122)
|F| |F|
X 8 GRS
B (1);l. 6(2)1—6 — n
BIfY5- 009 -p)]| 27 (123)
|F| €|F|
B EAB TSR, 88 2 BER
Blf@: L. (50(1—¢) —
1B [f%55- (691 —¢) - p)]| (124)
||
H— TR, BARMEH
B[fD;5-(6(1—¢)—p)]| 20
> (125)
|F| €|F|
HRGH 9 MR, EIEIIEE
80 <6 (126)
REEBIRRPEN, RHE 8 MELMIL. O

&) Question
ERIEAFA S ESN 2 EE EREIER S 5?
MEEZIIATHHE 95 Lemma 3 540, FTEIIAGM 9, KEE—LEH: 2n= L0, a=1(1-¢-2), & =ba,
B=B[f®;§| Mk m = |B|. i BWEXTR, WEENzc B, 8 Ay ( £, Rty ) < §', BT cloest codeword A9

X, B £y, € RSO 2w 1)) BN, BFRERNRB LG -G, TEEST BFHES £ 28
R, REBAERE—.

£ C(X,Y) ER—13Tt, HE degy(C) < m, degy(C) < pn, #EAWE—z € B, 3T C(z,Y) 5 FU (V) me—wn
£

1)7;E

0, 2R O(X,Y) 2EEN, ERREEY, ff’+1 —NRBUNTF pn B IR evaluation , BEHE 1, © QY Rix5 fO) Bxe
2z, B
Q“‘)(X, Y)=PD(X) modY —q®(X) (127)
B R 0 2 TS, degX( 0 < \L , miweyaEm L =21, mF
|B[fD5% - (69(1—¢)—p)]| = |B[f }| m, NE&A 9 &L
Bty 00029 —ol] | 2 (128)
|F| €|F|
BES
m 21
o (129)
B 27 < em , Btk degx(QD) < LV =27 < em ., BEHE 1 #0% 1 MAEHNESENz € LO 5
F9(@) = Q¥(x,q"(x)) (130)
1RIE COMMIT MERIIEY, BXTFE—1y e L0+,
e ©8,={zecL0|gW(z) =y} 2 L) topase, HE@ETNG ¢ 5 2 m5I5 y ;
. Py(i)(X) £ interpolantf sy
o £50, ) 2 PP().
BATLUESE
Py(i) (X) = interpolantfwlsy =QY(X,y) (131)

&1t



f}l(-;i)()(y) I Py(i)(w(i)) = QW(z, y)
aEtEn e € F, SN0 Bigh o, BATNSHNFERN 2 € F URERN y € L) 5
fros @) = Q" (z,y).
J®)T distortion set IENX, 53
B[03¢] e e ian (sfs s ) <)
MR @ 9 %M

|B[f@;8]|  on
F  eF|

RABBE LS 285
1.VzeB, 5C(zx,Y)5 ff(i:;’(Y) ;E—FH,
2 HFEEM 2 € FURERNY € LD A £ () = Q0 (,y) .
BLFEEN € BUREEN y e LD B
1. Cz,y) = fro @)
2 flod ) = QV(a,y)
B £ (y) 2% RS iem £1 ) (y) BT, 1RIE B WEXTE

Ag (fﬁ;)(y), f}f{i)(y)) <d
itE3s Hamming EBREEAE [}, (v) 5 FL() - (y) F—Beatkhl, Rit

Pr [C(z.y) #QV(.y)] =

z€Byc L+ zeB,yerL(i+1> [ R
& Why?
TEHXMEEZHH, WENEREFEL? NEHFH?
BEWE ad > 0, AFEE—PETSHR
E(X,Y), degy(F) < am,degy(E) < dn
{FSHEFEISE (2, y) 888 E(z,y) =0, Efz € B,y c L+ B C(z,y) # QY (z, ).
LU Notes X FIFF2IMX E(X,Y) WFEN, REXHERN. RIEELE3

Pr [C(z,y) #QV(z,y)] <7

z€Byc L)

MTEFR, BFad >0, FEXEN—MESZMRK E(X,Y) 26180, HERTEEXLERNERO.,

filw # i w) <o

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)



E(X,Y)

C(z,y) # QY (z,y)

area < 0'mn

am

Y

Sz E igFRA error locator polynomial [Sud92] , BN EAMREE THIRMUBNES, Hh Q 2@IT—1 low-degree SWEEY,
BT degy (C) < p|L0+Y| R degx (Q®)) < 27 < em, B [Spi95, Chapter 4] {8 HE— SR P(X,Y) %R
degx(P) < (e+a)m H degy(P)<(6+p)n (19)
115
Vo € Bye LY, P(z,y) = C(x,y) - B(z,y) = Q" (=2, y) - E(=,y) (20)
PRTL.

LU Notes %xF P(X,Y) ZMAMFEMN, BNEREIRXEN. BYSHARE, REEEEFEHNGEE: SERETE X,
BF degx(E) < am UKk degx(QW) < em, BatFEM P(X,Y) BREHRE degy(P) < (e +a)m, BE

Ve € Byye LY, P(z,y) = QY (z,y) - E(,y) (140)
SHRAEN,
A2, WFAZEY , BT degy(E) < on MR degy(C) < pn, BakEN P(X,Y) BRase degy(P) < 0+ p)n, BE
Vo € By e LY, P(x,y) = C(x,y) - E(z,y) (141)
SLHRAEN,
£ ToDO
S [Spi95, Chapter 4], R ARTHEXH— ST,
R4 P(z,y) = Cz,y) - E(z,y) = Q(x,y) - E(x,y) B3I, A2z € B,y c LD B C(z,y) # QW (z,y) 132
Sof 2 8By s del® 5oy mnst (19) 18
& Fix Bl gt o 2 BB ey o mriman o
degx(P) = (e +a')m < (e + a)m (142)
AR
degy(P) = (64 p')n < (6 + p)n (143)
HtAEB o <allkp <p.

M (19) R (20) ATNEEINFAR—T y € L0+ #85 E(X,y)|P(X,y) , %0, SFEE—Fz ¢ B&E E(z,Y)|P(z,Y) . #
AiE, BEEREN Y1, -, yn € L0 @8 BE(X, ;)| P(i, y:) MREERBM 21, -, Tm € B{E8 E(z;,Y)|P(z,Y).



i (5) =
1—p> A0(FD RSD) > Ap (O, RSD) (144)
A/i+p<l1,
&) Why?
KBS+ p < 1 REABEIN? #EHRF1—p > AV(FD RSO) > Ax(fO,RSY) > 62
MEEM Ag ( £ RS ) < AR ad =0, BEENXBESERIE?
BEAEHSBEN o < a MR p' < pHl a WEXTS

4 p 1 p p

2o/+6+?<2a+6+g:2-5(17675)+6+g:1. (145)
e LENESEE
1.84+p <d+p<1
2.2 +e+ 5 <1
g
p/
1>max{5+p/,2a/+e+?} (146)

B, BELRSH, ZHetE(X,Y) S55% (a'm,on), BWRP(X,Y) KREH (o + €)m, (5 + p')m) , H#EFERE
L1y 3Ty € B1§ 1= E("Ela )|P($17 ) LX&T?TTHE’J Y1,° "y Yn S L(i+1) @i?% E(X7 y1)|P(wz:yz) ) EIHTJ

!
1>max{5+p',2a'+e+%} (147)

&) Question
E(X,Y) BRER (o/'m, on) tMAE21? siESEMRE degx(E) < am,degy(E) < dn.,

EI31 7 MR SBIRHRE, BI3IENELTE B(X,Y)|P(X,Y), RRFFX,Y] he3mt. ©Q = P/E . BATFIMEHN
FE—1Fy e LUY B E(X,y) EBHHER, %Bﬁ Q(X, y) = QV(X,y) . BF degy(E) < dn, B4 E(X,y) ELF on THE,
HAFBHTEMLEAZEIAN 1 — 6, BLHER Q(X,y) = QW (X, y) HITHLHAZIN 1 — 6

mFESHE 1, B10E QWY (X,y)H
QY(X,y) = PY(X)  mody—q"(X) (148)
Hrh
P® = interpolant’"’ (149)

M4, fO5%8% p|LC |E’J:;IHTP 2-E, 25, = {z € LO|¢O(z) =y}, ®F L) tome. arr S, J:/Iﬁi/@
QY (X,y) = Q(X,y) = PO(X)|s,, BAREHE Q(X,y) = QW (X,y) itttz dn 146, W fO 53mst PO g
1 — § LLpItREE S, FR—3H,

¢ TODO
XEEBESAZREY, LRBBEAXTHBEMW, FxE. EX

In other words f agrees with some polynomial of degree p|L \ on more than a (1 — &)-fraction of cosets of L& in L

FO =LY i 1 — S tepim LY wopse b aren p| L0 | msmst—, wiEesy, 00 e F—BuREnte), BAERT
MEE 00 < 1— (1—6) =6, FE5MT 3R, O

ZE ik
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