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This article mainly focuses on explaining the paper [BBHR18b] published by Eli Ben-Sasson et al. in 2018, with emphasis on the completeness
and soundness proofs of the FRI protocol. In this paper, they proposed a new IOPP (Interactive Oracle Proof of Proximity) for Reed-Solomon
(RS) encoding, called FRI (Fast RS IOPP). Subsequently, in [BBHR18a], they used the FRI protocol to construct a practical ZK system, which is the
STARK we are familiar with.

Primary Problem

For a set of evaluations S in a finite field I, assuming the number of elements in S is IV, given a rate parameter p € (0, 1], the encoding
RS[F, S, p] represents the set of all functions f : § — [F, where f is the evaluation of a polynomial of degree d < pN, i.e., there exists a
polynomial f of degree d < pN such that f and f are consistent on S.

The main focus of the paper is the RS proximity problem: Assuming we can obtain an oracle about the function f : § — T, the Verifier needs
to distinguish with high confidence and low query complexity which of the following situations f belongs to:

1. f € RS[F, S, p]
2. A(f,RS[F, S, p]) > ¢

In other words, either fis a codeword in the RS encoding RS[F, S, p], or the relative Hamming distance between f and all codewords in
RS|F, S, p] is greater than the proximity parameter 8. A natural idea is that the verifier can query d + 1 times and then determine which of
the above situations f belongs to. If it belongs to the first case, accept; if it belongs to the second case, reject. The query complexity at this
timeis d + 1 = pN. When calculating the complexity of the Testing method, no additional information is provided to the verifier, so it is said
that the computational complexity for the prover to try to convince the verifier that f € RS[F, S, p] is 0, the number of interactions is 0, and
the length of the proof generated is 0. Comparing the complexity of this method (Testing, [RS92]) with FRI, the table below shows ([BBHR18b]).

Prover Computation Complexity Proof Length Verifier Computation Complexity Query Complexity Round Complexity
Testing [RS92] 0 0 pN - log®® pN 0
FRI [BBHR18b] <6-N <X <21-logN 2log N Los

As can be seen, the prover's computational complexity in FRI is strictly linear, and the verifier's computational complexity is strictly
logarithmic, while the query complexity is logarithmic ((BBHR18b]).

FRI Properties

As mentioned above, FRI is a type of IOPP. Below is the definition of IOPP.

Definition 1 [BBHR18b, Definition 1.1] (Interactive Oracle Proof of Proximity (IOPP)). An r-round Interactive Oracle Proof of Proximity (IOPP)
S = (P, V)isa(r+ 1)-round IOP. We say S is an (r-round) IOPP for the error correcting code C = {f : S — X} with soundness
s~ : (0,1] — [0, 1] with respect to distance measure A , if the following conditions hold:

e First message format: the first prover message, denote f(©) | is a purported codeword of C', i.e., f© : § — %
« Completeness: Pr[(P ¢+ V) = accept|A(f(?),C) =0] =1
* Soundness: For any P*, Pr[(P* <> V) = reject|A(f(©), C) = 8] > s (9)
This means that the Prover and Verifier will interact for r rounds, and need to satisfy three conditions.
1. The first message f(o) is the codeword initially claimed by the Prover to be in C.
2. Completeness: For an honest Prover, if f(o) isin C, then the Verifier will definitely output accept.

3. Soundness: This analyzes the probability of rejection after interaction with a malicious Prover. In the definition, soundness
s~ :(0,1] — [0,1] is a function with variable § € (0, 1], which also indicates that when analyzing soundness, we consider a malicious
Prover, i.e., initially A(f(o)7 C) = § > 0.In this case, the Prover and Verifier interact to calculate the probability of rejection, and the
lower bound of this probability is s~ () € [0, 1]. Since this represents a probability, naturally the function value of s~ () is in the closed
interval [0, 1].

FRI Protocol

Below is an excerpt of the description of the FRI protocol from the paper [BBHR18b].

Definitions and Notations

Interpolant For a function f: S — F, S C I, let interpolant’ denote the interpolant of f, defined as the unique polynomial
P(X)= Zﬁ‘gl a; X of degree less than |:S| whose evaluation on S equals f|s , i.e, V& € S, f(z) = P(z) . We assume the interpolant
P(X) is represented as a formal sum, i.e., by the sequence of monomial coefficients a, - - - Q8|1 -

Subspace polynomials Given aset Ly C I, let Zerop, = HCIZGLU(X — ) be the unique non-zero monic polynomial of degree |Lo| that
vanishes on Ly . When Ly is an additive coset contained in a binary field, the polynomial Zeroy,(X) is an affine subspace polynomial, a special
type of a linearized polynomial. We shall use the following properties of such polynomials, referring the interested reader to [LN97, Chapter
3.4] for proofs and additional background:

1. The map & — Zeror, (x) maps each additive coset S of L to a single field element, which will be denoted by ys .

2. If L D Ly are additive cosets, then Zeror, (L) £ {ZeroL,(2)|z € L} is an additive coset and dim(Zeroy, (L)) = dim(L) — dim(L)
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Subspace specification Henceforth, the letter L always denotes an additive coset in a binary field IF', we assume all mentioned additive
cosets are specified by an additive shift « € IF and a basis 81, - -, B € F¥so that L = {a + Zle biBilb1, -, br € ]Fz} ; We assume

and B = (B1, -, Bx) are agreed upon by prover and verifier.

COMMIT Phase

The number of rounds in the protocol is 7 = V(O)T’RJ ,where R = log(1/p) , and p represents the code rate. In the i-th round of the
COMMIT phase, i € {0,---,r — 1}, the Verifier can access an oracle of a function f(i) : L) — F submitted by the Prover, where
dim(L(i)) =k =0 n -4, and the space L9 is fixed in advance, particularly, they do not depend on the Verifier's messages.
FRI-COMMIT: Common input:
e Parameters R, 7,1, all are positive integers: - rate parameter R : logarithm of RS code rate (p = 2-R) _ localization parameter 7 :
dimension of L(()Z) (ie., |Lg)\ =2 letr & VWJ%RJ denote round complexity -4 € {0, - - -, 7}: round counter

e Aparametrization of RS® £ RS[F, L®, p = 27R], denote k() = log, |L| (notice k® = dim (L ")),

. L[(]i) c LW, dim(L(()i)) =7n;letg(X) = Zero ()(X) and denote LD = g@ (@)
0

proverinput: £() : L) — F, a purported codeword of RS
Loop: While 7 < 7:
1. Verifier sends a uniformly random z0 cF

2. Prover defines the function f}f;?@ with domain L1 thus, for each y € LG+
ot Sy - {x < L(i)|q(i)(x) = y} be the coset OfL((]i) mapped by q(i) to {y} B
o Py(i)(X) A interpolantf“)\sy ;
o £V @) 2 PP ()

3. If i = r then:

o let f(r) = ff(’(’,?il)J(H) for f) = f](;(.v?fw,m(v'fl) defined in step 2 above;

0 a?)Xj 2 interpolant’” (X);

o let PM(X) ="
o letd=p-|LO| —1;
o prover commits to first d + 1 coefficients of P(")(X) , namely, to <a(()r), ceeyay)
o COMMIT phase terminates;

4, Else(z <r):

o let fU+1) = f(fj;)m for £ defined in step 2 above;

f 0,20

o prover commits to oracle f(i+1)

o both parties repeat the COMMIT protocol with common input
s parameters (R, 7,7+ 1)

= aparametrization of RS(+Y) 2 RS[F, LG+, p = 2-R] and Lg”l) c LU+ ,dim(Lng)) = n and prover input f (1)
defined at the beginning of this step;

QUERY Phase

FRI-QUERY: verifier input:
e parameters R, n as defined in the COMMIT phase
e repetition parameter [

e sequence of rate-p Rs-codes RS, - -, RS™), where RS® £ RS[F, L%, p] and log, |L®| = k) = k© — 7 (notice
kO = dim(L®));

e sequence of affine spaces L[(]m, o Lgrfl), each L(()i) is of dimension 7 and contained in L (9 ;
o transcript of verifier messages (), - .. 21 ¢ ¥
o access to oracles f©, -+ f01)

e access to last oracle P()(X) = im0 a;.T)Xj ford=p-|LW|-1;

Terminal function reconstruction:
e query ag), RN af;) ;(@@total of d + 1 < 27 queries)
e let P'(X) £ 250 a;r)Xj;
o let £(") be the evaluation of P'(X)on L"; (notice f) e RS™)
Repeat [ times: {
1. Sample uniformly random s e LO) gnd fori = 0,---,r—1let
o gl = q(i)(s(i))
o S be the coset of L(()i) in L that contains s(®)

2. Fori=0,---,r—1,



o query £ on all of $?; (a total of 27 queries)
o compute PO (X) & interpolant’“'ls¥ ; (notice deg(P®)) < 27
3. round consistency: If for some 7 € {0, - --,r — 1} it holds that
FED(sE) £ POEY) (1)
then reject and abort;
}

Return accept

Main Properties of the FRI Protocol

The following theorem gives the main properties of the FRI protocol, including Completeness, Soundness, Prover complexity, and Verifier
complexity. In fact, the paper also provides a slightly simplified version, see [BBHR18b] Theorem 1.3, which can be proved by setting n = 2
and [ = 1in the theorem below. Here we mainly explain this more complex version.

Theorem 1 [BBHR18b, Theorem3.3] (Main properties of the FRI protocol). The following properties hold when the FRI protocol is invoked on
oracle (0 : L(©) — F with localization parameter 7 and rate parameter R (and rate p = 2~ ) such that p\L(U)\ > 16:
1. Completeness If f(0) ¢ RS® 2 RS[IF,L(U),p =2"®]and FD ... £ are computed by the prover specified in the COMMIT phase,
then the FRI verifier outputs accept with probability 1.
2. Soundness Suppose 60 £ A (0 RS > 0. Then with probability at least
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over the randomness of the verifier during the COMMIT phase, and for any (adaptively chosen) prover oracles f(l), ceey f(’) the QUERY
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1
1—3p—27/4/|L0O)| .
1 ®

1—min< 6@,

Consequently, the soundness of FRI is at least

3‘[1(0)‘

1
||

4)

!
1—3p—27/4/|LO)]
— min 5(0)’ —

sT(60) 21—

3. Prover complexity The ith step of commit phase can be computed by a parallel random access machine (PRAM) with concurrent read
and exclusive write (CREW) in 21 + 3 cycles — each cycle involves a single arithmetic operation in IF — using 2|L(i)\ + m processors and
a total of4\L(i)| arithmetic operations over IF. Consequently, the total prover complexity is at most 6|L(0)| arithmetic operations, which
can be carried out in at most 4|L(0>| cycles on a PRAM-CREW with 2n + 3 processors.
4. Verifier complexity Verifier communication during the COMMIT phase equals r field elements; query complexity (during QUERY phase)
)
equals [2r = [27 (1 + {W
decision is obtained after 21 + 3 + log{ cycles and a total of L - r - (6 - 2 + 61 + 6) arithmetic operations in IF.

J) On a PRAM with exclusive read and exclusive write (EREW) with [r - 27) processors, the verifier's

In the second item, the Soundness conclusion, a parameter §(0) £ AQ)(f0, RS(O)) > 0is given first. Here, A (£0, RS(O)) is not actually
the common relative Hamming distance. Below is the definition of this measure, along with an explanation of its relationship with the relative
Hamming distance.

Block-wise Distance Measure

Definition 2 [BBHR18b, Definition3.2] (Block-wise distance measure). Let S = {51, ceey Sm} be a partition of a set S and X be an alphabet.
The relative S-Hamming distance measure on %% is defined for fg9€ %5 as the relative Hamming distance over o5 x .. x B .
{7 € [m]|f]s. # gls.}

AS(f,9) = l_g’l;][fls, #gls] = - . (5)

Thus, for F C %5 let AS(g, F) = min{AS(g, f)|f € F}.

To better understand this definition, in the FRI protocol, consider the block-wise distance on FL(”, i.e., replace the set S in the above definition
with L@ in step 7 of the FRI protocol, and replace the alphabet X with . In step 4, we can determine the set L[()Z), L(()l) can actually be set as
the kernel of the mapping ¢, which is the set of elements in L(®) that are mapped to the identity element e in L+1 by ¢, expressed

mathematically as
L) = {o € 10" (@) = ¢}. (©)

)

Then the set L can be partitioned by the cosets of Lff . Assuming it is divided into m sets, the partition of L can be denoted as

S0 = {Léi), . ,LZ)A}- Then we briefly write

AO(f,9) 2 AS"(f,9) (1)

For two functions f, g : L) — T, both with domain L?) and codomain T, this Block-wise distance now represents the ratio of the number of
cosets in S where these two functions are not completely consistent. For example, in S0 = {L[(;>, s 7L:1)71} (assuming m > 2), if the
function values of f and g are not completely identical only on the two sets L(()l) and L(li), i, fl,0 # 9,0 and f|L(1) + g\L(i), and the

0 0 1 1

functions f and g are completely consistent on the remaining cosets, then we can calculate A(i)(f, g) = %



The above A(i)(f, g) refers to the measure between two elements in FL®. Below, we explain the block-wise distance measure corresponding

to an element ) € FL and a subset RS c FI¥ (RS = RS[F, LY, p] is naturally a subset of FLY), expressed as
AD(FO,RSD) £ A% (50, RSY) = min{A®" (£, g)|g") € RSV}, ®

Its meaning is to traverse all codewords g(i) inthe set RS®, calculate these As(l)(f(i),gm), and the smallest value among them is
AS” (f(l),RS(l))‘ Regarding this Block-wise distance measure, an important inequality is

1—p> AV(FO RSY) > Ap (9, RSY) 4
This equation will be repeatedly used in the Soundness proof of FRI, which is quite important. Here's its proof.

Proof: First, prove the left half of the inequality, i.e, 1 — p > A(i)(f(i), RS(i)). There always exists such a polynomial g & RS®, whose
degree deg(g") < p|L™], and at the same time A(¥(f@, g()) = 1 — p. Below we explain the existence of g(). We construct as follows: In
the partition set S@ = {L(()i), e 7L£f1)—1}' we can obtain the sequence of sets {L(()i), L(l 1} = {zo, 21, -, @pw)_ } in order.
Continuously select the first p\L i>| points {zg, z1,- - Ty 1}, obtain the corresponding values off(’ for these points

{FD(zo), fD (1), -, fO(z z,pw-1)} and perform Lagrange interpolation with these point values to obtain a polynomial (¥ of degree
< p|LO|. It's easy to see that g constructed in thls way belongs to RS® = RS[F, LY, p]. At the same time, according to the previous
construction, we find that on the set {L0 e ,meq} = {20, %1, pw|-1}, the function values of f@ and g() are completely equal
(here, p|L(i)| points exactly fully occupy pm sets, without the situation where the last few points only occupy part of the last set, this is
because p and \L(i>| are chosen to be powers of 2, which can be evenly divided). Then we can calculate

{5 € m][FO1 0 # ¢ 0}

A(i)(f(i)’g(i)) — ml —=1-0p. (9)

Therefore, A(i)(f(i), RS(i)) calculates the minimum value under the measure A between elements in RS and f(i), which certainly
won't exceed the distance of the found g@ e RS, thus proving the left half of the inequality 1 — p > A(“(f(i), RS(i)). Next, prove the
right half of the inequality A (@, RS®) > Ay (f® RS?). Assume A@) (5@, () € RS®) = §, without loss of generality, assume f ()
and g(i) are not completely consistent on the cosets {L(i) L(l 1} =A{=o,-- LT 0 1}, and are completely consistent on the

remaining set {L((Ji)7 -, L z) }\{L(Z }. Then considering all points on L, g0 is at most inconsistent with £@ on these

. Jm 1
8| LY points {L(()l)7 5m 1} {wo, . ,$5‘L(1)‘,1}, thus indicating that A (£, ) < . Furthermore, if we set
A RSWD) = 5*, we can deduce A (£, RS®) < 6% = A()(f RSW). O

Theorem 1 Completeness Proof

Below is an explanation of the completeness proof in Theorem 1. Let's restate the completeness:

Completeness If £ € RS 2 RS[F, L, p = 2R and f@, ..., £ are computed by the prover specified in the COMMIT phase,
then the FRI verifier outputs accept with probability 1.

Completeness states that for an honest Prover, if the initial function f(0> is in the RS encoding space, then through the FRI's COMMIT
phase, a series of functions f(l), ceey f(’") will be produced, and the Verifier will definitely output accept after the QUERY phase.

First, a recursive lemma is presented, which is then used to prove completeness. The lemma states that if f @ ¢ RS at step ¢, then in the
COMMIT phase the Verifier will randomly select z@ from IE‘ and send it to the Prover. The Prover uses this random number to construct the

next function ffm For any @ in T, the constructed ffm w isinthe RS(HY space. The formal statement of the recursive lemma is as

z(@)°
follows, and its proof will be explained later.

Lemma 1 [BBHR18b, Lemma 4.1] (Inductive argument). If £ € RS then for all 2" € I it holds that (), € RS{*).

The idea of the completeness proof is that in the QUERY phase, the Verifier mainly checks if round consistency holds in step 3. If it doesn't
hold forany ¢ € {0, - - -, — 1}, it will immediately output reject. Only when the checks pass for all 7 will it finally output accept. For

i < r — 1, according to the construction process off<i+1) in the COMMIT phase, round consistency will pass. For ¢ = r — 1, based on the
initial condition of completeness f(©) e RS, this theorem recursively shows that () € RS (). Finally, based on this conclusion, it is shown
that round consistency will also pass in the QUERY phase, and thus the Verifier will definitely output accept. The specific completeness proof is
as follows.

Proof of Completeness in Theorem 1: For an honest Prover, for any function f<i), in step 2 of the COMMIT phase, for any ¢ < r — 1, construct
£ w) 2 PP (). (10)
Based on this construction, round consistency will definitely pass in step 3 of the QUERY phase, i.e.,
FED (DY = p@ (40 (11)
holds.

We only need to prove that round consistency also passes for @ = r — 1. From the completeness assumption, we know f(o) € RS®, and by
Lemma 1 recursively, we get f(") € RS("). Then there must exist a polynomial P(")(X) of degree < p|L(")| such that £()(X) and P(")(X)
are completely consistent on L("). Therefore, the Prover will send d + 1 = p|L(")| coefficients <a(()r), ,afi >) of P()(X) in step 3 of the
COMMIT phase. The Verifier will construct P’ (X) Z]<d g )X based on the d + 1 coefficients sent in the "Termlnal function
reconstruction” stage of the QUERY phase, and then obtain the function /(") based on P’(X). The function f'(") is the evaluation of P’(X)
on L. We can deduce that f')| ., = P'(X) = P")(X) = £)|,.,. Naturally, it will pass the round consistency check for thei = r — 1
round, i.e.,

F10) (DY = =1 (g) (12)

Thus, it is proved that the Verifier will definitely output accept. O

Introduction of Proposition 1



Before proving Lemma 1, we first present an important proposition, and then use this proposition to prove Lemma 1. In the following
proposition, lowercase letters x, y are used to represent elements in the field, and uppercase letters X, Y are used to represent variables.

Claim 1 [BBHR18b, Claim 4.2]. For every f@ : L) — F there exists Q) (X, Y) € F[X, Y] satisfying
1. £0(z) = QW(z, ¢ (x)) forallz € LY
2. degx(QY) < |L{|
3. 1 f@ € RS[F, LY, p] then degy (QW) < p|LU+D)|

This proposition is quite important for understanding the FRI protocol. Vitalik gave a specific example in the "A First Look at Sublinearity"
section of his blog post STARKs, Part Il: Thank Goodness It's FRI-day, which already shows the prototype of the FRI protocol. Let's revisit this
example from the perspective of Proposition 1.

Assume the size of the finite field L is N = 10°, and let the polynomial f(X) : L — F have a degree < 105, so we have
f € RS|F, L, p = 10~]. According to Proposition 1, there must exist a bivariate polynomial g(X,Y) € F[X, Y] satisfying:

1. ForVz € L, we have g(z,q(z)) = f(z), where g(z) = 2100
2. degy(g) < |Lo| = 10°
3. Since f € RS[F, L, p = 10 %], we have degy(g) < p|L®| = 1072 x 10° = 10°

Now the Prover wants to prove to the Verifier that the degree of f(z) is indeed less than 10. The article uses intuitive geometric figures to
illustrate the proof process.

0,1,2...999,999,999

1000
0™,

11000'

21000 \

999,999 9991000 (Most) rows must
be (close to) deg

<1000 polynomials

The diagonal
(Most) columns g(x, x1°) = f(x)
must be (close to)
deg <1000
polynomials

Make sure (most)
points on the
diagonal are on the
same deg <1000
polynomials as the
rows and columns

In the figure, the horizontal direction of the square represents the variable X, with a range of L, totaling 10° elements, while the vertical
direction represents the variable Y, with a range of {z'°|z € L}. A point (, y) in the square corresponds to the calculated value of g(z, y)
. For points (z,y) on the diagonal of the square, satisfying z = y, we have g(z,y) = g(z, z1) = f(=).

The proof process is as follows:

1. The Prover commits to all points in the square regarding the evaluation of g(X,Y’), for example, using a Merkle tree for commitment.

2. The Verifier randomly selects about a few dozen rows and columns. For each selected row or column, the Verifier will request samples of
about 1010 points, ensuring that one of the required points in each case is on the diagonal. For example, if the Verifier selects the 5th
column, then z = x4, and 1010 sample points need to be selected. The x-coordinate of these points is already determined, so only the y-
coordinate needs to be randomly selected. By selecting y = xiooo in the y-coordinates, it ensures that the point (z4, x}lOOO) is on the

diagonal.

3. The Prover replies with the values of g(z,y) corresponding to the points requested by the Verifier, along with the corresponding Merkle
branches, proving that they are part of the data originally committed by the Prover.

4. The Verifier checks if the Merkle branches match, and for each row or column, the Verifier verifies whether the points provided by the
Prover really correspond to a polynomial of degree < 1000. The Verifier can verify this by interpolating these points.

The original text mentions:

This gives the verifier a statistical proof that (i) most rows are populated mostly by points on degree < 1000 polynomials, (ii) most
columns are populated mostly by points on degree < 1000 polynomials, and (iii) the diagonal line is mostly on these polynomials. This
thus convinces the verifier that most points on the diagonal actually do correspond to a degree < 1,000, 000 polynomial.

These points and conclusions can be linked to the three items given in Proposition 1:

1. For most rows, corresponding to polynomials of degree < 1000, which indicates that deg x(g) < 1000.
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2. For most columns, corresponding to polynomials of degree < 1000, which indicates that degy (g) < 1000.

3. The diagonal is mainly composed of points on these polynomials, which indicates that the values of these points satisfy g(z, 11000)'

This also shows that most points (z, 2°°?) on the diagonal correspond to a polynomial of degree < 10, and because f(z) = g(z, z'), it

convinces the Verifier that the degree of the polynomial f(X)is < 108,

In summary, if we want to prove that the degree of a polynomial f(X) is less than a certain value, according to Proposition 1, there must exist
a bivariate polynomial g(X, Y’) that can be associated with f(X). First, we have f(z) = g(z, g(z)), and the remaining two conclusions are
about the degrees deg x(g) and degy (g) of g(X,Y), which correspond to the degrees of the polynomials represented by the horizontal and
vertical lines in the figure, respectively. In fact, the above steps can be recursively applied, which corresponds to the "And Even More
Efficiency" section in the article, describing the process of the FRI protocol.
=
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Below is the proof of Proposition 1.

. . (i) . . .
Proof of Proposition 1: Let P() = interpolant’"”, i.e., interpolate the function £® on L) to obtain the polynomial P9, Let F[X, Y] denote
the bivariate polynomial ring over the finite field IF; first sort the monomials by their total degree, then by their X-degree. Let

QYX,Y)=PO(X) modY —q¢¥(X) (13)

be the remainder of P9)(X) divided by ¥ — ¢ (X). From this definition, we can deduce that there must exist a quotient
R(X,Y) € F[X,Y] such that

PO(X) = QV(X,Y) + (Y - ¢"(X)) - R(X,Y). (14)

ForVz € LM and Y= q(i)(z), substituting into the rightmost term of the above equation, we get
(Y = q"(X)) - R(X,Y) = (y — ¢¥)(2)) - R(z,y) = 0. Therefore, P)(z) = Q¥ (x,y) = Q) (x,¢(x)), and since PW)(X) is
obtained by interpolating £()(X) on L), we have f()(z) = P (z) = Q) (z, ¢’ (z)), which proves the first item in the proposition.

From the sorting of monomials, we can deduce that the defined remainder @ satisfies
degx(Q(X,Y)) < deg(q®) = |L{], (15)
thus the second item of Proposition 1 holds.

Finally, we prove the third item of Proposition 1. From the condition £ € RS[F, L), p], we can deduce deg(P?)) < p|L"|. According to
the division rule and the monomial sorting rule, we get

; deg(P®) deg(P®) p|L® i ;
acey (@) = | 1 (i)) ol = <2 ® |- |PALED)] < plL D). (16)
deg(q") Ly LY
Thus, the third item of Proposition 1 is proved. |

Proof of Lemma 1

Using the notation from Proposition 1. From the third item of the proposition, we have degy(Q(i)) <p- \L(”l)l for any 2 (0. Next, we prove
vy e LU, £ (y) = QU y) (17)

If this equation holds, it proves that deg(# (1) < degy (@) < p - |LED)|, which demonstrates that deg(f (1) € RS(Y,

To prove this equation, first fix y € L+, let S, € S® e the set satisfying ¢® (S,) = {y}, which is also the coset of L(()i) in L. From the
construction of £, we know

#0 (y) = interpolant’ "5 (z®). (18)
From the first item of Proposition 1, we get
vz S, fO)=PY=Q"zuy) (19)

, so we can treat X as a formal variable and obtain

From the second item of Proposition 1, we know that deg x(Q(¥)) < |L(()i)| =15,
interpolant/ "l (X) = QY (X,y) (20)
Then let X = z(®), the evaluations of the polynomials on both sides at () must be the same. Thus, we get

FEV(y) = interpolantf(i]‘SV(w(i)) = QW (2D ) (21)



Naturally, for any y € LG+, we have
vy e LU, {0 (y) = QU (", y) (22)

Thus, the proof is complete. O

Analysis of Soundness Proof in Theorem 1

This section mainly explains the proof idea of soundness in Theorem 1. First, we give several definitions used in the proof, then explain two
important lemmas, and finally prove soundness based on these two lemmas.

Round Consistency and Distortion Set

The difficulty in analyzing soundness lies in how to accurately estimate the probability that any malicious prover will pass the protocol through
interaction with the verifier. To make an accurate estimation, we need to consider where errors might occur in the protocol process. If we can
estimate the probability of error for all these error processes without any loss, and then comprehensively analyze, we can obtain the
soundness. In this process, to accurately estimate these possible error situations, we need to accurately describe these estimates, that is, we
need to quantify them. Below are some necessary definitions in this process.

At step 4, given oracles for £() and £("1), and the random number z?) given by the Verifier.
? Question
Is there a mistake in the paper here? Should it be changed to f<7"’1)?
¢ Inner-layer distance The inner-layer distance of the ith step is the A distance of f(i) from RS,
60 2 AW (fi RS (23)
This definition is the block-wise distance of step ¢ mentioned earlier.

o Round error Fori > 0, the ith round error set is a subset of L(®), defined as follows:
Ag’,{ (f(i),f(i’l),m“’l)) S {y(si) S L(i>|interpolantf(1 s (x(i’l)) #* f(i) (yg))} (24)

The round error set describes those elements in L(?) where the Verifier will fail the round consistency test in the ith round. The
corresponding probability is the ¢th round error err(®,

o 142

: 25
20 (25)

err® (fu)’ f<i—1>7w<i—1>>

« Closest codeword Let f() denote the closest codeword to £ in RS® under the A()(-) measure. We know that the A()(-) measure
is a metric in the coset partition set S of L), Let Sg) 81 denote the "bad" cosets in the partition S where f@ and the
codeword f(i) are inconsistent, i.e.,

5§ ={se s~ FOls) (26)

Putting these "bad" cosets in S0 together forms the set DO =y s S, which we can see is a subset of L(i>, where each element is a "bad"
B

S
coset.

If60) < (1 — p)/2, then according to the inequality about the block-wise distance A mentioned earlier, we can get
A <60 < (1-p)/2, (27)

According to the bound of relative Hamming distance, unique decoding is possible at this time. Based on f(i), a unique f(i) can be decoded,
so Sg) is unique at this time, and thus A%) can also be uniquely determined.

* Distortion set For ¢ > 0, the distortion set of f()is

[I>

i). i (i+1 i+1
B¢ 2 {a e Flag (£, RS < ¢} (28)
Note that the measure used above is the relative Hamming distance. We can understand this distortion set as follows: we know that the
Verifier will select a random number 2 () from the finite field F and send it to the Prover. The Prover constructs the next f(”l) based on the

2 sent by the Verifier and £(?). Then we look at the relative Hamming distance between the constructed next £ and RSV If we give
i+1)

avalue €, we look at which z(®) in T will cause the constructed f}w o

, to have a minimum relative Hamming distance from the encoding
space RS+ less than the given parameter . To understand further, it's considering all z(?) on the field T, looking at which f}’(;rlz)() will have
a certain distance from the entire encoding space RS+, with this distance parameter being at most e. According to the condition € > 0, we

know that £U*Y 1)

000 has at least a positive distance to the encoding space, definitely not in the RS!

space.

So what error situations does the distortion set consider? It starts from the perspective of the Verifier's behavior, considering the situations
where the Verifier's random number selection process may lead to not being in the encoding space.

Soundness Proof Idea

We just mentioned that the distortion set considers possible errors from the process of the Verifier selecting random numbers. Then another
perspective is the errors produced by the Prover in the construction process or during the COMMIT phase. So when we want to estimate
soundness, we consider the following two situations where errors may occur:

1. Errors caused by the Verifier selecting random numbers 2@ from F.

2. Errors caused by the Prover in the COMMIT phase.



This gives us the general idea for analyzing soundness: first estimate the probability of the first situation occurring, then assume the first
situation doesn't occur and estimate the probability of the second situation occurring. Finally, analyze the probability of both situations
occurring simultaneously, which gives us the soundness we want.

To estimate the probability of the first situation, we first present a pair of lemmas about the distortion set, and then use these lemmas to
prove soundness. These two lemmas consider different values of €. We know that in the process of decoding a code, there will first be a
relative Hamming distance parameter §, and we consider two cases for the value of §:

1. 1f§ < (1 — p)/2, then the decoding is unique, i.e., unique decoding.

2. If6 > (1 — p)/2, then the decoding results in a list, which is List decoding.
LLJ Notes
To better understand List Decoding, here's its definition:

Definition 2 [Essential Coding Theory, Definition 7.2.11 Given 0 < p < 1, L > 1, a code C C X" is (p, L)-list decodable if for every
received word § € X",

[{c € CIAG o) < pn}| < L. (29)

This means that given a relative Hamming distance parameter § in advance, as well as an upper limit L on the length of the list, for each
received message ¥, in the encoding space C, as long as the relative Hamming distance between the codeword c and the message ¥ is
less than or equal to pn, we consider ¢ to be a valid decoding. At the same time, it requires that the number of valid encodings ¢ that
meet this distance condition does not exceed L, then we say this encoding is (pn, L)-list decodable.

According to the Hamming distance, there is such a property:
Proposition 1 [Essential Coding Theory, Proposition 1.4.2] Given a code C, the following are equivalent:
1. C has minimum distance d > 2,
2. Ifdis odd, C can correct (d — 1)/2 errors.
3. Ccandetectd — 1 errors.
4

. C can correctd — 1 erasures.

Suppose the relative Hamming distance of C'is §, then § = d/n. According to the above property, we know that for C, the proportion of
encodings that can be corrected in the worst case is < % And from the Singleton bound, we know,

§<1—p (30)
. L - . . L )
Therefore, when the proportion of erroneous encodings is < Tp these errors can be corrected, that is, unique encoding is possible.

Now let's formally present this pair of lemmas. Lemma 3 describes the case where the decoding radius exceeds the unique decoding bound
(1 — p)/2, while Lemma 4 talks about the case where the decoding radius is less than (1 — p)/2, i.e., unique decoding.

Lemma 3 [BBHR18b, Lemma 4.3] (Soundness above unique decoding radius). For any € < 2L and f(i) such that 8@ > 0

[F]
. 1 . 2n
P O e Bl £®. = . (§0)(1—¢) — < 2 1
Pr e e B0 (000 -9 -0)|| < 5 (31)
Lemma 4 [BBHR18b, Lemma 4.4] (Soundness within unique decoding radius). If @ < (1 — p)/2 then
) o L(i>|
pr [0 ¢ B[#0).50]] < IL21 2
z(i)é‘]F [m € [f ) H - |F| (32)
Moreover, suppose that for ¢ < r the sequences f: (@, f)and z = (@, ... 20D) satisfy
1. forallj € {4,---,r} we have 80 < %
2. forallj € {i,---,7 — 1} we have fU+1) = f}](:i)m
3. forallj € {i,---,7} we have 1) ¢ B[f®); ()]
then
sml:;(!) [QUERY(f, Z) = re‘]ect} =1 (33)
and consequently
_— . |D(i)| )
P ERY = > 0] 4
smezm [QU RY(f, %) reject] = L] 1) (34)

According to the definition of the distortion set, these two lemmas are talking about the probability of the Verifier selecting a random number
z( entering the distortion set under different decoding radii €.

The conclusion following the "moreover" in Lemma 4 states that if the following conditions are met:
1. Forallj i ing i isfi is, §U) « =2
. J €{i,---,7}, unique decoding is satisfied, that is, /) < —£.
2. Forallj € {i,---,r —1},in RSY), select the closest codeword f(f) to f(f), and the next function constructed with the random number
2@ is f}{;i)m, assuming it equals the closest codeword to £ in RSV i, satisfying fUtY) = }](:11)(])

3. Forallj € {i,---,r — 1}, the random number z (/) has not entered the distortion set, i.e., () ¢ B[f(); §0)].

Then the conclusion is that in the QUERY phase, if s° is selected from the "bad" coset D, then the Verifier wil definitely reject in the QUERY
phase, i.e.,



Pr {QUERY( £,7) = reject} -1 (35)

sepl
Thus, we can conclude that if s is selected from the entire L"), the probability of the Verifier rejecting in the QUERY phase is at least “f—;;“
ie,
p [QUERY( 7.7) = rej t} > P91 _ 50 (36)
smgzm ,T) = reject| > 0| ="

Now that we've done the preparation work, let's start proving the soundness of the protocol. So far, considering the possible error situations
mentioned earlier, the soundness proof idea is as follows.

1. In the COMMIT phase, the Verifier may choose random numbers from the distortion set. Now the conclusions of Lemma 3 and Lemma 4
can help us estimate the probability of this happening. We call it a "bad" event when the Verifier selects a random number 2 from the
distortion set. The Verifier will select a total of » random numbers, denoted as .7:(0), ceey 2D The events of selecting a random
number from the distortion set in each round are denoted as E(O)7 e ,E("l)‘ We estimate the bound on the probability of some "bad"
events occurring, which is at most

3\L(0)\

F] (37)

2. Inthe QUERY phase, the Verifier may reject. Assuming situation 1 does not occur, under this condition, we estimate the bound on the
probability of the Verifier rejecting in the QUERY phase. The probability of rejection for a complete single round is at least

1-3p—21/y/|LO)
e

min { 6@, (38)

3. Considering both situations 1 and 2 occurring, and considering that the Verifier repeats the QUERY phase [ times, we can obtain that the

soundness of the FRI protocol is at least
i
3|ILO)| 1—3p—27/4/|LO)]
4

s (621
||

1 — min 5(0),

(39)

& Thoughts

i+1)

() z(0)

There is indeed a situation where the Verifier selects some random numbers z (@ that fall into the distortion set, and then the ff(

constructed from an fm that is quite far from the RS code (assume € far) and 2@ does not maintain this distance, becoming smaller
than before, i.e., distorted. In this case, if we run the QUERY step, we don't have the ability to distinguish this situation. In other words, if

a polynomial '(7",‘ 1)‘ itself is not in RS“”D, and at the same time it is less than € away from RS(”U, the Verifier has the ability to
f0,zl

identify a polynomial that is € far from the RS code space. Now it's confused, lost, and believes that the Prover hasn't cheated, because
at this point it's indeed less than a given parameter €, and finally outputs accept.
& Thoughts on the overall soundness probability derivation

First, let's consider a simplest ZK protocol (this example and image are from Zero Knowledge Proofs - Introduction and History of ZKP)

Here is the idea:
How to prove colors are different to a blind verifier

Claim: This page contains 2 colors

Toss coin to decide if to
flip page over or not

Sends resulting page Heads flip, Tails don’t
If page is flipped .,
Set coin’=heads | guess you tossed coin If c.oin # coin,
Else coin’=tails reject, else accept

ZKP MOOC

Now let's consider the soundness analysis, which is about calculating the probability of the Verifier rejecting when the Prover provides a
paper that is not two-colored. Here, assume the Prover uses a single-colored paper to interact with the Verifier, then each time the
Prover has at most a 1/2 probability of passing, that is, the Verifier outputting accept. The final probability is shown in the figure below.


https://www.youtube.com/watch?v=uchjTIlPzFo&ab_channel=BerkeleyRDICenteronDecentralization%26AI

Here is the idea: » |fthere are 2 colors, then Verifier will
How to prove colors are differ,  2%ePt
* If there is a single color, Vprovers
Prob,s(Verifier accept)< 1/2
* Ifrepeat i=1..k times and V accept if
coin;'=coin, every repetition,
Vprovers Prob(Verifier accept)< 1/2%

Claim: This page contains 2 ¢

Toss coin to decide if to
flip page over or not
Heads flip, Tails don’t

Sends resulting page

If page is flipped
Set coin’=heads
Else coin’=tails

| guess you tossed coin’ If coin # coin’,
reject, else accept

If we analyze the soundness, that is the probability of the Verifier rejecting, the probability of accepting is at most 1/2, so the probability
of rejecting in one interaction is at least 1/2. If it is repeated k times, then the soundness is, for any P*,

k
\ 1
Pr[(P* <» V) = reject|This page only contains 1 color| > 1 — <§> (40)

Similar to the process of analyzing the soundness of this simple example, let's look at the soundness of FRI. The probability in the simple
example considers the probability that we can make the Verifier finally accept from the Verifier's coin toss when inputting incorrect
knowledge. For the FRI protocol, it's about inputting an f(U) ¢ RS(”), it's notin RS(O), so how to measure it? We measure how far it is
from RS under the block-wise measure, i.e., 8@ 2 A (£0, RS > 0. Then we similarly consider that the Verifier's random
number toss gives the Prover a loophole to exploit. Because the Verifier threw some random numbers 29 that allowed the Prover to
pass the protocol with an incorrect f(”) ¢ RS, That is, some "bad" events occurred, making the selected random numbers enter the

distortion set, then the probability of the Verifier passing is at most B‘Lj‘ ‘ .

There's another probability of the Verifier rejecting in the QUERY phase. In the above example, the Verifier directly judges whether the
coin' sent by the Prover is equal to the coin in the Verifier's hand, which is direct and doesn't introduce any randomness. If they are not
equal, it will directly reject, without any chance to exploit loopholes. So now let's examine if there's anything that includes randomness in
the QUERY phase of the FRI protocol? We'll find that in the QUERY phase, the Verifier will select a random number s(© from L(9, and
then perform calculations to check if the round consistency can pass. This process of introducing randomness with s is the key to
estimating the probability of the Verifier rejecting in the QUERY phase.

To analyze more clearly, assume that the random numbers 2 selected by the Verifier in the COMMIT phase did not fall into the
distortion set. Then let's look at the randomness introduced in the QUERY phase, which is the selection of (9. We can use the moreover
conclusion of Lemma 4 to see that if all three conditions are met, it gives a possibility of rejection, which is at least 0, and then
consider what is the minimum probability of the Verifier rejecting when these three conditions are not simultaneously satisfied. At this

time, the sets A% and D will be used in the proof process.

Now let's formally give the Soundness proof.

2" .

T for simplicity, assume r is even (using € =

Theorem 1 Soundness Proof: Let € = ﬁ

would be a bit more complicated).
Part | - A series of bad events The i-th bad event E(?) is defined as follows:

e large distance: If §() > %, then E( is the event
. 1 .
0B {fu); 2 (s9a-0- p)]
2
e small distance: If §() < 1;—’1, then E( is the event
DB [fa);(;(i)}

Assuming the event E does not occur,

1. 1F60) < 1;—”, then according to the definition of event E® and the distortion set, we can get

29 ¢ B [fu:);(;(v:)y

20 ¢ {o® € Flag (£, RSEY) < 601,
Therefore, we can get

Ay (f}i;i)(,>7RS(i+l)) > §0)

would yield the same bound, but its analysis

(41)

(42)

(43)

(44)

(45)



And according to the Block-wise distance inequality, we get

Ali) <ff1+1 S(z+1)) > Ay (ffﬁiw S(i+1)> > 5@ (46)

[ORIOR

2. 1760 > 1%0, then according to the definition of event E(?) and the distortion set, we can get

i+1 i 1 i
s (2m5) 2 (900 )
1 ((1-p)
> [ T2 (1—¢)—
>3 (S52a-a-0
_(=pl-9 p (47)
4 2
1-3p—e+pe
B 4
- 1-3p—c¢
- 4
According to the Block-wise distance inequality, we get
z+1 (f(1+1) RS (i+1) ) > Ay (f(l+lz)(1 Rs(H»l)) > # (48)
Let 8y = f_e , then summarizing the above two cases, if the event E® does not occur, we have
A (£, RS > min {59, 6 } (49)
Part Il - Bounding the probability of a bad event occurring Through Lemma 3 and Lemma 4, and our choice of parameter €, we have
; 21 |LY| |L0/2)| | L0
Pr [E(’)] < max = max , (50)
F|"[F| L I
Since |L?| is decreasing, therefore, when i < r/2,
|L(r/2)| |L(i)‘ _ ‘L(i)‘ (51)
max =
E][F |
When i > r/2,
|L(r/2)| |L(i)‘ - ‘L(T/Z)‘ (52)
ax <
E| 7 |F I
In summary, we get
{ L] || } ) % i<r/2 53)
max
) = /2 .
|| |IF| ‘ ] L r/2
Therefore, for events E(©), ... E("1), the probability that none of them occur is at least

r—1
) L(l L(T/Z)

Pr|A\-ED| >1- ! | (54)
& BT

Since dim(L®) = dim(L®) — in, therefore

o) dim(Z) _ odim(LO)—in _ odim(z®) [ 1 t o 1 '
L] = 28 _ —2 (2n)7\L \(W (55)

According to the definition of r

And k(© = log [L©®)

O —R KO -R  log|L®V|-R
n n n

(57)

Then the probability inequality becomes



|L(“\ r |L(r/2)|

N log |LO)| — R |L(7?)]
2n [T

r—1
Pr ﬂE(i)} >1- + =
[/\1 ;2 [El 2 |F|

(Z/' (5, )i\ F

; 1\’ log|L®| - R
(Substitute| L] = |LO)] <—) S M)

21

n

|L(°)| (1)z
>1— [ — — ] +
( [F] Z/: 2

log|LO| R |LO)] 1>

2n iR LOR |F|
2 log|L(0)|-R.
etz — 20 (L) <oy (LY 7 — 12O
(Substitute|L'""?)| = |[L'™| |L'| )
an - 2n 1og|LO)|-R.
2"
>1 O ) ' log ILO -R L] 1
B \F‘ z<7‘/2 2 n ot Or [F|
1 L ~R _log|LO|-R
(Because og | ‘ < og | ,and there’s a negative sign in front, so the overall becomes smaller)

1L ( ) log|[LO] - R
>1 .
(1 5 :

i<r/2

|LO)| 1
2nlog\f/;$)\77i ‘]F|

1

1 1\° 1\°
B >1=2">2= — < — = — ) < —
( eensen = B 2m =2 i<r/2 (2”) N Z (2) )

i<r/2

log |LO| — Lo
>1_i 2|L(0)|+ Og' | R | |
|F| n

log|L(0)|-R
N

) ) ) 1\°¢ 1 (1 _ (%)r/?ﬂ) 1
(Because using the arithmetic sequence sum formula we get Z - =—=< 5)

i<r/2 1- %
>1- Fl‘ <2|L<°>| +log(p| L)) - %)
(Becausew < log \L(0)| —R =log \L(U)\ —log(1/p) = 10g(p|L(0)|))
— 1 (A o2 - 20170)
Lo L© Lo Lo Lo
(Because ; ,L\L;g)\‘ — = 210K‘L(20)‘|R — 2!0g(p‘;(0|)” — 210!( ,,\L‘(u)\) = m =4/|LO]|/p)

Let f(z) = log, ¢, g(x) = /z, then when z > 16, f(z) <

comparison.

# Import SageMath's plotting functionality
from sage.plot.plot import plot

# Define functions
£(x) = log(x,2)

g(x) = x"(1/2)

# Plot function images

g(z). We can use sagemath to plot the images of these two functions for

pl = plot(f, (x, -10, 30), color='blue', legend label='log(x,2)")
p2 = plot(g, (%, -10, 30), color='red', legend_label='x"(1/2)")

# Combine the two image objects and display
(pl + p2).show()

(58)



1

—log(x,2)
-x™(1/2)

5 -

2 Proof that when z > 16, log, z < v/ Let h(z) = f(z) — g(z) = log, & — +/, taking the derivative of h(x) we get
1 1 2z —zIn2
zin2 2z  2(In2)-zvz

We can see that when z > 16, h/(z) < 0, so h(z) < h(16) = 0, thus log, z < v/z.

K (z) =

(59)

According to the theorem condition p|L(%)| > 16, we have

p|LO)| > 16 = log(p| L") < \/PILO]
= 1og(p|L)) - {/ILO]/p < /ol LO]-/|LO/p
(Sincep < 1, thereforey/|L(©)|/p > 1/|L(®)| > 1, multiplying both sides by a number greater than 1 does not change the sign

= log(p| L)) - /IO ]p < |10

Substituting the above inequality into the probability inequality, we get

r—1
; 1
Pr {/\ ﬁE@] > 1 2 (219 + 12 - 1201/

i=1
1
1— —(2/L© L© 61
> \FI(‘ |+120) (61)
IO
F|

Next, let's assume that no event E () will occur and continue with the soundness proof.

Part Il - Bounding soundness when no bad events occur First, let's recall the three assumptions for the sequences f: (f(i), BRI f(T))
and Z = (2, 20~DYin Lemma 4:

1. forallj € {i,---,7} we have §U) < 1%,)

. . 7 j+1

2. forallj € {i,---,r — 1} we have fU+1) = ff(’fj);u)

3. forallj € {i,--+,7r} we have V) ¢ B[f(); ()]
Since we assumed that no bad event E® will occur, assumption 3 always holds. Therefore, whether the three assumptions hold or not has
the following four situations.

No. Assumption 1 Assumption 2 Assumption 3 Remarks

1 x v v

2 x X v

3 v x v

4 v v v Rejection probability is at least 5

Let's first analyze the situation of No. 4, which is the simplest because Lemma 4 has already given that when all three assumptions are
satisfied, the probability of the Verifier rejecting is at least 50,

Next, let's consider the situations of No. 1 and No. 2 together. In this case, assumption 1 is not satisfied, and assumption 2 may or may not be
satisfied. So overall, it's that assumption 1 is not satisfied, i.e.,

) 1—
50 > Tp (62)



Finally, let's consider the situation of No. 3, where the conditions are

P and FUHD 2 f ) (63)

- 1-—
()
6 J < f(J) ()

In summary, there exist some ¢ € {0, ---,7 — 1} where one of the following two conditions holds:
1. 6@ > 1;”

2. 60 < L2 and f+1) £ f f;“z(

Ignoring notation, leti < r represent the largest integer satisfying one of the above two conditions. Note that at this point DD s uniquely
determined, because 60 < 2 , SO f (1) s also unique. The following proposition states that the (¢ + 1)-th message of an honest Prover is
at least & far from f<”'1 in relat|ve Hamming distance.

Claim 5 [BBHR18b, Claim 4.5].
+1)
An(FE, 1500 = b (64)
If the Prover knows f(i) and 2, it can honestly execute according to the method in the COMMIT phase to construct ff’(:)rl(l while f(“'l)

represents the codeword in RS™*! dlosest to £+ under the A(+1) ( )-measure. At this time, the relative Hamming distance between
f;;rl) and F(+1) is at least 8.

Proof: According to the previous analysis, let's discuss two cases.

i 1- ) Lo ; .
1. 60 > T” holds. Since our assumption is that no E® event occurs, we can get from the analysis in Part | that

(i+1) i+l 1-3p—¢
A (£, RSE) = 2= — 5 (65)
since f(+1) represents the closest codeword to f;’:l)m in RSU*Y, therefore
2 i1 1)
AP, 1000 = B (10, RSEY) = 6o (66)

Thus, the proposition holds.

2. 60 < I_Tp and f0+) £ f;’i:;;)m holds. To simplify the description, let g = £ Because 7O e RS®, we can get

] _ F0,20 ' _ _
g= ff(f(:rl)() € RS from Lemma 1. At the same time, obviously F(+1) ¢ RS(+1. From RS = RSED[R, L+ p] by the

P
MDS property of RS code (relative Hamming distance equals 1 — p), we can get its relative Hamming distance
Ag(RSUV[F, LD, p]) = 1 — p, so for two codes fi+1) and gin RS, their relative Hamming distance is at least 1 — p. By the
triangle inequality, we get

1= p < Au(f5,9) < Au(FE, £10700) + Aulffir o 9) (67)

From the assumption 8 < 22 and the inequality between block-wise measure and relative Hamming distance that we proved earlier,
p 5] q y g p
we get

3 3 i 1 -
An(ffi i g) < AO(Fi)9) =00 < £ (68)

Rearranging the above triangle inequality, we can get

1) 1
Ap(FED £1000) = Ar(FEY, ) — An(£L s 9)
1-p
>(1—-p)— ——
1-p)——5
_1-p
2
_2-2 (69)
4
2-2p—(14+p+e)
4
1-3p—ce
N 4
=d
Thus, the proposition holds.
In conclusion, the proposition is proved. O

The next proposition is

Claim 6 [BBHR18b, Claim 4.6].

\Agr“) U D(i+1)|

LG A7, 150050 (70)
Proof: From the definition of D(*1), we can get that for all z ¢ DG+,
FEN@) = £60(@) (m)
And from the definition of A%, we can get that for all z & AED,
£ (@) = £ 0 (@) (72)

Therefore, for all x ¢ A:r;rl @] D(”l), we have



FOV (@) = f5 (@) = 7177 (@) (73)

According to the definition of relative Hamming distance, we get

Pr [f (Hl (z) # ffZ(J)riU( z)] = AH(ffiJ;l @1 f () ) (74)
zeLi+1)
Then
Pr [f(i+1)( )= ff?i()( ) =1- AH(f}i:i)(mf(Hl)) (75)
ze L+ K

Therefore, for all z ¢ Aelr:rl

1 fEN (@) = £ (@)
2. f (i+1) (CE) _ f(z+1)(z)

Now we have obtained that the probability of the first equation holdingis 1 — Ag(f

U DU the following two equations must hold simultaneously:

(i+1)
F0) ()
holding simultaneously must not exceed the probability of only requiring the first equation to hold, i.e.,

f(’“)) so the probability of both equations

Pr [o¢ ALV uDE = Pr [f(2) = Y, (2) = £V (2)]

e L+ e L) 0,20
< Pr [fi(@) = £, (2)] (76)
e L) £

= 1= Au(fya o, V)

Therefore
A uDen) o € AV U D]
|LG+D)] weL6+) "
—1- Pr [a¢ AGY LD ()
>1— (1= Au(ff o, F&))
= Au(fyi s F0)
Thus, the proposition is proved. O

Combining the conclusions of Claim 5 and Claim 6, we get

|Ag;r1) U DG+ ‘

(i+1)
L] Au(F, £ 0) = do (78)

‘Ae::rl D(i+1)|

> dp.
|LGED)] =Xl (79)

Now consider the random number s(*1) used in the QUERY phase. First, according to the definition of A% e know that if s+ ¢ AGHY
, then the Verifier will definitely reject in the QUERY phase. Next, we consider the probability of the Verifier rejecting in two cases based on
different 1.

Ifi + 1 =7, then since f") € RS™, according to the definition of D1, at this time D@+1) = (), In this case, if s+ € AU the Verifier
will definitely reject, and

A& UDED] AR 80
|LG+1)] A 0 (80)

In this case, the probability of the Verifier rejecting is at least .
Ifi + 1 < r, through our previous selection of ¢, the selected 7 represents the largest integer satisfying one of the following two conditions
7. 60 > 1p

2. 80 < L2 ang Flry) £ f}ﬁiflz(

This indicates that the sequences f = (£(+1), ..., M) and & = (21, ... z(") after i are not empty and all satisfy the three
conditions of Lemma 4. According to the conclusion of Lemma 4, if s+ € DD then it will definitely be rejected in the QUERY phase. If
s0+) ¢ A((:Jl), the Verifier will also definitely reject. So this rejection probability is to see how large the union of these two sets is compared
to the size of L(i+1), It has been proved that
1) i+1)
1A% U D+
e = 1> 6. 81
|G| = (81)

Therefore, in this case, the probability of rejection is also at least .
Combining the above two cases, the probability of rejection is at least dg.

Combining with the previous analysis of the probability of rejection when the three conditions of Lemma 4 are satisfied, we can conclude that
under the condition that no bad events occur, that is, when the third condition of Lemma 4 always holds:

1. When the first two conditions of Lemma 4 both hold, the probability of the Verifier rejecting is at least 50,

2. When the first two conditions of Lemma 4 do not both hold, the probability of the Verifier rejecting is at least d.



Since

LeD| 9kO-n(/2)

|L(0)| (2]@(0)7".0) %

— kO (r/2)- 22

(82)
RO
= 2
ince > n-r, then —-n-r>
Sincek® > 5.7, thenk©® — .7 >0
>1
Therefore
L] > 4/1LO) (83)
Thus we have
A NI 4
= <2 8
€= oy <2VIL0) (84)
Now let's estimate d, we get
—38p— (0)
1-3p—e _ 1=3p=27/4/|L0)]
do = 1 > 1 (85)
Therefore, if no bad events occur, the probability of the Verifier rejecting is at least
1-3p—27//|LO)
min{6®, 5} > min { 60, S E— (86)
Combining with the analysis in Part Il, the probability of the Verifier selecting random numbers in the COMMIT phase is at least
3|L®
L (87)

Then for any Prover's oracle f(l)7 ceey f(’), with the repetition parameter [ in the QUERY protocol, the probability of the Verifier outputting

accept is at most
l
0 1—3p—27/4/|LO)]
’ 4

1 — min{ 4

Now let's analyze how to obtain the soundness of FRI. According to the definition of soundness:
For any P*, Pr[(P* + V) = reject| A (0, RSO = §(0] > s~ (5(0).

The main task of soundness analysis is to obtain the lower bound 57(5(())) of the rejection probability. First, let's consider, for any P*, what is
the maximum probability that the Verifier will output accept. Through the above analysis, we can consider two cases:

1. If bad events E(i)(i =1,---,r — 1) occur, then the probability of the Verifier outputting accept is at most

3\L(°)|
= (89)
2. If no bad events E(i)(i =1,---,r — 1) occur, the probability of the Verifier outputting accept is at most
1
) o 1—3p—27/4/|LO)]
1 —min < 6", e E— (90)
Therefore, for any P*, we can obtain the upper bound of the probability of the Verifier outputting accept, that is
l

3L 1-3p—27/4/|LO)]

Pr[(P* <+ V) = accept| A (£, RSV = 60 < % +|1-min{§O, — (91)

Thus, for any P*, we have

Pr[(P* ¢ V) = reject| A (O, RS©) = 6] = 1 — Pr[(P* ¢+ V) = accept| AQ (£, RS®) = )]

l
— — 0
y 1=30=21/4/IL0) (92)
’ 4

3\L(0)\
- F

1 — min{ 4

Therefore, we obtain that the soundness of FRI is at least

3|L(0)|
F

l
1-3p—21/,/|LO)
4

s (60) 21— 1 —min<{ 60, (93)

This completes the proof of soundness. O



Unique Decoding Radius — Proof of Lemma 4

Proof: Since 60 <« 2 , the analy5|s mentioned in the deflnmon of closest codeword has already pointed out that f and SB(f ) are unique.
For a "bad" cosetSnn the set Sp(f),i.e., S € Sp(f?), let

X(Si) _ {x(i) . ]F\interpolantfw‘s(x(i)) _ interpolantﬂ’)‘s(m(i))} (94)

e set ‘ represents those "misleading” () in IF, meaning that the interpolation polynomials
The set X h leading” z(® in F hat th ! | |
interpolantf(l)‘s(:c(i)) = interpolantf(l)‘s(:c(i)) are consistent, but since S comes from a "bad" coset, they are actually different low-degree
polynomials, i.e., f(i) |s # f<i) |s. In other words, these 2@ "mislead" us, even though they are not the same polynomial, the polynomials

interpolated using 2 on S are consistent. In the following, we will prove
B [ f<i>,5<i>] -y xP (95)
SeSp(f1)
since £ € RS, we get f£i+1) € RS from Lemma 1. For all § ¢ Sp(f), and ys = ¢@(S), since
Sa(f?) = {S € SW|f@ \S # fl \s},thereforeforVS ¢ Sp(£), we have f0|g = F0

s, naturally

interpolantf s = interpolantf ‘5, substituting ! into the interpolation polynomial we get

interpolantf(i)‘s( @) = interpolantf(i)‘s(:c(i)) then f(i+1) (ys) = f(j.ﬂ). (ys)- Since 60 is less than the unique decoding radius %,

£ 200 70,20
combining f ?:1(1) € RSV with VS ¢ Sp(f ), we have ff() o (ys) = f](f(fi)(l (ys), we can conclude that f m is the closest codeword
in RS to f(z+ ). under Hamming distance. Therefore AH(ffiJins(Hl)) AH(ffl(:rlz(,), f}l(j’l)i ).

Is the reasoning here for describing f i+1)

()

' as the closest codeword in RS to ffl ;m under Hamming distance correct? It feels

like the explanation is not clear enough yet.
At the same time, these two functions have the same value at yg if and only if one of the following two conditions holds:
1.8 ¢ Sp(f D)
2. S€8p(fP)and2® € X
From this, we can conclude that these two functions have different values at yg if and only if both of the following conditions hold:
1. S € Sp(f)
2. 8 ¢ Sp(fl )orml)gX(l

When condition 1 holds, the first case in condition 2 S ¢ SB(f(i)) obviously doesn't hold, so naturally z( ¢ Xg) holds, then we can get that
these two functions have different values at ygs if and only if

S e 8p(f¥)andz® ¢ X (96)
i.e.,
2@ ¢ Uges,sin X9 (97)

This indicates that ff(l) L is inconsistent with the (unique) closest RS _codeword ff(z) Y, onal {ys|S € SB(f(i))} if and only if

$(1) é USESB(f(l )Xg) Then

B[10,50] = {a)  Flan (£ 2, BS“) <00} = {20 € Flan (£, Fi2) <50} (99)
While §() represents the ratio of |Sp(f )| to the number of cosets of LY Ay (fﬁi:i)(l , fﬁl:;l) ) < 6 means that f(Hl) nd ffl:i o

can be consistent on some {ys|S € Sp(f)}, which naturally is less than §(. And ff() L IS consistent with the (unique) closest RSO+

codeword f. ”1() on some {ys|S € Sp(f@)}if and only if 2 € USESB(f(’))X(S). Therefore, we can get
B0,69) = {20 e Flag (£5 0, 70 0) <69} = U x¥ (99)
SeSp(f1)

This proves the equation we wanted to prove above, i.e.,

Blf9,69] = | x{ (100)
SeSp(f1)

With this equation, now let's estimate the bound of the right side of the equation. In fact, interpolantf(t)‘s and interpolantfm‘s are two
different polynom|als of degree less than | S|, so , otherwise if | X g| > |S], then according to the definition of Xg,

1nterpolantf s and mterpolantf 'Is would be consistent on more than |S| points, at which point the two interpolation polynomials would
be the same, which contradicts that 1nterpolantf s and mterpolantf UIs are two different polynomials. Therefore

‘B[f@’é(i)”: SGSL(JMX@ <18|- ‘SB( z))‘<\p>| (101)

This proves the first inequality of Lemma 4
B[f® 5@ (i)
|B£9,6]] _ |L9)]

I (102

Pr [z(i) cB [f(i);(;(i)” _

z@eF

Now let's consider the sequences f and Z assumed in the Lemma. For simplicity, we assume that the evaluation of f(i) on L® yields the zero
function, denote this function as 0|L(,‘). If this is not the case, we can obtain the zero function through f(i) — f(i). Then



f(i+1) _ (41 :O\L(m) (103)

FO 20 0], i),z
From the second assumption of the lemma, we get f(+1) = f}i:i)m = 0|, then
(i+2) _ p(i+2) o
f]?(,ﬂ)’z(,) - fO‘L[H»l)vI(i) - O‘L(zAZ) (104)
Similarly, from the second assumption of the lemma, we get f(”z) = f}’;:i)zm = 0| zu+2), and so on, by induction, we can get for all
je{i,---,r} f9 = 0| 0. In particular, ) = 0| .
Consider the sequence (sm7 e ,s(r)) in the QUERY phase, where s € D). Let j denote the largest integer such that s € D) holds.

since s € D@, this defined j can be obtained. By definition f(") = 0|, we can get D) = (), s0 j < 7. Combining with the third
assumption of the lemma that for all j € {i,---,7}, ) ¢ B[f®; )] and the equation we proved earlier

Blf9,69] = | x{ (105)
SeSp(f@)

We can get 2z Z Useso X(Sj), so }{;i)m(s(j“)) = 0. But from the definition of j, we know that j is the largest integer such that

s € DU holds, so for j + 1 larger than j, we have s ¢ DU+, According to the definition of DUFD, DU+ — Ug st S, where S
B

represents those "bad" cosets, i.e.,
SGY = {s € S| fUD g £ f‘f+1>|s} (106)
Here's the English translation of the provided text, maintaining all formulas and markdown formats:
while sU+1) ¢ DU, we have fU+) (sU+1)) = U+ (5(+1)) = 0. Thus, we obtain:
1 fi D (sU) £ 0
2. fUD (s =0
Therefore,

f;{;lz)u (sUHD) £ fUHD (50HD)) (107)

This indicates that the round consistency check will not pass in the QUERY phase, meaning the Verifier will definitely reject the sequence
(s(i), ceey s(’)) in the QUERY phase. This proves that

smlzgm [QUERY (f, E) = reject] =1 (108)

From the definitions of () and the set D(®), we know that

(@)
56 — ‘IZ“ ‘| (109)
Therefore,
Pr [QUERY( 77) = reject] > DO _ 56 (110)
seLl \L(i) |
This completes the proof of Lemma 4. O

Exceeding the Unique Decoding Radius — Proof of Lemma 3

To prove Lemma 3, we need the following improved version of Lemma 4.2.18 from [Spi95].
Lemma 7 [BBHR18b, Lemma 4.7] Let E(X,Y’) be a polynomial of degree (am, dn) and P(X,Y) a polynomial of degree
((a + €)m, (6 + p)n). If there exist distinct 1, - - -, Ty, such that E(z;,Y)|P(z;,Y) and y1, - - -, yn, such that E(X, y;)|P(X, y;) and

1>max{(5+p,2a+6+§} (111)

then E(X,Y)|P(X,Y).

Proof of Lemma 3: We will prove the contrapositive of Lemma 3. First, let's recall Lemma 3, which states that for any € < % and f(i), if
560 = AD(F@ RSD) > 0, then

B3 (000 -9 -p)]| _ 2

] < m (112)
Taking the contrapositive, we get:
Proposition 8 If for some € > %, we have
B0 (@0 -9 -p)]] 2 (113)
[ [F|
then
50 = A(F0 RSD) <0 (114)

This is equivalent to the following proposition:

21 e

Proposition 9 For some ¢ > G i



B[ 5 -(6(1—€)—p)]|  2n

IF| > m (115)
then
60 < (116)
Let's prove that Propositions 8 and 9 are equivalent.
Proof: =) Proof by contradiction. Assume the conclusion of Proposition 9 does not hold, then
60 >4 (117)
From the condition of Proposition 9, we can obtain
B4 (0 -9 -]l _ [BI"4-00-0-p]| 2 ws)
[F| || €[F|
This satisfies the condition of Proposition 8, therefore
60 <o (119)
This contradicts the assumption 8@ > §.Thus, the conclusion of Proposition 9 holds.
<) Proof by contradiction. Assume the conclusion of Proposition 8 does not hold, then
60 >0 (120)
This means there exists a § > 0 such that
60 >5>0 (121)
Then
B4 (009 )| _ B[94 -60-9 )] 122
|| ||
From the condition of Proposition 8, we can obtain
[Bl% 3 (00-9-al (123)
|| ||
From these two inequalities, we can see that % is already a lower bound for
B4 (@009 )] 124
|
So we can conclude
[B[fD;5-(61—¢)=p)]| 27
IF] > m (125)
This satisfies the condition of Proposition 9, therefore we can obtain
60 <6 (126)
This contradicts the assumption, so the conclusion of Proposition 8 holds. ]

&) Question
Is there a more concise way to prove the equivalence of these two propositions?

Now that we have proven that Proposition 9 is equivalent to Lemma 3, let's prove Proposition 9. First, let's fix some constants: Let

n=|L0],a=1(1-e- %) 6§ =da, B=B[f?;§] and m = |B|. From the definition of B, we know that for any z € B,

Ap (fj(.z(;ri), RS(”I)) < ¢'. Recalling the definition of the closest codeword, we know that f}l(';';) € RS is the closest codeword to
(i.ﬂ). Since we are considering a decoding radius that exceeds the unique decoding radius, there might be multiple codewords that are
Fiz g g q g g p

equally close to f;l(jlz) Here, we arbitrarily choose one of them.

Let C(X,Y) denote a polynomial satisfying deg x(C) < m, degy(_C_’) < pn, and for each z € B, the polynomial C(z,Y) is consistent with

f}t:ri)(Y) The polynomial C(X,Y’) exists because, by definition, f}ﬁ? is the evaluation of a polynomial of degree less than pn. According

to Proposition 1, let Q(i) represent the polynomial related to f(i), ie.,

QU(X,Y)=PO(X) modY —q¥(X) (127)

From the second item of Proposition 1, we can obtain degx(Q () < |Lf)i) , and by definition, we know \L(()i)\ = 2", Since
‘B [f(i); 1. (J(i)(l —¢)—p)] ‘ = |B [f(i); '] | = m, from the condition of Proposition 9

B3 (0 -9-p)| 2

(128)
|F| €|F|
we can obtain
m 21
_> — (129)
[F] ~ elF|

Therefore 27 < em, so deg x (Q®) < |Léi)\ = 27 < em. From the first item of Proposition 1, we can obtain that for any z € L(®),



F9(@) = QW (z,¢"(x))
According to the definition of the COMMIT phase, for each y € FAGSS
o LetS, ={z ¢ L®|q® () = y} be the coset ofL(i), and map z to y through the mapping ¢®;
o P(i)(X) 2 interpolant/ "l
o from®) 2 P ).
Then we can obtain
Py(i)(X) 2 interpolant’ "5 = QO (X, y)

Therefore

frodow) 2 PP () = QU y)

Note that (9 € IF here. If we denote the random number z(®) as z, we can obtain that forany x € Fandanyy € L0+,

i+1 i
0w = Q9 ,y).
From the definition of the distortion set, we get
B38| = {z e Flan (111D, R8O < 5}
and the condition of Proposition 9
B[990 2
e > —_
[ €[F|
Through the above analysis, we have obtained

1. Forallz € B, C(x,Y) is consistent with ffl(fl (¥).

2. Foranyz € Fandanyy € LU+Y), f}i:?(y) = Q) (z,y).

Thenforanyz € Bandanyy € LG+, we have
1
1. Cz,y) = fl2 )
1)
2 £ W) = QV(z,y)

£(i+1)

0 g (y) is the closest codeword to f(Hl

Since f 70,

(y) in RSV, from the definition of B, we can obtain
1 1
Au (£ W) <

The relative Hamming distance considers the proportion of inconsistencies between ff'(f)l (y) and f}’(:?( ), SO

Pr
z€Bye L+ z€Bye L+
& Why?
How to prove the existence of the following non-zero polynomial? How was it derived?
By constructing ad > &', there exists a non-zero polynomial

E(X)Y),  degx(E) < am,degy(E) < dn

such that E(z,y) = 0 at all points (z,y) where z € B,y € Li*1 and C(z,y) # Q¥ (z, ).

LLJ Notes Regarding the existence of the non-zero polynomial E(X,Y’), this is how | understand it. We have already obtained

Pr [C(a,y) £ QV(a,y)| <&

zEByeLl+1)

[C@w) #@V@y| = Pr (7000 # 10 w)] <9

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)

As shown in the figure below, since ad > &', the existence of such a non-zero polynomial E(X,Y) is reasonable, with its value being 0

at these blue points in the figure.



E(X,Y)

C(z,y) # QY (=, )

area < d’'mn

am

Y

The polynomial E is also known as the error locator polynomial [Sud92] because its roots cover the set of error locations, where @ is obtained
from a low-degree polynomial.

since degy (C) < p|LE+Y| and degx(QW) < 27 < em, from [Spi95, Chapter 4], there exists a polynomial P(X,Y') satisfying
degy(P) < (e+a)m and degy(P) < (6+ p)n (19)
such that
Ve € By e LY, P(z,y) = Cla,y) - E(z,y) = Q" (,y) - Bz, y) (20)
holds.

LLI Notes Regarding the existence of the polynomial P(X,Y"), my current understanding is as follows. Let's consider the
reasonableness of its existence based on the degree of the polynomial: First, consider the variable X. Since deg x(E) < am and
deg x(Q®) < em, it's reasonable that there exists a P(X, Y') satisfying deg y(P) < (e 4+ a)m, and

Vz e Byye LU, P(z,y) = QV(z,y) - E(z,y) (140)

Similarly, for the variable Y, since degy (E) < dn and degy(C) < pn, it's reasonable that there exists a P(X,Y) satisfying
degy(P) < (6 + p)n, and

Vz € Byye LU, P(z,y) = C(z,y) - E(z,y) (141)
£ Tobo

Refer to [Spi95, Chapter 4] to understand why such a polynomial would exist.
Why does P(z,y) = C(z,y) - E(z,y) = Q¥ (z,v) - E(z,y) hold? Isn'tit z € B,y € LD and C(z,y) # QW (z,y)?

Leta' £ deg+(P) —eandp’ £ deg+(P) — &, then from equation (19) we get
® Fix | believe the o £ w — ein the paper here should be changed to o’
degx(P) = (e +a')m < (e + a)m (142)
and
degy(P) = (6+ p')n < (64 p)n (143)

From this, we can obtain &' < cvand p’ < p.

From (19) and (20), we can obtain that for any row y € LU+, E(X, y)|P(X,y), and similarly, for any column z € B, E(z,Y)|P(z,Y).In
other words, there exist distinct y1, - - -, yn € LY such that B(X,y;)|P(z;,y;) and distinct 21, - - - , &, € B such that

From equation (5)
1—p> A0 RSD) > Ap (O, RSD) (144)
we can obtain § + p < 1.
& Why?
How s § + p < 1 obtained here? Is it because 1 — p > A((f® RSW) > Ay (@ RSP > &
Now we know A g (fj(fti% RS(i+1)) < & and ad = §', can it be derived from here?
From the previously derived @’ < aand p’ < p and the definition of a, we can obtain

!
1
2a/+e+%<2a+6+§:2~§(1767§)+6+§:1. (145)

Combining the above derivations, we get



1.6+p <d+p<1
2. 2a’+e+%l<1

Thus,

/
l>max{6+p',2a'+e+ %} (146)

At this point, combining the above analysis, the degree of polynomial E(X,Y') is (o'm, dn), the degree of polynomial P(X,Y) is
(o + €)m, (8 + p')m), and there exist distinct 1, - - - , ., € B such that B(z;, Y)|P(z;,Y) and distinct y1, - - -, y, € LD such that
E(X,y;)|P(z;,y;), while

!

1>max{6+p',2a'+e+ %} (147)

& Question
How is the degree of E(X,Y") being (a’m, dn) obtained? Previously, we obtained deg x (F) < am, degy (E) < dn.

Therefore, the conditions and assumptions of Lemma 7 are satisfied. From the conclusion of the lemma, we can obtain E(X,Y)|P(X,Y),
which are polynomials in the ring F[X, Y]. Let @ = P/E. We can obtain that for each row y € L(*1) where E(X, y) is non-zero,
Q(X,y) = QY(X,y). Since degy (E) < dn, E(X,y) is zero in fewer than n rows, so the proportion of non-zero rows is at least 1 — 4.
Therefore, the proportion of rows satisfying Q(X,y) = Q¥ (X, y) is at least 1 — 4.

According to Proposition 1, we know that Q) (X, ) is
QV(X,y) = PY(X)  mody-q?(X) (148)
where
P — interpolant” v (149)

Therefore, f(7) is consistent with the polynomial P of degree p|L()|. Let S, = {z € L?W|q()(z) = y} represent the coset of Léi). If
QY(X,y) =Q(X,y) = P<“(X)|5y is satisfied on the coset Sy, then based on the fact that the proportion of rows satisfying
Q(X,y) = QU(X,y)isatleast 1 — §, f@ is consistent with the polynomial P on more than a 1 — & proportion of cosets S,,.

e TODO
The understanding here is not very clear, and the explanation is not clear enough. To be improved. The original text:
In other words @ agrees with some polynomial of degree p|L®| on more than a (1 — §)-fraction of cosets of L® in L(®.

f(i) is consistent with some polynomial of degree p|L(i)\ on more than a 1 — & proportion of cosets of L(()i) inL®, According to the
definition, §() represents the proportion of inconsistent cosets, so naturally, we can conclude that 80 <1 — (1 — &) = 4, which completes
the proof of the lemma. O
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