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FRI-Binus 1€ [DP24] #1918 7 &EF Subspace Polynomial B9 Additive FFT &%, A4 T BT B BRI A SRIZMR
[LCH14] B9 ETF Novel Polynomial Basis B9 Additive FFT Bk, AXEIENAFZIE S Subspace Polynomial, #A/E1E
N B EHBIND R AR Additive FFT &%, AX&EZE T Normalized Subspace Polynomial IEX, HEILEIERE,
Normalization R2&200 FFT EIEREEE, FMAXNBNECHREEHEEARRIXR,

T Additive FFT {R#fia9 A =508 EAY Multiplicative FFT 3EE4B11, EIbxF Multiplicative FFT RBI%1iRIE B Bh T2
BAXHNE.

# 4 F== 8 Sz Subspace Polynomial

B ERERET o LMY Extension Field, Fon , FEZRAMARIDIEN Forn, FIBNTEMBE T —TRIEZE, 1BH
Vi , #BEE—4A Basis (8o, B1,- - -, Bm—1) , KHRXNEEZE, iEA8 Vi = Span(Bo, B, .-+ Pm-1), HEBHTS

Vm = </80a51""7ﬁm71> (1)
EHEE—1TEO € Fon , AINER Basis pEMEMAES:
O=cy-Bo+cr1-B1+...+cm1"Bm_1, wherec; € Fy (2)

Bt V,, BR—MNERE, B Vo = {0}, MRV, 2V, B—1MEHEF=E, B4V, thE V, 0—DIEFE. 3T
Vi, BATRMA—NZIMARBEERNAETER, EMZZTXANRESEFNN V;, WAETRERNES, BIEZTRIER
si(X) o RP SR LR TSubspace Polynomialy F= BB

2k—1
sp(X) = H (X —0;), where 0, € V;, (3)
i=0
SR sk(X) hAUERE V), X1 Domain £ Vanishing Polynomial, EASTERN O € V), #HiHE:
sk(0) =0 (4)
Linearized Polynomial
EENBH Subspace SR E—HFTIBHI Linearized Polynomial, BERNERNEX#E FTEMFR

i

L(X)=Y ¢ X7, ¢ €F, (5)

2 L(X) Z PR Linearized Polynomial, EX&—1 L(X) #3352 F, #9393k K EM—NEMEF (Linear
Operator) . B2 L(X) MEREREET kg K = F,. &, BANTFRAENO c K, #85 L(0) c K, mH, MR 6 +£ ¢’
, B4 L(0) # L(0). 88— L(X) SR —MER B € F2*°, 5TM MEXEF; L%z, #15:

(co,c1y...,¢5-1)B = (do,dn,...,ds_1) (6)

33F Subspace Polynomial TiZ, 88— si(X) #BE— Linearized Polynomial, Rid3&, E@— Linearized
polynomial L(X) € Fyn[X]|, ENMBRBMMENIEMLEFEEV, C Vo FANIERERIESE [LNI7],

BT sk(X) WE—TH#E o; - X? W, BEEEIMENEDNE:
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sk(z +y) = si(z) + si(y), Vz,y € Fom
si(c-z) =c- sp(z), Vz € Fom,Ve € Fy

HREAERIERAE—TFRX, RIBARFEBECHN—TERERE (Freshman's dream) :
(z+y)? =2+ 2zy+y* =2’ +y*, wherez,yc Fon (7)
ER, 2zy =0, RAEZHFES, 2 =0, AATENSEAEEERIL:

(z+y)? =2 +y” (8)
S TRIET s5(X) HONARAIE:
sp(z +y) = Zai (z+y)? = Zai (2% + %) = si(x) + si(y) (9)
=0 =0
F =B Z BT
NFF=E Vi, ERFUEIFES AR D AERE
Vi = Vi1 U (Br-1+ Vi-1) (10)

ZEB Vi = (Bo, B1y-- -+ Br-1), Vi1 = (B0, B1, - - -, Br—2) , B4 Vi, Vi1, Br_1 + Vi1 FINNEFZEZHRHE T
EHXE:

Sk(X) = Skfl(X) . Skfl(X-l- 51;;,1) (11)

ENEREITF, Bk k=3, V3 = (Bo, B1,P2) AFHDWE, —HHRE V2 = (B0, B1), B—HHR Vo FHS—DITEM
+Bo. EE, Vi BITENER 22 + 22 =8, TEIIY V3 MEBTE:

Vs = {0, Bo, B1, Bo + B1} U {B2, Bo + B2, B1 + B2, (Bo + B1) + B2} (12)

BMNBASHIE: s3(X) = s2(X) - s2(X + Br-1) o HA so(X) tBALUIFAEFXT s1(X) M 51(X + 51) BORAA, BHNTWH
WERBRRIRE:
$3(X) = s2(X) - 82(X + B2)
$2(X)? + B2 - s2(X)
1(X) - s1(X 4 B1) - 51(X) - s1(X + B1) + B2 - 51(X) - s1(X + b1)
1
(

I
V)

= (51(X)% + B1 - 51(X))? + B2 - 51(X)? + B1B2 - 51(X)
= 51(X)* + B} - 51(X)? + B2 - 51(X)? + B1B2 - 51(X) (13)
= 51(X)* + (B + B2) - 51(X)? + B1B2 - 51(X)
= (X - (X +B0))* + (B + B2) - (X - (X + Bo))* + 1Bz - (X - (X + o))
= (X2 +B0- X)' + (B + B2) - (X2 + Bo- X)? + B1B2 - (X* + Bo - X)
= X%+ BiX* + (B8] + B2) X' + B3(B} + B2) X2 + B1BaX? + BoB1BeX

%ESAX)%Eﬂﬂﬁﬂgiﬂm-Xyﬁﬁmﬁﬁ,mﬁéTﬁMtﬁmam

=5 |8) Lk K9 [E) SRR T

A9 Subspace Polynomial ELfr_t2—7 Vanishing Polynomial, #EEXTEEIERER, FRLABATATAFIA Subspace
Polynomial 3 E X F == 8] Z [EJ AV EIZSERET

BlansF Vs = (Bo, b1, B2) , BATEX Vs B9F =8 Vi = {0, Bo} ®RE Subspace Polynomial s1(X)
51(X) = X - (X + Bo) (14)
RER, s1(V1) ={0,0}, MR s1(X) EBR Vs, EMNESEBETHENSER:



51(0) =0
31(50) =0
s1(B1) = PoB1 + 5%
51(Bo + B1) = BoB1 + B
2 (15)
51(B2) = PoB2 + B3
s1(Bo + B2) = BoB2 + S5
51(B1 + B2) = Bob1 + B2 + BoB2 + B3
s1(Bo + B1 + B2) = BoB1 + B + BoB2 + B3
FEMNERER s1(V3) HWBREEI T —PANRE Vs —HMES, ich V., ZEEHE—1FZE,
Va = (B4, B1) = (BoB1 + BT, BoBa + B3), #ER 2.
XARIHE, RIBHEMEE, RSME ¢: H > GMImage G#R G = H/Ker(¢), HEh G 2—1 18, #B
|G| = |H|/|Ker(¢)| . ELEXMIFE, s1: V3 — Vo 2ABME, Vi = Ker(s1) .
AR B 44 pY B 5
SHF Vo = 51(V3), BAMDIATT NS LEEMIE— Degree 9 2 B9 Subspace Polynomial,
$1(X) = X+ (X + Bopr + B7) (16)

AT V, BETEI— A — 4 T8 Vi = (8"). BIIREEHE 51(8)) 5 s1(B,) BRI, XL Basis SRR T Vi

s1(BoB1+ B2) =0
s1(BoB1 + B3 + BoBa + B3) = BiB1B2 + BoBi B2 + ByBs + BoB1B5 + BiB5 + B (17)
— ﬂ"

Hep V2 19 Basis (6, 1) FE— D ERWMEIE 0, B oEMHE 47,
Eltb, HAVSE—TBRESAIHE:

V3 i) V2 i> Vl (18)
FEMITUNERN:
(Bo, Br, Ba) — (51(B1), 51(B2)) — (s} (1(B2))) (19)
HBEERMEEIN S F =B HEE R — EEKINEF, IS EEEEMIE FFT 5 FRI XA REE,

THHERR, MTFEBNEEFEE, REFH(TEE— Basis 2[5, FMAILMKRI9IE Degree J9 2 B Subspace Polynomial {E
PIRETRE, AEBIMHBEBH—TEER 1 NFZE, RETHEES, BIFZTEREE 14, H7 Basis EARRE, MKk
Subspace Polynomial fiEEREE SR RRIMRETEE, GBS SRS X EZRSTTENNE,

s1 REINES

BEXmEEMTmETEER SO, matsnr=En SO, i xmezEnFEER SO

. o 5D

SO g 2y T, gl (20)

e SO g—aA BaS|s , g% BW (50 ,51 - --,,3s ), 7E Basis FEX Subspace Polynomial sg), HAEERE
ESmEiRL, £ S0 é& I SO+, s 78 ST 1y Basis BEIE SO 19 Basis BISIRE 31 ) s — g
B Basis, BIREIHT Basis 2[5, FANIXAAE X —HFHI Subspace Polynomial s“l (X),

?*zﬂ]fE %SO = (By, B, ..., Br_1) T8, AE—4 Basis By, &3t s; WS Z/E, Bl11558T SV, UREH Basis B

BY = (51(81), s1(B2), - - -, 51(Br-1)) (21)



£SO e sV (x):
sV(X) = X(X + 51(81)) (22)

Mo, SO M%FF$%52$RSOZHM%%EHZ°ﬂ$EH—¢E§aESO,b% 21T s, bR SV, REBLZ
i sV matm) SO mpEATE, REZESMRMEENETURS yFmsRanEs, sV (s (X)), BIMETRD
AT

s(s1(2)) = s1(X)(s1(X) + 51(61))
= 51(X)(s1(X + B1)) (additive homomorphism )

= 59(X) (recurrency )

FERMHSET s\ (51(X)) = 52(X) ., REHREZTFR 2-to-1 WIRET, ZNTM—IR 4-to-1 HIBRGS, FHENRMERS
BRET AL 5o

59:80 5 5@

(23)
X = X(X + Bo)(X + B1)(X + b1+ Bo)
MTEMR, AammmgsRsans s®
51(X) \./ J/ J/ \l/ s9(X) \l [)
vanished W/ ¥V V. V¥V Vanished s2(X) s3(X) s2(X)
L (a] (&) (&) (&) 1s®
@&ﬂ ________________________
V
Van|shed ______________________________________________
EEE WONGNON
I, BTG TENSE, NFRE8 j r2EngtrsE SO K
SW = (s;(8;), 8;(Bjs1), - - - 8;(Be-1)) (24)
HE s; HETENESER:
5i(X) = sgi)l(sl(X)) = sg.i)l 0 81 (25)

BN EAMESRATIURIEN: LM—K s; Batez SO %Eﬁﬁ—ﬁj—lﬁ%ﬂ%%&,%m$ﬁﬁ—mjﬁM%
s, MEHMHFIE—DF=E SO,

FItE, HANFAEERR: MREM IR j — 1 40085 s; 1, BEMSIENTE=E SU-Y Lg—R—4Bs, BETUEET
=18 S 1) -

5i(X) = 5{(s;1(X)) = 51 05,4 (26)
F—Meith, BATATLLIBAEE FTENEEMRE, BEEETENE SO L—R j 4met, SMTFEEELEM J /R 1 S

() = o 0 o )

Z 1IN i Polynomial Basis



HF—MRENF N = 2" — 2Tz f(X) € FIX]<, CAmMEINEATR, RER 5 TaEd) . HRRLY
RERIRE RO

fX)=co+earX+eX?+...+ey  XV! (28)

Hté= (c,C1y--.,cn 1) NBSTRNAKAE, BIRIENEE (1, X, X2,..., XV D) MR T —AS TR E
(Basis) , #IBHIFR 25 Monomial Basis, igj B™on :

Bmme = (1, X,X2,...,xN ) (29)
EXMEEEW A RAN TEM Tensor Product 2z :
B = (1,X)® (1, X)) ®...0 (1,X2) (30)

—ZMH TRMEL) FRP Lagrange Basis {ix. BIEATAIAA N 1 TREL RKE—FAE— Degree /NF N HIZ IR
(BEE, XBNRAFEE ZEXELNEE, MAZBRRT T2 RrPHRE) .

BEZHARRE, BITAIMERZINAE B LR, HIAE—1 degree 3 7 B t(X), BARIIATMULITHE
X4 X2 X MRH, EHESTmREE 4(X)/(X1 X2 X), B8R c; 5S—ARUSHR ¢'(X); REBHIHE
#(X)/(X*- X?), 185 BPomo = XS MRM cg, UL, SABRNEINET t(X) £F Bromo mAKEE

¢ = (Co,Cl, cee ,C7) , 513:

t(X):CO+01X+02X2—|—...—{—C7X7 (31)

FIFIRTX BiYie349 Subspace Polynomial sy (X) , BATAIAE X —4A5t) Basis. RBHEX, si(X) B degree 1a3Fth2
2k, #0 (1, X, X%, X1), Bt (so(X), s1(X), s2(X)) tBEIERMIES I Basis WEXRH. R B " WEX,
f11E X (Novel) Polynomial Basis BV :

Bl = (1,50(X)) ® (1,51(X)) ® ... ® (1, 5,1(X)) (32)

BERSIEX [LCH14] 71 [DP24] REMIZE, XEFHIERNIZESIA Normalized Subspace Polynomial, A EARIERE, [
FEENEY, EhE—1NoE Brvd #118ieHs Xi(X), EXWT:

[ay

n—

X;(X) = || (s;(X))", where bits(i) = (0,41, ,in 1) (33)
7=0
XE bits(i) RRIBEE ¢ IRIBHHIRF, thwl i =5, ¥4 bits(5) = (1,0,1), bits(6) = (0,1,1), =4
n=3 N =28, BRIANEN, BNAMNTEL—AZTHRAE (X(X), X1(X),..., (X))
Xy(X) =1
Xl(X) = So(X) =X
X2 (X) = s1(X)
X3(X) = s0(X) - s1(X)
34
X4(X) = 55(X) (34)
X5(X) == So(X) . SQ(X)
XG(X) - Sl(X) . SQ(X)

BHHK, S Basis D8 X;(X) #9 Degree 18530 i, Fit B " Htm 7T —EL4M T XNS TR Basis, HTFEEN
Degree /\F 8 9ZIMA f(X) € Fon[X]:

f(X) = a()X()(X) + ale(X) + ...+ a7X7(X)
= ag + a150(X) + az51(X) + azso(X) - 51(X) (35)
+ ay482(X) + a580(X) - $9(X) + ags1(X) - s2(X) + arso(X) - 51(X) - s2(X)

B, BATEUHES MR ERE— D STRIE B 7 BT 2k,
Additive FFT



AW Multiplicative FFT, ZEA9iE Additive FFT, FAIRZETE Forn REX—MINEFEEAIBRETHE, 2NHIFTA, Subspace
Polynomials 1437 7] IAFARA91&1X N BRET5E ., [ERY Subspace Polynomials X A BA#4iE—4A Z I Basis.

KO ()

O g Ly 0 gn) (36)

RNTERHE, 5En =3, SO = (By,B1,52) . 158 Multiplicative FFT B8, HA15A B ZRMST f(X)
(Degree § 7) #THFBUIRS, HOBRMTREURENZIN

f(X) = aOXO(X) —+ alé\,’l(X) + ...+ a7X7(X)
= ag + alsg(X) + a251(X) + a330(X) Sl(X)
+a482(X) + asso(X) - s2(X) + ags1(X) -
= (ao + a951(X) + ag82(X) + ags1(X) - 89

+(a1 + azso(X) - 51(X)

X)) (37)

REEABINE MBI ZIAR feven (X)), foaa(X) , EM

feven(X) =ap+tasz- SI(X) + ay - 32(X) +ag - sl(X) 32(X) (38)
fodd(X) =a;+as- sl(X) + as - SQ(X) +ar- Sl(X) . S2(X)
RERAZ AR SHMEINE MR, 51(X) = s 0 50(X), s2(X) = s\ 0s1(X), FEEMATMEH:
Feven(X) = ag +az - 857 (s1(X)) + aq - 17 (51(X)) + ag - 53 (s1(X)) - 81" (51(X))
= ap +az sy (s1(X) +aa sy (51(X)) +ag sy (51(X)) 57 (s1(X)) (39)
foad(X) = a1+ as - 53 (51(X)) + a5 - 517 (51(X)) + a7 - 55 (s1(X)) - 51 (51(X))
= a1+ ag- s (51(X) + a5 - 51 (51(X)) + ar - s (s1(X)) - 51 (s1(X))
ANY = s1(X) B, BMNTUE F(X) IFRDFEET feven(Y) T foaa(Y) B9%5R:
FX) = Feven(Y) + 80(X) - Fota(Y) (40)
TZIAR foven(Y) T foaa(Y) EF2EXE XV F2mt:
xMx) =1
V(X)) =s"(x) = s0(51(X) = 51(X) )
xM(x) =) = s1(s1(X)) = 55(X)
xV(x) =sP(X)-sV(X) = so(s1(X)) - s1(s1(X)) = s1(X) - 52(X)
BEETHFEZIIR:
Feven(X) = a0 - 25 (X) + a2 - 2,7 (X) + a4 " (X) + a5 - 2, (X) (42)

foia(X) = a1 - XV (X) + as - XV (X) + a5 - X (X) + a7 - 27 (X)

MEMLEE, X1M%5 Multiplicative FFTFF'E’] F(X) = feven(X2) 4+ X - foaa(X?) FHIESEN T X — X2 Bth
SRTF s1: X — X(X + Bo) g, S0 7 s, WBET, FEH—MRIREEE—EHF=E SO:

S = (s1(81), 51(B2)) (43)
FREMTUMKBEITEA, KE {feen(X) | X € SO }'i{fodd( )| X e WY, #EEFMA
F(X) = feven(X) + 50(X) - foaa(X) ZMERE3) f(X) £S5 Lrofd,

TEHEERSZIEERINRE, BABINIFEHT feen(X) 1 fora(X) £ SO Lig2ERE, iBH U5 ¥, EXMTF:



(anulau2au3) - (feven(o)a feven(1)7 feven(sl(ﬁl))a feven(sl(ﬁl) + 1))

(44)
(0, v1,v2,3) = (foda(0); foad(1), foda(51(B1)) foaa(s1(B1) + 1))
KEHMNMTNTE £(X) £SO Ero2mskiE, B £(X) |so :
f(0) = feven(51(0)) + 0 foaa(s1(0))
= Uy
f(l) = feven(sl(l)) +1-v;
= Uug + v1
f(/Bl) - feven(sl(ﬁl)) + /81 ' fodd(sl(/gl))
=u+f1- v
f(ﬁl + 1) = feven(sl(ﬁl) + 31(1)) + (ﬂl + ]-) : fodd(sl(ﬂl) + 51(1))
=wu;+ B1-v1+ v (45)

f(/82) = feven(sl(ﬁ2)) + BZ : fodd(sl(/B2))
= uz + B2 - v2

f(BQ + 1) = feven(sl(ﬁQ) + 31(1)) + (/62 + 1) . fodd(sl(ﬂQ) + 31(1))
= uy + B - v + v
f(B2+ B1) = feven(51(B2) + 51(B1)) + (B2 + B1) * foda(s1(B2) + 51(B1))
=ug + B2 - vz + B1 - v3
FBo+P1+1) = feven(51(B2) + 51(B1) +51(1)) + (B2 + B1 + 1) - foad(s1(B2) + s1(B1) + s1(1))
=us+ B2-vs+ P1-vs+vs

HABELEX Additive FFT 3BYAE A Python {KR3LINAN T :

def afft(f, k, B):
Perform the Additive Fast Fourier Transform (AFFT) on a given polynomial.

Args:
f (list): Coefficients of the polynomial to be transformed.
k (int): The depth of recursion, where 2"k is the size of the domain.

B (list): The basis of the domain over which the polynomial is evaluated.

Returns:

list: The evaluations of the polynomial over the domain.

if k == 0:
return [£f[0]]
half = 2**(k-1)

f even = f[::2]
f odd = f[1::2]

V = span(B) # the subspace spanned by B
g = lambda x: x*(x+B[0])/(B[l]*(B[l] + 1)) # s”(i)_ 1 map
B_half = [g(b) for b in B[l:]] # the basis of the mapped subspace

e _even = afft(f_even, k-1, B_half) # compute the evaluations of f even
e_odd afft(f_odd, k-1, B_half) # compute the evaluations of f odd

e = [0] * (2 * half) # initialize the list of evaluations



for i in range(0, half):
e[2*1] = e even[i] + V[2*i] * e_odd[i]

e[2*i+l] = e_even[i] + V[2*i+l] * e_odd[i]
return e
EE afft(£, k, B) BHE=ISH, SAUELWR f(X) £ B FREHEE, BTFE kE, URSsinT=E s
B9 Basis,

B4 4

100N =

Additive FFT BB E— MBI Subspace Polynomial #9i&H F = [ERIBRETHE, AN BRIREH /B REEIISH i)
i, MR—MEIZIAEEN, 7E LCH14] iEXHFRANE S —MiE)T Additive FFT Bi%, BITBET—RXHPNBHE
MES, UK [DP24] IEXHH] Additive FFT &% (Algorithm 2)
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