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B EEXFWNFZE RS proximity problem: RIZHAVEERSHKTRE f: S — F Woracle, FE Verifier BROVNEWERE, BENBRSHIEE
BEIBIL f BF TEM—MIER:

1. f € RS[F, S, gl
2. A(f,RS[F, 8, p]) > §

2B A f 2 RS %S RS[F, S, p| h—BF, BAEHMA RS[F, S, p| RHIBFAEN Hamming SEEBATIERSH 5 . — T ERNEE
2 verifier AIMEEIR d + 1R, AEHE f BT LAB—ER, MRETE—F, WiES, MREFHEF, WIEL, NORRAERER
d+1=pN . #EitH Testing HENEREN, REHIMISEIRMLA verifier, FBAI prover Zikit verifier (& f € RS[F, S, p] Al
BERERNO, REMNBRHN 0, UEFENIERRER 0., MLEUL7E (Testing, [RS92]) 5FRIWERE, N FERFAR((BBHR18b]),

prover itHERE JERRRE verifierit @ E & ERERE RWERE
Testing [RS92] 0 0 pN - logo(l) pN 0
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423 FRI 2—F I0PP, TEAH IOPP HIEX.,

Definition 1 [BBHR18b, Definition 1.1] (Interactive Oracle Proof of Proximity (IOPP)). An r-round Interactive Oracle Proof of Proximity (IOPP)
S = (P, V)isa(r+ 1)-round IOP. We say S is an (r-round) IOPP for the error correcting code C' = {f : S — X} with soundness
s~ : (0,1] — [0, 1] with respect to distance measure A, if the following conditions hold:

¢ First message format: the first prover message, denote f(U) ,is a purported codeword of C', i.e., f(o) BV )
o Completeness: Pr[(P «+ V) = accept|A(f0),C0) = 0] = 1
* Soundness: For any P*, Pr[(P* <> V) = reject|A(f(?),C) = & > s~ (6)
BERBR Prover ] Verifier R#4T r -RINRE, FTEHE=15FMH.
1. BB 0 2 Prover AR C BT,
2. Rl HHIENTFHEN Prover, 118 £O) £ C &, 3P4 Verifier —ESHH accept ,

3. Soundness: HHTHIZIEEA] Prover , ZIRE 25 Verifier IBEMBERES D, EXHM soundness s~ : (0,1] — [0, 1] 2—MEE, BZF
g0c(0,1], XtRTEDT soundness BF, HEEBIIIETA Prover, BREMEN A(FO,C) =6 > 0, EXHERT Prover 7
Verifier #{T2E, REBLOMELSZD, X MERNTRME s (0) € [0,1], BFXBRROSME, BR s (§) RBREERARE [0, 1]
h,
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FRI #3%
TEAER IS [BBHR18b] A3t FRI Y HIHEA
EXHNCS
Interpolant For a function f : S — F, S C I, let interpolantf denote the interpolant of f, defined as the unique polynomial
P(X) = Z‘jgl a; X' of degree less than | S| whose evaluation on S equals f|g , i.e., V& € S, f(z) = P(z) . We assume the interpolant
P(X) is represented as a formal sum, i.e., by the sequence of monomial coefficients ag, - - - , Q[§|—1 -
Subspace polynomials Given a set Ly C IF, let Zeroy, = [1.cz,(X — ) be the unique non-zero monic polynomial of degree |Lo| that
vanishes on Ly . When Ly is an additive coset contained in a binary field, the polynomial ZeroLO(X) is an affine subspace polynomial, a special
type of a linearized polynomial. We shall use the following properties of such polynomials, referring the interested reader to [LN97, Chapter
3.4] for proofs and additional background:

1. Themap = ZeroLU(m) maps each additive coset S of L to a single field element, which will be denoted by yg .

2. If L O L are additive cosets, then Zeror, (L) £ {Zeror,(z)|z € L} is an additive coset and dim(Zeroy, (L)) = dim(L) — dim(Lg)

Subspace specification Henceforth, the letter L always denotes an additive coset in a binary field F', we assume all mentioned additive
cosets are specified by an additive shift o € IF and a basis £y, - - -, 8 € F¥so that L = {a + Zle biBilb1, -, by € ]172} ; we assume

and B = (B1,- -, Br) are agreed upon by prover and verifier.

COMMIT BfHEX
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PR - 2 V“T*RJ . Bt R =log(1/p), pHRBE, £ COMMIT MERME i %6, i € {0,---,r — 1}, Verifier LAVl —
Prover 125389 % £ : L) — F iy oracle, Hepdim(L®) = k0 = kO —p.i Bz LY 2mcETH, 530, SORKBT
Verifier BE R,

FRI-COMMIT: Common input:

e Parameters R, 7,1, all are positive integers: - rate parameter R : logarithm of RS code rate (p = 2’72) - localization parameter 7 :

dimension of LY (i.e., [L{| = 27); et r £ VWTJ{J denote round complexity - i € {0, - - -, 7}: round counter
* Aparametrization of RS £ RS[F, L), p = 2-%], denote k() = log, || (notice k) = dim (L))
(X) and denote L+ = @) (L)

. L[(f) c L0, dim(Léi)) =n;let ¢ (X) = Zero,
0

prover input: £ : L) — F, a purported codeword of RS
Loop: Whilez < r:
1. Verifier sends a uniformly random 20 cF
2. Prover defines the function f;f;i)(L) with domain L+ thus, for each Yy e JAGDR
o Let S, = {z € L®|g()(z) = y} be the coset ofL(()i) mapped by ¢V to {y} ;
o y(i)(X) 2 interpolant’ % ;
° ;fj,?@(y) £ Py(i)(m(i)) :
3. If¢ = r then:
o let f( = f}fr),l)yﬁ(,,l) for f) = ff?f)’l),z("’” defined in step 2 above;
o let PO(X) =3 ay)Xj 2 interpolant’” (X);
o letd=p-|L0|—1;
o prover commits to first d 4 1 coefficients of P(T)(X) , namely, to (a((;), ceey a(dr)>
o COMMIT phase terminates;
4, Else(i < 7):
o let U+ = f}i;?m for f}ijii)(z) defined in step 2 above;
o prover commits to oracle (1)
o both parties repeat the COMMIT protocol with common input
= parameters (R, 7,7 + 1)
® a parametrization of RS(HY) £ RS[F, L0+D), p = 27R] and L[(]H'l) c LU+ ,dim(L[(]iH)) = nand prover input f (1)
defined at the beginning of this step;

QUERY BfrER

FRI-QUERY: verifier input:
e parameters R, n as defined in the COMMIT phase

e repetition parameter [

e sequence of rate-p RS-codes RS, - - - | RS, where RS() £ RS[F, L, p] and log, |L®| = k) = E©) — 5; (notice
kD = dim(L®));

e sequence of affine spaces L[(]O), cee, L[(]Fl), each L(()i) is of dimension 7 and contained in Lo,
o transcript of verifier messages (), ..., 2D e F
e accesstooracles f(0) ... f(-1)

e access to last oracle P (X) = 20 a;-T)Xj ford=p-|LW| —1;

Terminal function reconstruction:
e query a((]r), RN a,(;) ;(atotal of d + 1 < 27 queries)
et P'(X) 2 Y ol X9
e let £() be the evaluation of P'(X)on L") ; (notice f) e RS™)
Repeat [ times: {
1. Sample uniformly random s e LO andfori = 0,---,7—1let
o st = gl ()
o S0 pe the coset of Lf)i) in L@ that contains s
2. Fori =0,---,7—1,
o query f(i) on all of §(®; (a total of 21 queries)
o compute P (X) £ interpolant’"’ls; (notice deg(P@) < 21)

3. round consistency: If for some ¢ € {0,---,7 — 1} it holds that

FED (564D 2 pl)(5l) (1)



then reject and abort;

}

Return accept

FRI XY EEY R

THENEEAET FRIMXEEER, BIF&EE(Completeness), Soundness, Prover EZE UK Verifier EZE, HELISXHIRLH T — M
EREAIARAN, MiE3Z [BBHR18b] Theorem 1.3, ZEEAABEE FTRATEFIZE 1= 25 [ = 1 iEABEN, XEMEEERIXDNEMNE IR
7,

Theorem 1 [BBHR18b, Theorem3.3] (Main properties of the FRI protocol). The following properties hold when the FRI protocol is invoked on
oracle (0 : L(© — F with localization parameter n and rate parameter R (and rate p = 2-R) such that p\L(U)\ >16:

1. Completeness If £(© ¢ RS £ RS[F, L), p =2 %] and £, ..., () are computed by the prover specified in the COMMIT phase,
then the FRI verifier outputs accept with probability 1.
2. Soundness Suppose 60 £ AO (0 RS(™)) > 0. Then with probability at least

3\L(0)\
1- 2 @)

over the randomness of the verifier during the COMMIT phase, and for any (adaptively chosen) prover oracles f(l), ceey f(r) the QUERY
protocol with repetition parameter [ outputs accept with probability at most

l
1—3p—27/4/|LO)
4

1—min< 60, (3)
Consequently, the soundness of FRI is at least
l
3| 1-3p—27/4/|LO)]
s (60 21— ‘IFI | 1 —min { 8, — (4)

3. Prover complexity The ith step of commit phase can be computed by a parallel random access machine (PRAM) with concurrent read
and exclusive write (CREW) in 21 + 3 cycles — each cycle involves a single arithmetic operation in F — using 2|L(i)\ + m processors and
a total of 4\L(i)| arithmetic operations over . Consequently, the total prover complexity is at most 6|L(°)| arithmetic operations, which
can be carried out in at most 4|L(°)| cycles on a PRAM-CREW with 27 + 3 processors.

4. Verifier complexity Verifier communication during the COMMIT phase equals r field elements; query complexity (during QUERY phase)
)]
equals [2r = [27 (1 + {W%J ) On a PRAM with exclusive read and exclusive write (EREW) with [r - 277 processors, the verifier's
decision is obtained after 2n + 3 + log [ cycles and a total of [ - r - (6 - 21 + 61 + 6) arithmetic operations in .

7EE 2 T, Soundness &g, FAT—1 58 60 £ AO (0 RSV) > 0, x2ag A (£0, RS©) HEHFEE MAIHEYN Hamming 355,
TEAHINENEY, FERIEBESEN Hamming BE2H0XR.

Block-wise 555 MIFE

Definition 2 [BBHR18b, Definition3.2] (Block-wise distance measure). Let S = {S1, -+, Sim } be a partition of a set § and X be an alphabet.
The relative S-Hamming distance measure on 9 is defined for f, g € %5 as the relative Hamming distance over B X e x B

[{i € m]|fls, # gls.}| .

m

A(f,9) £ Pr[fls # gls] = ()

Thus, for F C £5let AS(g, F) = min{AS(g, f)|f € F}.

P T EEFOBBIXEN, 7 PRI, BEE FY L8 block-wise B, BN FRI RS i 589 L0 REBR AR RS S, AF S
BERENTNTERY, w815, BNEsmees LY . L Bxeastianmet o) s, e L0 At o sy L) &
BT e MTTRINES, FEEEG SRR RED

LY = {z € LV|g"(z) = e}. (6)
MuEE L)) wrsE s LO #5409, Bassm s, N LO saseien SO = (L, LY V. mamiz
AO(f,9) 2 AS"(f,9) (7)

HFMIMEM f,g9: L0 — F, EXpgn L0, @EmnF, WD Block-wise BRI MRMAE SO six i pT 52—
grumtE, pEs® = {2, L0y dmgm > 2, REEL) 5 LY sHIEa RN f 5 g ENEMETELERE, B
floo # 9l B Fl0 # gl0 EERNBREES f5 9R72—8, BATUTES AO(f,g) =2,

LENAD(f, g) iR FX @ TRONE, TERBTEXFXTFEAT— 7R 0 e FYY 5178 RSO c F1¥(
RS® = RS[F, L), p] maaee P toF 40390 block-wise IEEME, RFA

Ll

A0 RSy 2 AS‘”(f(ig RS®) = min{As(”(f<i),g<i))‘g(i> e RSO}, (8)

HayemaEs RSO RramEs ¢@ , Ekxe ASY(f0,¢0) ) Bhg)mmrEmre A5 (FO,RSY) . %F Block-wise EEEN
B, — M EBENRERE

1—p> AV(fO,RSY) > Ay (¥, RSY) (4)
1ZEARTE FRI 9 Soundness IEAFR R EAE, LLREE, XBLEHEITRA.



i SOEBARSRMELD, 81— p> AV(f0,RSY) , mesmEsr—1 20t ¢¥) ¢ RSV, HrB deg(g¥) < p|LV)|, RS
AG)(FO, g0y =1 — p, TEBE g . BIRTOTOmE: EsEas® = (£0,... LY )&, minsaessass)

TS QIR A0 {zo, 1, pop 1}, ELEIEE p|LO| N {zo, 21, -, 200 1}, BEIRLEERNY fO) ot
{FD(@0), fO(@1), -+, FO(@yp01)} . BEIXLEAENABT Lagrange FEE, BH—1RM < p|L0)| BTk o) , BRI BERIEH0E

99 € RS® = RS[F, L0, p] . RRIRIERTEOMIERIVERS (L), Li) 1} = {@o, @1, -, @m0} LE8 FO 5 g0 pomsste
RR2ABH (X p|LO| A SRIFEL SHE pm N EED, FRHNBE—EERERE— MEAH—BONIER, XEaTHRp . 10| 2
22 MBATR, EBER), BATEY

m

A0, g0) 1—p. 9)
Bs AC(fO, RSY) tam RS oz’ fO) M AV FaomME, BERTRBIHIMN ¢ € RSV WIEE, hFKIERT RS RM0EE
B1-p>A0(F0 RSY) , msmEEFEtan A0 (FO,RSY) > Ap(fO,RSY) . Eig AD(FO, g0 ¢ RSY) =5, Fk—
gt B2 £O) 5 g0 s (L), L) |} = {w0, - wgp0 1) EFRE—H, ERgmEa (L), L0 PIY, - L0 )
rexe—Bm. BazmE LY bwmaan, O 83 (LY, LY |} = {20, 25001} X L0 AEHS £O 75, Hitto
AT Ag(fO,g0) <5, #mmes AG(fO RSY) = 5 TBE Ap(fO,RSY) < 5* = A()(fO RSD), O
= = >
EI2 1 &R
TEHEEE 1 psaMERNESg, SR TR
Completeness If £ € RS 2 RS[F, L, p = 2R and f@, .., £ are computed by the prover specified in the COMMIT phase,
then the FRI verifier outputs accept with probability 1.
SEMIHIEN TS Prover , MiAKEL £O 27 RSO REB=EHhey, FAE FRI 9 COMMIT RERAF=E—totgEs FO, ... f0),
BB Verifier 7£ QUERY MERERIEEER ML accept .
HRART—MBANGIE, BRZEIBRIBREY, SBRANRES SWR fO c RSV, MAE COMMITMER, Verifier 24 F %
Bz %44 Prover , Prover BRI T—St0Em fU) | BANTF FeEs—r 20, samasse 000 mE RSO =g

70,200 70,20
B, BJFMSIBIEXRRNT, XTSI RMIEREEREEHITIRRA.

Lemma 1 [BBHR18b, Lemma 4.1] (Inductive argument). Iff(i) € RS then for all () € F it holds that f}i:i{l) € RSUHY |

S&EMIEAINEIRE, 7€ QUERY NER, Verifier TER27EHEE 3 H#J round consistency &I, —BE—%1i € {0,---,r — 1} RIS
EIBHH reject, EIXFEN i WRNBEY, RETRME accept . MANF i < r— 1, iBIE COMMIT IR £+ poiEidfe, round
consistency R\, WF i = — 1, RIBREREENMESRE FO c RSO, EmsanitiT £ € RST |, REREZECHBE
QUERY ME&th240iI5@1T round consistency, §4& Verifier thi—ESHE accept 7. ERHSEEIEIERNT,

EH 1 TSI ST WM Prover, SITFEBN—NREK fO, 7 COMMIT MERNE 2 5o, WTFERM G <r— 1, MEH

- 5,
£, @) 2 PO @), (10)

IRIEIZADIE, BBA—ERETE QUERY MERIIEE 3 H—ESRBEIT round consistency , Bl
f(i+l)(5(i+1)) — p(i)(z(i)) (11)

AT
TFERBIEANTF i = r — 1B, round consistency thaEi@id, RiEs=&MMERH f© e RS, @ Llemma1 #3745 f) e RST, B4
—EBE—RE < p|L0)| ozt PO(X) @18 f(X) 5 PO(X) 7 L1 252 —5H, Eit Prover 7 COMMIT BMREIE 3 % 5%
PO(X)tad+1=p|LW| 5% <a¥), e ,afp) , Verifier 7 QUERY FE&AY "Terminal function reconstruction” M EXRARIE R 2T A
d+ 1 REMmESE P'(X) 2 Y40 X7, BiRiE P/(X) @@ £/, &1 f0) 8 P'(X) % L) Eagfsit (evaluation) . BRARILEHT
40| = P'(X) = PO(X) = fO)|,0) . BAREIE ¢ = r — 1 %89 round consistency , Bl

f/(r)(s(i+1)) _ P(r—l)(xi) (12)

MTITSIE Verifier RIE—ESHE accept , ]

R 1 K5I
FEIEERS I 1 BRI — N ERNGE, BARGECRIERSE 1. £ TA®AF, ANEFE ¢,y RRTEPNITRE, BASFE XY RRTH

Claim 1 [BBHR18b, Claim 4.2]. For every f® : L) — [ there exists Q) (X, Y) € F[X, Y] satisfying
1. fO(z) = QW(z,q(z))0forallz € LW
2. degx(QY) < |Ly|
3. 1f £ € RS[F, LO), p] then degy (Q) < p|LU+1)]

iZan RN TR FRI YR LR EER, Vitalik FEEIEE X E STARKs, Part Il: Thank Goodness It's FRI-day #J A First Look at Sublinearity /\ i
HT—MEGNEIT, HNGIRRETA FRINER, BIEXERSE 1 NAREREEXMIT. BISERE LHOANG N =107, &
2m f(X): L - F, BEARS < 105, B4BE f € RS[F,L,p=10"%], RiEHHE 1 7118, —EFE—1_"7n2H 9(X,Y) € F[X,Y]
R

1. WF Ve € L85 g(z,q(z)) = f(z), Hbg(z) =2

2. degy(g) < |Lo| = 10°

3. BF f € RS[F,L,p=1073], M degy(g) < p|LM| =103 x 10% = 10% :7E Prover 187 Verifier if88 f(z) KURIBSEZ/NTF 10°

8. EXEFAT BN/ EERRIRFIERERE,


https://vitalik.eth.limo/general/2017/11/22/starks_part_2.html

0,1,2...999,999,999

(1000 \
11000
21000 \

999,999,9991000 (Most) rows must

be (close to) deg

<1000 polynomials

Make sure (most) The diagonal

points on the (Most) columns g(x, x1000) = f(x)
diagonal are on the ;nUSt ti%(()f)lose to)
same deg <1000 €g <10t

polynomials

polynomials as the
rows and columns
B, EAROERERNSETE X, ETEME L, 255 10° 1, MARRRNEETeY , EEsER {2z c L} . EAK
RH—E (2, y) MRERTOREHELN g(z, y) WE. STEESHANEE NS (1,y), BRz =y, B4
9(z,y) = g(z,z'%%) = f(z) .
JEBRAYISFRAN T

1. Prover & LRESTHXT (X, Y) WP SMfET, HIRIER Merkle RISGHTEGE,

2. Verifier BEHLIEERALI L +4TF050, NP EZFAB—1THF, Verifier RERFIMN 1010 N[pIFAE, HRESHIER TABNRZ—UTNAL
. LE4n Verifier iBREE 5 51, BPALLE ¢ = x4, HWRNHEIZER 1010 MERR, BLREREMELITEEME T, RFMHEIMLITHMT, 7=
HPAIRRIRE y = 21000 FFHR TIZR (24, 23°0) EHALLT.

3. Prover & Verifier ERM S RMAIE g(z,y) , FHH# LRI Merkle 3%, IEAEA1E Prover [RAFENHIEN—E9 .

4. Verifier 182 Merkle DX 2B ILE, BN FE—1THE—7!, Verifier il Prover R{HANXLE 52 FHEMX N —NRE < 1000 2 H,
Verifier B] BOBIT T XL 5 TR E R IEX — 2.
[RSRE:

This gives the verifier a statistical proof that (i) most rows are populated mostly by points on degree < 1000 polynomials, (ii) most
columns are populated mostly by points on degree < 1000 polynomials, and (iii) the diagonal line is mostly on these polynomials. This
thus convinces the verifier that most points on the diagonal actually do correspond to a degree < 1,000, 000 polynomial.

BLRS SRR SE 1 AHNBI:
1. HFAZHGT, SMARRE < 1000 WS, BHLHE degy(g) < 1000,
2. HFAZHGE, HEABRE < 1000 ST, HALE degy(g) < 1000,
3. NALIBERLESTR FOSEH, BRSRBRESOERE 9(z, 2°)
SRR LA (2,2 ") R DR < 10° g0z, XER f(z) = g(z, 2'00) , Bk Verifier BESTR £(X) #9R
HE < 109897,

KL, MEHRNVEBIERZIR f(X) WREUNTFENME, RESHT 1, —ERE—TZR2MR 9(X,Y) 885 f(X) =EBR, B5EHE
f(z) =g(z,q(z)), MTFRIMEREXT 9(X,Y) 9xE degx(9) 5 degy(g) I MEIL, XD BN M EE FIELS BREMRTNSTRAIR
£, HXA U ERSBHTIE)T, XEBHIWEXEF And Even More Efficiency VT3, #RMBHZ FRI NS,



L NN

N

Eventually the
column becomes
small enough that
we can just prove its
low degree directly.

The column of each
"layer" of the proof is
the diagonal of the
next.

TELA LR 1 AR,

#81iEH: < PO = interpolant’” | gng@Esn 7O £ LO grimE, #a1sms PO, MF(X,Y) &rEaRE F LW T2 %
BRZ AR RS HR S RA I THF, BRE X THE. 2

QY(X,Y)=PY(X) modY —q”(X) (13)
P POX)BIUY — ¢ (X) R, BEZEX, ANSHE—EFE— SR R(X,Y) € F[X, Y] #5
POX) = QU(X,Y) + (Y — ¢") (X)) - R(X,Y). (14)

T Vz € LY MRy = ¥ (z), FALRPeman—7, AEE (Y - ¢9(X)) R(X,Y) = (y — ¢")(2)) - R(z,y) = 0. HEitk
Pi(z) = Q0 (z,y) = QW(z,qV(z)), TP (X) 2 fO(X) = LY LimmEsm, B4 fO(z) = PO(z) = QW (z,q'(2)), it
AT HERNE 1 T, MLFROHE, TEEXHNRT Q FHE

degx(QV(X,Y)) < deg(q?) = |L], (15)
EILL AR RE 1 A58 2 TARLIL,

SEIESE 1 B 37, mse O € RS[F, LY, p] 745 deg(P) < p|LO| , RIERSHENARARKHFIN, 5

i deg(P(i)) deg(P(i)) P‘L(i)l i i
degy (Q®) = Tl = 5 < —|= me +1)‘J < LY. (16)
deg(g™) 1Ly Ly
FELCSIEaRE 1 88 3 10, ]

5|32 1 AYiERR
FAHE 1 0IES, HHTENE 3 TS, IFEEN 20 B degy (QW) < p- |LEHY|, FEIEH
vy e LU, fE (y) = QW (21, y) (17)
TP T deg(fH)) < degy (QD) < p- |LETD|, KFIEAT deg(F D) € RSEY
HTIEALR, %ETyc LD | 4 5, € SO 2HR ¢0(S,) = {y} s, ttorE L0 & L) wme, @ £0) mimsarm
£ (y) = interpolant/" s (2 @), (18)
BAE 1 805 1 TS
Vz € 8y, f(i)(m) =pi = Q(i)(z,y) (19)
HOE 1 WE 2T, 75 degy(QD) < LY = |S,|, EMANE X Ufr—FRETE, 85
interpolant’ "% (X) = Q¥ (X, y) (20)

BY X =20, £ARmBNSTR ) FobitE ERERN, S

£V (y) = interpolant’’ls () = QW (21, ) (21)

B, YnFEEMmy c LY, 5
Wy e LO, f0 () = QU2 y) (22)
EHASIIE, ’

FEIE 1 Soundness iFBA S

AHEEIRAERE 1 & soundness FIER B, BRALLNMEIERFTRIINENY, HERBAITEENSE, KERIBXMH5ERILR
soundness,

round consistency 5 kE&



soundness HTHIME RAAE T E2EBOGITEY FESIERN prover, &I verifier RE, JEEIIZMHIMR, BEERAOHTEIT, BN
MHEZREMNATIED, PLEMFRIRARFTEIRE, MRB(VEXLRELRBETRRAOMGIT L LENRE, REBESEIN, MEEGE
soundness T, FEX NI, AT XEATEHINRENERHTRRGEITDF, BNFEEHEA D XSG, BHEXRNBTENE#TE
ft, TEMRGHEX T IRPNEN—LEEN,

HE S, BEETF FO5 0D gorace, AR Verifier AHAIMMNE 2 |
? &g
RERXELEHE, B 072
o inner-layer distance 5 ith § inner-layer distance #2 £ 358 RS®) g A() 355,
60 2 AD(fi RSD) (23)
ZE XA RISUR RIS ¢ 8 block-wise 5,

e round error 5F i > 0, 55 ith round 3£ (round error set) 2 L) t9— A F 5, EXMT
A&?r (f(i),f(i’l),m(i’l)) £ {y(Si) € L(i)|interpolantf(1 s (w(i’l)) #* f(i) (yg))} (24)

round error set }EREIFLETESS | #F Verifier RS round consistency ik seMaaarLe L) chpgrs, HRAMERE ith round error err()

s 148

: 25
20 (25)

err® (fu)’ f<i—1>,$<i—1>>

* closest codeword < f() &n#E AU ()-METERSY sem 1O @rmdr. wimEA?) () WERE L0 s s SO i
—wER, 8 c 80 &R O 58BF FO 719 SO hR—BM A ('bad”) HOREE, BD
5§ = {55195 £ F5} (26)

BixerE SO R R ERE—RARESH DO = U, oS, AINEN DO 8 LU wrE, Hhg— M ams— 1R HkeE,

sest
ME 0D < (1—p)/2, BARIELXRET block-wise #55 AV tyRE=, T8
A <50 < (1-p)/2, (27)
ARIBIE Hamming SERIAOR, LLRIATIE—MRES, R £O) ATLRmmIE—ty £, Makman SL) 2r—w, #m Al nae—mET.
o KEENTF e >0, fO) gELE distortion set)

B[ & o e man (1412, R) < ‘28)

IR LRMERINERAN Hamming 58, AILUKHSRIBRR MREE, BA1AE Verifier SMEIRE F ot () 2% Prover ,
Prover 1R4E Verifier &89 20 AR £ &9 T—50 fOH) | mERNEWENT—50 F(T) 5 RSO 209185 Hamming 1578, 1%
BIVEE—ME e, BB F oLt 20 285015N f;g ;{,) BEEHBE RS g/ vast Hamming BBE/NFATNSHE ¢ . H—HIBR,
mHRERAF Lirancl), BEmL f), aERekERsE RS BREE, XTERSBRANE ¢, B < > 0 MR, K
) BURBREEOHAE—ERNES, BETFE RS gy,
B4 KEEZRUZMLA L IZZNIERIR? TRM Verifier WTHMAEILE, ZRIE Verifier EEHERENER0ITIE T e T RHAR0ILIE
SHENTBEFBZEOER.
soundness EBA B &
RIRI3H T R EEERE M Verifier SENEHAIRRPARGEMMIRE, 4B~ MAEFE Prover FEADIS T2 EH COMMIT FGEMERFEHIEE,
2 HEAIE 1T soundness i, ERIUTRMAEEIZENIER:

1. Verifier M F chisBRBEHA o) SEiRE,

2. Prover £ COMMIT MRS BAIIRE.

BT soundness DITAIABEE, KlitEH 1 MIERKENERE, BRIZE 1 MBERTERE, REE 2 MERNEER, REERDTFHHPIER
HER AL, BREEIT HI18ZM soundness ,

AT ETHE 1 IERERER, BRAHXTRESN—5E, ZMXI5EEENRAREN e, HABEX code RIIMEED, FEXE—TMEX
Hamming BEBIISE S, X 6 MBS PMIER:

1. N8I < (1—p)/2, MEREDZME—HY, ED unique decoding .

2. MR 6> (1—p)/2, WARBERE—1FIR, £ List decoding,
Ll Notes
9T BIFHIIBAR List Decoding, XBALEEN:

Definition 2 [Essential Coding Theory, Definition 7.2.11Given0 < p <1, L > 1,acode C C X" is (p7 L)-Iist decodable if for every
received word § € X",

{c € CIAG; o) < pn}| < L. (20)

EEMEREMNAT—MMEN Hamming BEESH 6, MRIIRMKELR L, ¥TFES—MEKZIEE ¥, EHBZE C B, REBRF c5H
B Y Z a8 Hamming BBE/NVFETF pn, BEINMIAK c 2ERAEE. BNERGEZEBRMHOERRD c MR L, H0OM
WIXMRIBE (pn, L)-list decodable,

1R¥E Hamming 8558, BXHE—MER:



Proposition 1 [Essential Coding Theory, Proposition 1.4.2] Given a code C, the following are equivalent:
1. C has minimum distance d > 2,
2. Ifdis odd, C can correct (d — 1) /2 errors.
3. Ccandetectd — 1 errors.
4. C can correctd — 1 erasures.

8% C 19483 Hamming B8EA 6, B4 6 = d/n ., RIELROMR, MEXTF C, TRUESFBEROEROFBOLLAN < % . XH
Singleton bound 41,

§<1-p (30)
Bitt, LEROBBIH < 1L 0, WL ETMAER, e E—5R,

FEERALEZ—NZIE, Lemma 3 HkHSRBEEZBIB—BBR (1 — p)/2 ER, T Lemma 4 BHERBERNTF (1 — p)/2 HIHR,
BN — 383,

Lemma 3 [BBHR18b, Lemma 4.3] (Soundness above unique decoding radius). For any € < % and f(i) such that §@ > 0

Pr [ggmEB[fw;%,(5<i>(1_6)_p)” L (31)

2R ~ €|F|

Lemma 4 [BBHR18b, Lemma 4.4] (Soundness within unique decoding radius). If 8% < (1 — p)/2 then

(@)
B0 <)) < 2 o
Moreover, suppose that for ¢ < r the sequences f: (f@,.. fMyand Z = (29, - .-, 2(~V) satisfy
1. forallj e {i,---,r} we have §) < %
2. forallj € {i,---,7 — 1} we have fUD) = f}{;’lz)(])
3. forallj € {i,---,7} we have ) ¢ B[f®; ()]
then
P [QUERY( 77 = reject} -1 (33)
and consequently
P [QUERY( F7) = reject] > E((;) ‘| =500 (34)

RIEREENEY, BFH3EHSRETRMRIEER ¢ T Verifier SMEBENEN =) ¥\ LEEMEE,
Lemma 4 [5EH# moreover IREMNLEICTHAIZ MR RIS
1. WFFE € {3, -, 7}, BRE—MERE, i) < L2
2. sFFEt G € {i,---,r — 1}, 7RSO &, S £ BineBE FO), Sk e msnT—sazsn FO) | ReRsTE

. . FO,z6) ?
RSU g fU) mammom, e fU = £
3. WFEEM G € {i,---,r — 1}, FRENK ) gasAcESE, B2 ¢ B[f0);60)]
BAEBTNELHEE QUERY IER, MEM R HORE D) BEM%SE s, B4 Veriifer —ES7E QUERY MM ERIEL, BD
s(i}:{)w [QUERY(f7 Z) = re.]ect} =1 (35)
MTEINSRIANE s' 2MEA LO hikERE, QUERY MER Verifier AR DY % , B
- . D9
= > =W,
suiim [QUERY(f, Z) reJect] ] ) (36)

NECEMPEETIET, FHAIERMIXA soundness, FIBRIALL, EEZAHREIAIEEREIRERNIENR, soundness IEIRBREIIT.

1. £ COMMIT BRER, Verifier FTAEIERIK EEEPRIBEN LN, UFE Lemma 3 ] Lemma 4 BT AZEBh B AEITT R E XIS RAME R, R
Verifier RIS ELERAIRENER () S &4 T BB, Verifier BHRWERE r NN, 2820, 207D | S BRREE TRE
EhWEHSREN BO, . B | BIMETHRE T — LR B HERNR, ERERSR

3\L(U)\
[Fl

37)

2. 1£ QUERY INER, Verifier ATRERIELE, RIRIEN 1 TRAE, ERMEMT, (it QUERY MER Verifier IEEMBIRAINR, RETEEN—LHN

BEEZEDR
1-3p—21/4/|L0)
o

min { 60,

(38)

3. ERERER 1 IER 2 B2RE, ENER Verifier £ QUERY MEREE T 1R, BBARIIUGEI FRI 1T soundness EDJg



3|LO)]

1 — min 6(0),
||

sT(6@)y 21—

1
1—3p—27/4/|L0O)|
1

) Thoughts

ERRE—MIER, FRE Verifier SE T —LpNE (), A THRESES, RBHE—NESE RS code LB (1% €37) 89 fO) UK
2 AR fjl, ” X NEERERE, WERE), BMEXRET, XTIMENMRENDEIT QUERY FR, FIVREREIRESEHIRIXMIE

T

R, tmeEnRE— zms ) exgeaE RSO ¢, EEREXIER RSO IF e, Veriifier B&MALNREBYIRIE—1 ST

A
X EIEE RS code Fia)F € Bz, METCRKT, ®KT, BIAN Prover SHBEY, RAXMIRBTNTFLAN— 128, REERET
accept,

& X TE{k soundness MRS X

EREE—REEM ZK MY (B F5E K KB Zero Knowledge Proofs - Introduction and History of ZKP)

Here is the idea:
How to prove colors are different to a blind verifier

Claim: This page contains 2 colors

Toss coin to decide if to
flip page over or not

Sends resulting page Heads flip, Tails don’t

If page is flipped
Set coin’=heads
Else coin’=tails

| guess you tossed coin’ If coin # coin’,
reject, else accept

ZKP MOOC

FAVIMAEZETE soundness D, REIZTE Prover BE— TN A EZERMMEIEHELIERT, I Verifier BEMEIR, XEIRIR Prover BHIE
—sk RBE— M ERERILERT Veriifier #1TRE, BBABIR Prover =2 H 1/2 WIZFRAEEED, HWHE Veriifer BEBHIL accpet. &SRR
I TEFR.

Here is the idea: * If there are 2 colors, then Verifier will
How to prove colors are differ;  3cePt
* If there is a single color, Vprovers
Prob,.s(Verifier accept)< 1/2
* Ifrepeat i=1..k times and V accept if
coin;’=coin, every repetition,
Vprovers Prob,, (Verifier accept)< 1/2k

Claim: This page contains 2 ¢

Toss coin to decide if to
flip page over or not

Sends resulting page Heads flip, Tails don’t

If page is flipped
Set coin’=heads
Else coin’=tails

| guess you tossed coin’ If coin # coin’,
reject, else accept

WREANEDH soundness , BBFLE Verifier IEBRIMERR, EIWMERRSZH1/2, PLRREEBIBERHEL N 1/2, NIRESES k
R, B4 soundness A, WFEEN P*, &

1\*
Pr[(P* <+ V) = reject| This page only contains 1 color] > 1 — <§> (40)
EMTXMEBRIFIF S soundness H9iTF2, BATEES FRI 49 soundness, EEHIFHBREEOSEBNEIROMAERT, M
Verifier HIREHVRET S 3114 R AE(E1S Verifier RIEIEE. T FRIDIGRSR, meamnmA— f© ¢ RSO, eFrE RSO &, Ham
AERIR, BAMEEETE block-wise METEE RSO A2z, 8160 2 A0 (£ RSO) > 0, BERITLMER Veriifier HIFEHEAEL
Prover B F 44, BT Verifier T —LEpatl i () (48 Prover ssmsEine f© ¢ RS smginiy, R —t i mSHRET, B8


https://www.youtube.com/watch?v=uchjTIlPzFo&ab_channel=BerkeleyRDICenteronDecentralization%26AI

SEENREGEN T KB, A4 Verifier BRIMMERSN 22

BE—NR2REE QUERY MER Verifier SIE4RUEER, FEIBTEIF Verifier HiZHIET Prover XY coin' 5 Verifier B2 FEAM coin 28

S48

%, BEHEN, RASINTARINYE, NRTETES, MeERES, Ziz:ﬁﬂﬁ%ﬁ EFHIE. ABATMIERENT FRI PRI QUERY

NERRBEHLREOAMIIEMIR? TR AIE QUERY MER, Verifier &M LO) disBRiesEg s©) , REBHTIHERE round

consustency TaeiEe, X 5O 3INMBENLIE TR R RIS IHE QUERY MIER Verifier SIBLEIIEIRIXEE,

0T BRSBTS B, (BRI COMMIT BER Verifier JEEUBIBENE =) #B8EENKLEE, BERIVESE QUERY MERSINKIBEN, i

£ 50 wtE, FIAA Lemma 4 B moreover MISIESRE, MBEDM= KL, éAﬁT—A}EiEH’]T I, ﬁBT)LxE'E;Et’/"jJJ ©

BREEX=DLUTENH RO T Verifier 2IEBOBRE 23/, XNEERMSRE2E5Es A 11 DO
THEIERLAE Soundness iR,

I 1 Soundness iEH: 18 ¢ = 2 NERERN, R REH (8 = L 2RNARNR, BRESITRA—RER) .

Part | - —RFIMIFEH 5 1 MABH B0 ZX0F:
o large distance: 1% §0) > 122 ;4 EO) sese
0B {f(i); % (90 —e - p)]
o small distance: 118 §¥) < 132 | g4 EO) si2se
DB [fm;,;(i)]
Bigsy B0 gaRt,
1. R0 < L2 | MaRESH BO UREEENEY, TTINEE
29 ¢ B [f(n;(;(z‘)]’
B
20 ¢ {gg(i) €FlAy (ffl(‘;—i()’RS(i+l)) < 5(1‘)}7
AR
i (7520 RSU) 2 50
WiR#E Block-wise IEEARZERE

A (f610 RSE) > Ay (1617, RSE) > 59

2. g s > , BamiEEs B0 URLHEENEY, TGS
(z+1) (i+1) 1 e

o 1) 2 5 (500 >
> 1. _
25 p
_ (@=p) 1 -9 p

4 2

~1-3p—e+pe
N 4
N 1-3p—c¢
= 4

HRHE Block-wise JEBREX S

A(z+1) (f;(:)r;)(l)’Rs(l+1)) > AH (f;(:)r;)(l)’Rs(z+1)) > Tp

S, MBLLRTMER, NRREEMH B0 RELE, WG
A1) (f(zﬂ RS i+1)) > min {5(2')’ 50}

N 1-3p—
ic 50 = 4;7

Part Il - RE—MIANBGHRENBRE BT Lemma 3 ] Lemma 4, URFIINSH e O%EE, &
) 9 |L(z)‘ |LE/2| L)
Pr |EY| < max = max R
[ ] { e[F|” [F| [Fl " |F]

BT L] 2@me, FEib, % <r/20,
|L(T/2)| |L(i)‘ |L(i)‘
max <
[F| 7 [F| IF|

|L(r/2)| |L(i)‘ ‘L(T/Z)‘
ax s <
[Fl " || ||

%4> r/2 0,

RES

R

(41)

(48)

(49)

(52)



( .
‘Lm i>r/2

‘ o
Lo (e Lo <2
max{ S (53)
AESFEEEO, ... B0 | SREENHRELE

" @) (r/2)
Pr [/\ﬁEO} >1- <2 'fm : L‘F‘ ') (54)

i<r/2

BT dim(L®) = dim(LO) — in, Bt

i i
1RAE r EX
EO - R

Pl 56
7 J (56)

mk® =1og|LO)]|, T2

EO —R EO R log|L®]-R
_ | < _ og | | (57)
n n n

MR ERX R

|L(")\ r |L0/2)
[Fl 2 |F|

Pr [T/\lﬂE“)] >1-— (Z

i=1 i<r/2

1\'1  log|LO| - R L0/
>1- 1O =) =
- (Z' ) ® " W
i ) _
i) r< log |\ 'R)
7
Lo i og |LO)] — 7O
1! \Z<i>+ogl [-R \(”)\ R
¥l 2 2n gty [F|

log|L(O)-R

/2 0
(L) < |L(0)|(l) - %)
2n 21 griEliR

\

- |L© 1\" log|LO|-R \L(O) 1
2 2w T e T

log|LO| - R log [LO] - R
2n n

\Z 1\ log\L(U)\—R ILO] 1 (58)
IF\ n gty [F|

&
z
e
3
I
=
8

S MHTH IR —AN s, BN T )

(B

i<r/2

(K S1oomsos Lol ! i<z ! i)
= B 2 =2 i<r/2 2 B 2

i<r/2
log |LO)] — O
>1_L 2|L(0>|+ Og' | R ‘ ‘
|F| n

- nlng\L(U) R

i 1— 1y\r/2+1
(BRI EHTRAAKXTH Y ( ) = ((72)1) < —)
1- = 2
i<r/2 2
1 |LO)|

_ 1 (90 o)y .
21 (2|L g2 — o

log|LO| - R
(5 B2 < 10g |10 1og L)~ log(1/p) ~ og(ol"])

1
=1- (2|L<°>| +1og(pL)) -4/ \L<°>4/p)
12V A LY LY L _ o,
] = = = = =4/ILO]/p)

log|L(O)|-R. log|L(0)|-R.
!

b 955 955 olog(y/pIL)) /p|LO)]

<l HZHB
RIEEB&MH p| L0 > 16, W

< <
PO 16 T p T 16

1 1 |LO
plLO| > 16 = i (59)

ikt

Error: You can't use 'macro parameter character # in math mode



\begin{aligned} \rho |LA{(0)}| > 16 & \Rightarrow \log(\rho |LA{(0)}|) <\sqrt{\rho |LA{(0)}|}\ & \Rightarrow \log(\rho |LA{(0)}|) \cdot

\sqrt{| LN{(0)}| /\rho} <\sqrt{\rho |LA{(0)}|} \cdot \sqrt{|LA{(0)} | /\rho} \ & {\color{blue} (\text{lHF} \rho < 1, \text{E Lt} \sqrt{| LA{(0)}| / \rho}
>\sqrt{ | LM(0)} ]} > 1, \text{FIILRFRM— PR F IS RNERELXHIFTS) )} \ & \Rightarrow \log(\rho |LA{(0)}|) \cdot \sqrt{| LA{(0)}| \rho} <
|LA{(0)}| \ \end{aligned}

i R R AR R (60)

\begin{aligned} \Pr \left\bigwedge_{i=1}r-1} \neg EA{(i)} \right] & \ge 1 - \frac{1H|\mathbb{F} | Neft(2 | LA{(0)}| + \log(\rho|L"{(0)}| ) \cdot
\sqrt{| LA{(0)} | Arho} \right) \ & > 1 - \frac{1H |\mathbb{F} | Neft(2 | LA{(0)}| + |LA{(0)}| \right)\ & = 1 - 3\frac{| LAM{(0)} | | \mathbb{F} | }.
\end{aligned}

FERA A S E D2 %5 aksisoundnessiiiEn]. * *PartII] — YA R4 % LI A E soundness  * 4 F Lemmadri] 1 751$

\delta”{(j)} \ge \frac{1-\rho}{2}
T JE R S SHE UL, B 4R (62)
\deltar{(j)} < \frac{1-\rho}{2} \text{ B Nbar{f}A{(+1)} \neq f_{\bar{fIA ()} x G NAG+1)}

Gk, Aiti—ve8i € {0, -, — 1YSHFIAEIL —Hor1.860) > ” = Pgo g5 < | FOHD £ f““’ $amsins . 480 < rSEAWE L

),z (@)

\Delta_H(\bar{f}{(i+1)}, f_{fA{)}xMD)}IM(+1)}) \ge \delta_0

Provertusitus f O$m$z D8, #COMMITH Bk 2 WS 0dT . 3l +’Jﬁ1€=¥l$ff”1)m$, mi$F D $2m7e SRS S $ f TV $7e$ A

\Delta H \left( £ {£°{(i)},x"{(1)}}"{(i+1)},\text{RS}"{(i+1)}\right) \ge \frac{l - 3\rho - \epsilon }{4} = \delta 0
$$

HTF s\bar{f}"{(i+1)}s RRMIZME $\text{RS}"{(i+1)}$ HIEH $£ _{£°{(1)},x"{(1)}} {(i+1)}$ RENBF, Al

$$

\Delta H(\bar{f}"{(i+1)}, £ {£°{(1i)},x"{(1)}}"{(i+1)}) = \Delta H \left(

£ {£° (1)}, x " {(1)}}"{(i+1)}, \text{RS}"{(i+1)}\right) \ge \delta 0

$$

ez 0Avs

2. 81 < 42 { P £ fUON mi, HT @A, B9 = £, . B fO € RSY, B4cLemma1AEg = £l ), € RS

HH]‘E% f@+D c RS ”1_ m RS = RSCFV[F, LEY o] | FBAE RS code B MDS MR(EN Hamming EEEZTF 1 — p)e18EAR
iq Hamming 255 AH(RS(”U[F, LU o)y =1 — p, BAFTF RS g4 code F0HY) 5 g7, B ZERHEN Hamming 358
EOR1-p. HEATERE

1= p < Au(f¥,9) < Au(FED, £5000) + Aulffi o 9) (65)
migig 0 < L URBEIERITAY block-wise MES51E% Hamming 358~ BMRS1E
Au(f80,0) < D7D, 0 = 80 < 122 (66)
B LEEN=AREXHTRIAS

i i+1) F(i i+1
Ap(FEY ff(J)rm())>AH(f(+1)7g)_AH(fJ(‘(‘J)r,z)“)’g)

1-p
1 . P
> (1-p) 3
_1-p
D)
_2=% (67)
4
2-2p—(14+p+e)
4
~1-3p—ce
a 4
= 50
il Ay
12 EFRR, ST, U
T HEe
Claim 6 [BBHR18b, Claim 4.6].
‘A(i:rl) U D(i+1)| - -
S 2 AL, (68)
iFgE: @ DU yENElg, MFRE e ¢ DY, B
FOI(z) = £ () (69)

=er ALY e, WA ¢ ALY &
F@) = £ 2 (@) (70)



Ritssg z ¢ ASTY U DY | 5

FiV (@) = £4(@) = 7100 (@) (71)
HRIBIEXT Hamming BEBHITE X FI15
Pr 1700 (@) # £ 00 @) = Ar(Fs o ) (72)
Fi
P 170 (@) = £05 0 @) =1 An(fi 3, FO) (73)

EHTFHEz ¢ ALY UDED | BRUTFHNSRERMIL:
1. Fi (@) = £, (2)
2. f0(z) = f(a)

TAEREBHE— T ERRINEED 1 — Au(flo o, OY), Ba LR SRR MLRBES TR 2B RERE— N SRALIBE,
G

Pr [o¢ ALV uD = Pr [f(2) = Y, (2) = £V (2)]

e L+ e L) £,
< Pr [fi(@) = £, (2)] (74)
e L) £

=1- AH(ffl(+1 )7f(l+l )

ES]ld
(i+1) i+1
A UDED] o € 4D U DY)
|LGE+D)| P AL
_ (i+1) (i+1)
=1 xglji’(llrﬂ [z ¢ Aer,r U D] (75)
>1— (1= Au(fl, FD))
1)

= AH(ffl(jJr,z(z)’f (i+1) )

UL RS, O

#54 Claim 5 ] Claim 6 B9451818

|Ag:rl) U D(Hl)‘

+1)
|L(Z+1)| (f<l+1 f;lu ) (i) ) = 0 (76)

2l

‘Aei:rl U D(i+1)|
S 20 (77)

MAEERAE QUERY MERERMRNNE s () . EominiE AL tmy, BmEm® s e ALY, B4 QUERY MEk Verifer —EIE4,
BERIIRE | FE, DRMIERRERE Verifier IELHEAME,
(i+1)

MEi+1=r, PasEF FO e RSO, i&4E DD EX, 1y DY = 0, ExMER TR st € Ag, /), Verifier —ERIB4, X

A 1:1) pli+1) A((:;rl)
| U | _ Ao | > 6. (78)
|L z+1)| ‘L(wl)‘

LWAMERT Verifier IBEMBERZEDRN &) .
MR+ 1 <r, BYAERKIIX ¢ 00EEF, EEN « RNHRUTANESE
i) > 1=
1. 60 > 22
17

i 3 1
2.8 < 12 g FU) 2 f 10N

B

T ORAEH, WA BEORI F— (F0H), ... FOVAIE = (204D, ..., 20D)) SANE, BHHR Lemma 4 BIS MR, 1RIE
Lemma 4 {9436, W& s(0+D ¢ DD g I'S/AT‘QUERYKf\ExTJL ERIEE, ﬁﬂ%s’“)eAf,g) Verifier th—E 2104, BLXMELBERFHZ
EXFmMEANFENAMAL LD gAnEs A, EEZIER

‘Aei:rl U D(i+1)|
W > do- (79)

BRI R FIELMBRHE DR §) .

58 ERTHMIER, EENEEEDR 5 .

BEAZHSHE Lemma 4 ZHIERMIBLERE, AMSIEREANSHRENERT, MR Lemma 4 WE=NRUE—ERIMEIRT, &
1. Lemma 4 BRI NIRRT, Verifier RIBBITERE DR 5O,
2. Lemma 4 MBI EETRTEMIL, Verifier BIELBTRZEDR ) .

@mF



IO gkO=n(r2)

LO|  (2k0-n0)3

)
= e (s0)

B0 _pr
= 2

(0T > n-r. wk® —n-r>0)

>1
[Z5]lig
|IL7D] > 4/|LO)] (81)
WIS
2 NI
= <
“= Zom) < 27/4/|1L0)] (82)

MG 0o, &

1-3{7-6 1—3p—2n/\/‘L(0)‘
= > 1 (83)

& 1

i, WMFEBIRNEGHLRE, Verifier WIELHEZE DR

1-3p—21/,/|L0)

min{§®, 5y} > min { 6§, 1 (84)
45& Part Il 997, £ COMMIT Bk Verifier EEUREHEBIRZ DR
3|LO)]
1-— — (85)

BB A FEER Prover f oracle f(l)7 <o, £ £ QUERY XFRMEESEAN |, Verifier #t accept MIBRES 2K

1
1-3p—27/4/|LO)] 56
. (36)

1 —min< 6,

TEPH FUEESE FRI A soundness , R#E soundness FIEX :
SHFEBHWP*, Pr[(P* < V) = reject|] A (£, RSO)) = §0)] > s~ (50,

soundness ST EEREFEIEEHRN TR s~ (00) . SERMFERN P, HERIE Verifier it accept WHERZHZ D, WY _HRHH,
HNTAIUDFAFERES:

1. MBRERNEHEEO (G =1,---,r — 1) &%, B4 Verifier #ith accept BERSH

3\L(°)|
F

2. MBREFNEH EV(i=1,---,7 — 1) RE, Verifier i accept WIEERSH

1
1-3p—21/4/|LO)] N
. (88)

(87)

1—min< 69,

Eith, MFEBH P, FIAEE Verifier 5t accept AR LR, BN

3|L(0)|
< —+

F 1—min< §©,

Pr[(P* + V) = accept|AQ (£ RS©) = 6]

1
1—3p—27/4/|LO)]
— 1 (89)

MAFEENP*, &
Pr[(P* <+ V) = reject| AQ (£, R§©) = 6] = 1 — Pr[(P* «» V) = accept| AQ (£, R§(©)) = 0]

1
3|LO 1—-3p—27/4/|LO] 90
>1- M+ 1-min{ 6@ ——— ¥ (90)
F 4
Mif1, 8% FRI # soundness 200
l
3L 1-3p—27/4/|LO)]
sT(60) 21— L +|1-min{ 6, —— Y (91)
F 4
Zth5eRE soundness IERR ]

IE—fR75412 —— Lemma 4 AYIERR



iFRg: BT oW < 1;2’7 , BIEN closet codeword EXHRSHEZIRE f5 Sp(f)) BEE—1. MTES Sp(f?) hry— P HbEE S,
BSecSz(f9), &

X(Si) = {z(i) € ]F\interpolantfws(z(i)) = interpolantf_ws(z(i))} (92)
£S5 Xg) RRIEILEE F g (misleading)'ty (), BERIHESHR 1nterpolantf ‘5( @) = 1nterpolantf ‘S(z(’)) ¥, BEMA

F S REFHRMRE, THELTNEREM low-degree Mz, B fO|s # D5, #moiEH, Xt z0) 928 THI), BATSIBENZIH
%, Az 7 S HIFEERNS TR NS BN, £ FTERIIEIIN

B[f9,60] = |J x{ (93)
SeSp(f@)
mF f@ c RSY , BamLemmal g f“*“ e RSV | siFmam S ¢ Sp(f9), #Bys =q9(S), BamF
Sp(f) = {s € SW|f0)|g £ FO \S} | EHHTFVS ¢ Sp(f0), & fO)s = FO)s, 82 interpolant’”’s — interpolant”"ls , i
EmR RN 20 5743 interpolant’ 1 (2)) = interpolant’ls(z®) , my f””( )= FU (ys) . @F 60 hFre—mmea 2

o i FO 2@
sz ;z(+)1() c RS 58 ¢ Sp(f i)) 5 f}zti)()(ys) f;(*)i)()(ys) a8 f“ () £7 Hammming IBE TiEE fft:rlz o By
RS hgyigzr(codeword). Bt Ag(FUTY, RSED) = A y( f<H , f(”l) ).

JOPCH

X B fj("f“.m 27 Hammming BEE FEE fle g2t RSUHY spgia=(codeword) MIBHE S EMIR? BHREBETITZ RS

(i)

A
EIR, XA MRETE ys LAERRSHBREU TR N &2 KL
1. S ¢ Sp(f9)

2. SeSp(f?) B2 e X1

RIS, XA DRETE ys LAVERE S BN HA TR DR AL
1. S e Sp(f)
2.5¢8p(f)mal ¢ X

LR 1 IR, R 2 PRE—MER S ¢ Sp(f1) BRMABET, B2 ¢ X i, BATMUSHIA ARSI ys HOERRLER
"

SeSp(f9) pa® g xy (94)
G
2@ ¢ Uges, fm)XfJ’. (95)

08 (1), 5 (—) BEw RS 8 FI, #HAR {ys|S € Sp(FO)} ER-—BUARE 20) ¢ Uges, o)XY o B4

B[£9,89] = {2 e Flay ({0, RSD) < 60} = {o® e Flag (£ Fint) <9} (96)

160 RROER [Sp(fO)| ek LY #BE M, Ay (ff’“)), D, )<6<’ RRMENR [y 5 Tl ol BEAERLE

{ys|S € Sp(f (">)}J: ‘5{ EHBANT 5O frﬁf““) 5 (f—) BERSEH) g FUIY R {ys)S € Sp(f1)} E—BHAR

O
20 ¢ Usesy(r)Xg o BELLAIR
B[70,60] = {a e Fla (00 Fi) <00 = U X (o7)
SeSp(f0)
EAIE EEEENER, B
B0 = U x¢ (98)

Sesp(f0)

BTEAMERYE, IERETEREONR. BIL, interpolantf“"s_'ainterpolantf’“”s%,wmjt |S| R TR S TR, Hitk
| Xs| < |S|, BMME |Xs| >|S|, BAMRE XstEY, interpolant’”’s 5 interpolant/”s 27 || MEL—H, REFHMEEST
AHAMEET, %5 interpolant’ s 7 interpolant’”s EFAFEMSMA LT BH9, Eitt

U 0

0 0] =
Blroeef]=| U

<181-|sz (£)] < 129, (99)

ZIEET Lemma 4 FE—PFELR
[BI£9,09]] _ |20
T

Pr [m(i) cB [f(i);(;(i)” _

(100)
z( ek

TEERBIE Lemma HERIFF f5%, nEsen, #Ee 7O € L0 FMREesSTRg, SRR 0/0 . NERSKMER, B
filaEs O — 7O speaZmE, Ba

() _ () _
fflm,z(il - fol\L(‘)Mz) =0 e (101)
3112008 2 MBS ) = £ = 0100, B4
FER g g (102)

FD 20 0|, 1)



RIftEnS IR 2 MEIRE £ = £17) = Olpan , DA, ELRME, TENTAAL ) € {i, v} A FO = 0|y . w3
FO =0/ .

Z[EB7E QUERY MERIIESY (s, -+, s1)) | He s@ € DO | 2 jxiRmE s¥) € DU gamsAamzs, |aF s € DO, lumxaﬁ
JReEEEm, mENX f1) = O\Lm 7 =0, BEj<r, ES3EUE 3 MBEEFAEN ] € {i,---,r} B2 ¢ B[f?;5 ]L)\&ﬁu
EFEHER

B[f(i),d(i)]: U Xé}') (103)

SeSp(f1)
820 ¢ Usesn X Bk fi1)7), (s0HD) # 0., BRE j0EXH j 218 s0) € DU mumSAmms, BATLE jAm j+ 15
sU+D) ¢ pU+D) | m}gm“) E‘me DUt = sEsw'“S' Hrh § RRHBLE 45" HopgEE, BN
S = {s € SUD U | 2 f‘f“>|s} (104)

s+ ¢ DU | mEigs fUHD (sUH)) = FUHD(s6H)) = 0, ZiHA1E83)
1 I (s0) £ 0
2. fj+1)( (+1) )=0

FEitt
Fi T (sUFD) £ FUHD(sU7D) (105)
XERIE QUERY ERTIEIT round consistency 108, thif2 Verifier 7£ QUERY NER—ER1BLRES (s, -, s0)) . XIERT
P [QUERY ( 7 ) = reject] =1 (106)
#1100 MRES DU WE XA
(@)
50 — \i(i) ‘| (107)
FElitt
| D(i)| .
s v |QUERY(£,#) = reject] > 0] 50 (108)
ZEMIHST Lemma 4, |

HBidE—AEB Y2 — Lemma 3 AYIEER
A TIERE Lemma 3, FAIFHE [SpioS] H5|1E 4.2.18 HIA T AR AN

Lemma 7 [BBHR18b, Lemma 4.7] Let E(X,Y") be a polynomial of degree (am, dn) and P(X,Y) a polynomial of degree
((ac + €)m, (6 + p)n). If there exist distinct 1, - - - , &, such that E(z;, Y)|P(z;,Y) and y1, - - -, yn such that E(X, y;)| P(X, y;) and

1>max{5+p,2a+e+%} (109)

then E(X,Y)|P(X,Y).

Lemma 3 AiFRE: TENERR Lemma 3 (O E® ., %EHT Lemma 3, HitE, MFEEMN e < \Zm MR fO,
50 = AO(£@ RSD) > 0, 34

H < 9 o
NEMERE TS, 55
SES MRHTRL e > T, MRF
BI04 (00 -0 p)]| 21 (1)
|| e|F|
A
50 = A(i)(f(i),RS(i)) <0 (112)
HENF FTENSE
BoHFRE > L, MRA
B[f®O;L.(6(1—¢) - U
Bl oo, £
B4
50 < § (114)

TEEATHE 8 S8 0 %M iflf: =) Rib%, BEHHE 9 FeREL, B4
50 > 5 (115)



LERY AR RR 9 SR FIF

B (i);%.(s(i)lfff B[f0;1.(51—¢) —
B[f (mf )=o)l | 1Bl iQ ) Pﬂ\>é%( (116)

BAFERHE S WRME, Eib
60 <0 (117)
X5 60 > 6 RFER, EIHE 9 MBI,

<) RIBE, RI&HE 8 LRI, A

69 >0 (118)
HHMEEEIE— I > 0, 8 TEOR T
60 >8>0 (119)
]
IBUW%%WMfd—MHZIBM%%WM—d—M\ (120)
|| IF|
RE®H 8 WRHATE
B3 000 -9 )] 27 121)
|F| €|F|
BY EABATER, 85 Jr BER
[BI14- (690 -9~ p)]| 122)
|F
H— TR, BAANES
Blf®;L.(5(1—¢) — U
8173 (IF(\ ) =2 > % (123)
RS O MR, EATINEE
60 <5 (124)
B5BERFEN, EILHE 8 ML, ]
&) Question
ERIEAAA S RSN 2T E S EEMIERSE?
MEREIEAT & 95 Lemma 3 S0, FEIEA®@ 9, £EE—L85: 2n=[L0Y], a=11-€e-£2), § =da,
B:mﬂmwu&mzmmomBWEXﬂﬁaM%mmeB,ﬂﬁAHQﬁjRWHQ<yc@@waQm@mmmix,ﬁ

s fi Y € RSUHD mmm (Y mrmmT, MTRNSENERLEIR—FOLE, TS IBTHEE £ ) RBAN, X2H
HEmE—,

2 C(X,Y) ®F—1 BT, HR degx(C) <m, degy(C) < pn, HENG—Tz € B, 3WHC(z,Y) 5 fl,, ) (V) 2B, 21
% C(X,Y) 2HEN, BMREEY, O 28— RBIT pn 9B evaluation , BE&E 1, 4 QY x5 ) EXMSHR, B

foz =
QY(X,Y) = PO(X) mod Y — ¢ (X) (125)
IR 1 095 2 T, degx(QV) < L), mumsEma Ly =27, @F (B[54 (601 - )= p)]| = [B[fD;8]| =m,
MBS E 9 %A
|B[fD;5- (601 —¢) —p)]| L2 (126)
|F| €|
w18
m 27
Rl (127)
Bt 27 < em , Bt degx(QW) < [LY)| =27 < em , BIHE 1 195 1 WA NSEIEEN 2 € LO &
() = QW (z,q"(z)) (128)
1R COMMIT MEBIES, BXNFE—1y e LY,
o 98, ={zecL0gV(z) =y} 2 L} wmse, #EBEME O 5 o BRIy
o P;i)(X) 2 interpolant’ !5
. £, ) 2 PO ).
IAFTIASE
Py(i)(X) 2 interpolant s = QY(X,y) (129)
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ff(g,lz)m(y) 2 Py(i)(m(i)) = Q" y)
EELEm ) € F, BN e Mien o, BATNEBHNTERN ¢ € FURERNy e L) 5
o2 ) = Q9 (z,y).
JBid distortion set BIEN, 152!
B[f9;6] = {e e Flaq (£, RSEY) < '}
R & 9 RO
BLY8] 2

[ F
BB ERDHEE19E
1. Ve B, H0(Y)5 71 V(Y) mr—sw.
2. WFEBMz € FUREBMy € LV A £ ) = Qi) (z,y) .

f(i),q;
BLAWFEBN 2z € BUREBNyc LD 5
1. Clz,y) = Fli) )
2 £l ) = QV(z,y)

BF f, ) (v) 2 RSO e £ (y) BAENEF, 1RIE BREXTE
A (0w A w) <&

i85S Hamming BERZRAVRLE £11)) (v) 5 Fri - (v) F—BUOLEH), Bt

[C(@y) # Q)] -

zeB,l;)erL(H> z€B,ye L+ [
@ Why?
TEXMEESTR, WMEEREFENE? MEBHN?
BEME ad > &, ERFE—NFEESTR
E(X,Y), degy(E) < am,degy(E) < én
{EBIERREISE (¢,y) &8 E(z,y) =0, Efz c Byy e LY B C(z,y) # QW(z,v).

LW Notes X FIETZWR E(X,Y) NEEN, REXH2RN, HIELBE
Pr [Cy) # Q@) <

z€Bye L+

MTEAR, BF ad >, FEXEN—METIZMR B(X,Y) 2618H, EEERERNXLERNENO.

m

Aiw # 10 w)] <0

E(X,Y)

C(z,y) # QW (z,y)

area < d’'mn

am

Y

ZIW B WRFRA error locator polynomial [Sud92] , EANEMIRIEE T HIRUEBENES, Hb Q BB low-degree ZIMSEIN,

BT degy (C) < p|LED| R degx (QW) < 27 < em , £ [Spi95, Chapter 4] BEE—1 2 P(X,Y) %2

degx(P) < (e+a)m H degy(P) < (d+p)n
(LS
Ve € Byye LU, P(z,y) = C(a,y) - E(z,y) = Q") (x,y) - E(z,y)

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(19)

(20)



A

LU Notes %F P(X,Y) STzttt HOBRANSIXEN, ISR, REELFEENAERE: AERETEX, BF
degx(E) < am R degx(QY) < em , Mafziety P(X,Y) DRHHE degx(P) < (e + a)m , BF

Ve € By e LY, P(z,y) = QY (x,y) - E(z,y) (138)
ELEREEN.
2, FEZEEY , BF degy(F) < on LUk degy (C) < pn, IATEN P(X,Y) EREUFR degy (P) < (0 + p)n, BE
Vo € Byye LY, P(a,y) = C(a,y) - E(z,y) (139)
RLEREEN,
£ Tobo

23& [Spi95, Chapter 4], A ARBEERM—INZINN,
Bt+4 P(z,y) = C(x,y) - E(z,y) = QW (x,y) - E(z,y) B3I, 22 € B,y e LTV AC(z,y) # QW (x,y) 187
o & degx(P) — R ! S degy(P) — 5, PN (19) e

A

& Fix Bimiest o 2 LB w0 migsn o
degx(P) = (e +a')m < (e + a)m (140)
)3
degy(P) = (§+p')n < (6+p)n (141)
HItFE o <allkp <p.

M (19) R (20) TAEHNFER—T y € L) 8% B(X,y)|P(X,y) , #bi, WFEE—5z € B#E E(x,Y)|P(x,Y) . i
i%, BRI Y1,° 3 Yn € L(Prl) &5 E(Xa yl)‘P(xh yi) N RFERER T, Ty € B f#15 E(CE“ Y)lP(iE“ Y)°

B (5) =
1—p> AW RSDY > Ay (5@ RSD) (142)
ABI+p<1,
&) Why?
KBS+ p < 1 2EABE? #ERT 1 - p> AV(FO,RSD) > Ax(f®,RSD) > 62
MAERH Ay (ff , RS ) <F PR ad =8, EENXEHRSEHIR?

BEHESEEN o < a MRk p' < pHl o EXTTE

U
1
2a'+e+%<2a+e+§:2~§(1—e—§)+6+§:1. (143)
e LEIES S
1.6+p <d+p<1
2. 2a’+e+%l <1
s
0
1 >max{6+p',2a'+e+—} (144)

5
B, BAELRS, Wt E(X,Y) g5k (a/m,én) , 2mzt P(X,Y) #RE0 (o + Om, 5+ p')m) , #EFEFEM
1, Ty € BiE8 B(;,Y)|P(z:,Y) MRBEEREN y1,- - -, yn € LO) (18 B(X, ;)| P(zi,v:) , BES

!

N2

X,y
1>max{6+p',2a'+e+ p } (145)

&) Question
E(X,Y) #9R%0A (o/'m, 6n) (1TE51? SIEERIIE degx(E) < am,degy(E) < én.

R332 7 S BRREHE. BUEIBNSLTE E(X,Y)|P(X,Y), HEXF(X,Y] 025, € Q = P/E . BNTNENTFS—
Ty e LU B B(X,y) ETHER, B8 Q(X,y) = QWU (X,y) . 81F degy(E) < dn, B4 E(X,y) EOF on THT, BELIETHTH
WEHZEOR L — 6, BoHR Q(X,y) = QV(X,y) tf7 *&tl:{ﬁll BRHL—5

mFETH@ 1, ®mE QY (X,y) K
QY(X,y) =PY(X)  mody-—q?(X) (146)

E:}

P® — interpolant’" (147)

B, fO S5wER plLO \ E’Jylﬁ‘t PO 2. &8, ={x € LV|q¥(z) =y}, % L) wbesk. Bk S, LR
QY (X,y) = Q(X,y) = PU(X)s,, BAREBHE Q(X,y) = QV(X,y) THLAHZEDIN 1 -6, W fO 53mzt PO 782 1 — 5ty
EepIRORESE S, H2—5M.

e TODO



XEERGIEREN, LRBRAXRBEW, Fx&. RX

=
In other words f@ agrees with some polynomial of degree p|L®)| on more than a (1 — §)-fraction of cosets of L® in L.

FO 2 LO g 1 — 6 el L)) s EREARED p| 0| SR —H. RIBEY, 60 HERT—BAREENLE, FaBRIUNEE
0D <1 —(1-06) =4, Zit5mTaIMBMIER, |

SEH
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