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In the previous article "Overview of Basefold's Soundness Proof under List Decoding", we outlined the approach to the
soundness proof in the [H24] paper. This article will delve deeper into the proof details following this approach, focusing
mainly on the proof of [H24, Lemma 1], which demonstrates the soundness error of the Basefold protocol in the commit
phase.

Lemma 1 [H24, Lemma 1] (Soundness commit phase). Take a proximity parameter § = 1 — (1 + ﬁ) /P, withm > 3.
Suppose that a (possibly computationally unbounded) algorithm P* succeeds the commitment phase with » > 0 rounds
with probability larger than

Ec=¢€pt+er+...+e&p, (1)

where gg = 8(C¢, M, 9) is the soundness error from Theorem 3, and

1
€ = E(Ci7laBia0)+—7 (2)
|F|

with £(C;, 1, B;, 0) being the soundness error from Theorem 4, where B; = “i = 2% Then (go, - .., gum) belongs to R.

il

[H24, Theorem 3] mentioned in the lemma is the correlated agreement theorem for subcodes under list decoding, while
[H24, Theorem 4] is the weighted version of [H24, Theorem 3].

The relation R implies that P* has not cheated, indicating that the committed polynomials (go, - - - , gar) are both within
distance @ from the corresponding encoding space and consistent with the committed values vy, . .., v3s at the query point
@ = (wi,...,wp), ie.

Ipo, - .., o € F[X]<? s.t.
R = (907"'7gM):d((g(]a"'7gM)a(p05"'7pM))<0 . (3)
AN Pr (W1 -y wn) = vy,

Lemma 1 states that if P*'s success probability in the commit phase exceeds €¢, we can trust that P* has not cheated, and
the claimed relation R holds.

Here, we need to mathematically define what it means for P* to succeed in the 0 < r < n round of the commit phase. This
is the concept of a-good given in the [H24] paper. From the protocol itself, P*'s success means that the verifier receives

fo, Mo, f1, A1, fo, Ao, ..., Ay, fr from P*, then performs checks: one is the sumcheck, and the other is randomly
selecting x in Dy to verify that the FRI folding is correct. First, the parameter o =1 — 6 € (0,1), i.e.,

a:(l—l—ﬁ)-\/_p (a)

Let F; represent the polynomial space corresponding to the Reed-Solomon code C; = RSqu-i[F, D;|, where D; is the result
of applying the mapping wto D i times, i.e.,, D; = 7ri(D),i =0,...,n. Therefore, the polynomial subspace corresponding
to C} C C; is defined as

.Fil = {p(X) e Fi: P(wi+1, .. .,wn) = 0} (5)

1. The sumcheck is correct. This means there exists p,(X) € F,, with corresponding multivariate polynomial P,
satisfying

L((wl, ‘o ,wr), ()\1, ey >\r)) . P,-((.U], ‘o ,wn) = QTfl(Ar) (6)

Based on the relationship between ¢;(X) and A;(X), we can deduce that P, needs to satisfy
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L((w1ye-eywr)y, A1y ooy Ar)) Pr(wrsty e ooy wn) = gro1(Ar) (1)
= L((w1y-- ywr)y A1y s A0)) - A1 (A)

2. The folding is correct. It needs to satisfy

H cD (fo,- .-, fr) satisfy all folding checks along x
x :
' N (2)) = po(" ()

Here, only when the proportion of z in D satisfying the folding check is greater than «, after mapping through 7", will
the verifier pass in the end.

}\ > a. Dy (2)

When conditions 1 and 2 are met, we say that such ( fo, Ao, f1, A1, fo, Ao, ..., A1, fr) is a-good for (Ag, ..., Ap).

Proof of Lemma 1

The proof of Lemma 1 uses mathematical induction. First, it proves that the conclusion holds when r = 0, using [H24,
Theorem 3]. Then, assuming Lemma 1 holds for 0 < r < n, it proves that the conclusion also holds for r + 1. This process
uses the weighted [H24, Theorem 4], following a similar approach to the one introduced in the previous article. For example,
in the r 4 1 round, starting with the conditions satisfied by f,,1 obtained after folding with the random number A, 1, which
is close to the corresponding encoding space and satisfies the sumcheck constraint, we first deduce that the corresponding

,fH satisfies some conditions. This allows us to use the correlated agreement theorem for subcodes. Applying the
theorem's conclusion, we can then derive the properties satisfied by f, o and f, 1 before folding, and from this, deduce the
properties satisfied by f,. At this point, applying the induction hypothesis, we can obtain that the conditions of the lemma
are satisfied in the r-th round, thus proving that the conclusion holds in the r-th round, which in turn proves that the lemma
holds in the (r + 1)-th round.

Proof: First, prove that the lemma holds when 7 = 0. The given condition is that P*'s success probability in the commit
phase is greater than &(Cy, M, 0), and we want to prove that (g1, - - ., ga) € R. According to the condition and the
definition of a-good, we can deduce that with a probability greater than €(Cy, M, 6), the f, provided by P* is a-good for Ag
. Then, considering the polynomials g;c = g, — vy, before folding, the probability that they are within distance 6 from the
corresponding subcode (36 C Cp (which means the consistent part is greater than «) is

M
Pr |\ : Jpg € Fy s.t. agree (Z gk - A’g,ps(X)) > a] > g(Co, M, 0) (7)
k=0

The purpose of considering polynomials gjg = g — Vi instead of gy, is to allow our analysis to enter the scope of the linear
subcode C/,, so we can use [H24, Theorem 3] to obtain polynomials

po(X), -, pPu(X) € Fy (8)
and a set Dy C D, satisfying
1. [Dyl/|D] = a
2. p(X)|py = 9(X)|
Now that we have found polynomials p((X), . . ., ph,(X), for polynomials
po(X) + voy - -+, PR (X) + v € Fo (9)
they satisfy
(0%(X) 4+ vi)| by = (91(X) + k)|, = gr(X)|p, 0< k<M (10)
The multilinear polynomial Py € F[X1, ..., X,] corresponding to pj(X) + vy also satisfies Pj(w) = vy, therefore

(91,---,9m) €ER.

Now assume the lemma holds for 0 < r < n, and we want to prove that it still holds for r + 1. According to the conditions
of the lemma, in the (7 + 1)-th round, P*'s success probability in the commit phase exceeds (g + €1 + ... + &) + €41
Let T be the set composed of tr,, = (Ao, fo, Ao, - - - 5 Ar, fry Ay ). Therefore, under the condition

Pr[T] >eo+... +&r (11)



P*'s success probability is greater than €, 1, i.e.,

E|f7‘-4—lSt ()‘07f07A07'"7>\T7fT7ATafT+1)
P )‘r > e, 12
P is a-good for (Mg, ..., Art1) Erl (12)

From the definition of a-good, we can deduce that for A1 satisfying a-good, there exists a polynomial p, 11 € Fpy1
satisfying the sumcheck constraint, such that

agreem((l - 7‘+1) fr0+)\r+1 fr17p7'+1) o (3)
Here, v, is a sub-probability measure with density function defined as, fory € D,y

Hz € 7= *D(y) : (fo,..., f») satisfies all folding checks along z}|
m= ) (y)]

Here's an explanation of what equation (3) essentially represents: it's equivalent to equation (2) in the definition of a-good.
According to the definition of the agree function, equation (3) is equivalent to

Vr({y € Dry1 : (1= Xps1) - fro+ X r1) (W) = r1(9) })
’Dr+1’

9, (y) =

(13)

> a (14)

First, let's form a set S, 1 consisting of yin D, that satisfy the folding relation, then calculate this set using the v,
function.

VT(ST+1) = Z 57'(y)

yesr+1

Z Hz € 7=+ (y) : (fo,..., fr) satisfies all folding checks along z}|

yeBrin =) (y)]
B {z € 7= (y) : (fo,..., fr) satisfies all folding checks along z}|
= — (15)
yESr+1
L Z ‘Sy,()’
T +1
yESrJrl 2T
EyESTH ‘S%O’
R a—
Therefore
1% S 1
agree, ((1— Ary1) - fro+ Ari1 - fr1,prp1) = M
|Dr+1|
— Zyes7'+1 S ) (16)
2rtl. ‘Dr+1‘
o ZyESTH |Sy70
Do
The numerator }° ¢ [Sy|in the above equation represents the number of points in Dy that satisfy the (r + 1)-th
folding correctly, and also pass the folding checks for (fo, . - ., fr). Equation (3) becomes
> 840l > a-[Dyf (17)
yesr+1

This is completely consistent with equation (2) in the definition of a-good. Next, following the soundness proof approach
introduced in the previous article, since the multilinear polynomial P, ; corresponding to p,1(X) satisfies the sumcheck
constraint, it satisfies

L((wl, ey wr+1), ()\1, ceey )\T+1))-Pr+1(wr+2, e ,wn) = qr()\rJrl)

= L1 @1y oo Arin) - A (M) (18)

This leads to



L((wla s 7w7')7 ()\17 e 7A7")) . L(wTJrl; )‘7‘+1)'P7‘+1(w7"+27 vee 7wn) (
- L((wla s 7w7‘)7 ()‘17 SRR Ar)) : L(wr+17 )‘7'+1) . Ar(>\r+1)

For the choice of A4 1, there is a 1/|F| probability that L(w;+1, Ar+1) = 0, making the above equation hold. Therefore,
with a probability exceeding

19)

1

E —_— —_—
r+1 ’F|

= E(Ci+1, 1a Br+17 0) (20)
polynomials p;1 = pri1 — Ar(Ari1) € Fiiy,and f) g = fro — An(0), £l = fr1 — Ap(1) satisfy
agree, (1~ A1) - flo + Arer - L1 Phn) > @ (21)
The above satisfied condition can be written as
Jp,, € Fl st

Pr )‘r 1
i agreem((l - )\T+1) ’ f;,o + )‘r+1 ' frl,lap;H) >

> &(Ci11,1, Byy1, 0) (22)
This also satisfies the conditions of the weighted correlated agreement theorem [H24, Theorem 4], so we can obtain
polynomials p;. o(X), p;.1(X) € F/,;, and aset Ari1 C Dy satisfying:

1. vp(Ap1) >1-0

2. P;«,O(X) A = fr/,o(X) Ar+11P;~,1(X) A = 7{,1 (X)
Now that we have found polynomials p}. ,(X), p;. ; (X), there exist polynomials

Pro(X) = pro(X) + A:(0), pra(X) =p) 1 (X) +Ar(1) € Fria (23)

Ar+1

and

fro(X) = £0(X) + 4:(0),  fra(X) = £1(X) + A,(1) (24)
According to conclusion 2 given by correlated agreement, we can get

Pro(X)]a,., = fro(X) Ay = Fra(X)] 4, (25)

For the multilinear polynomials P,y and P, ; corresponding to p,.o(X), p,1(X), according to the definition of F, we can
get

Ar+1 Y p"')l (X)

P,«7()(wr+2, e ,wn) = A,«(O)

PT,l(wT+2a cee awn) = Ar(l) (26)

Obtain A, = 7T_1(A,~+1) C D, by inverse mapping the points in set A, through 7. At these points, f,. must be consistent
with

Pr(X) = pro(X?) + X - pra(X?) € F, (27)
For the multilinear polynomial P, corresponding to p,(X), it satisfies

Pr(wyi1,Wri2y .. ywpn) = (1 —wpi1) - Pro(wrtay ooy wn) + wri1 - Pri(wpsg, ... wy)
(1= wrr) Ar(0) + rr - A (1) (28)
= L(wr41,0) - A(0) + L(wp41, 1) - Ar(1)

From this, we can conclude that the sumcheck in the r-th round is satisfied:

L(wl,"',wﬁAl,"‘a/\r) 'Pr(wr+1awr+2a---awn)
= L(wl, o ,wr,>\1, .o ,Ar) . L(wTH,O) . AT(O)

L1 @ Ay s A) - D{wra, 1) - A(1) (29)
= QT(O) + QT(]-)
= QT—I()\T)

Now that we have obtained that the sumcheck in the r-th round is satisfied, we need to consider whether the folding relation
is satisfied. Consider x € 71"1(A,), we have



{z € 77 "(A,) : all folding checks hold for f,..., f.}|

| Do
1 —(r
=Dy D oy - [T (y)]
yEAH»l

2T+1 (30)
=T 3(y)

)

1

= : (y)

‘Dr+1| yE;rH
= Vr(Ar+1)

We have already obtained v,(A,11) > a through the correlated agreement theorem, so the proportion of z in Dy that can
satisfy the folding check exceeds . Combining the sumcheck constraint and folding relation in the r-th round, we get that
(fo, Ao, ..., fryAy) is a-good for (A, - .., A). Since the probability of generating such a trace set is

Pr[f] >ep+...+¢&; (31)
it satisfies the conditions of the lemma. By the induction hypothesis, the lemma holds in the r-th round, so we can conclude
that (go, - ,gM) € R. This proves that the lemma also holds in the (7’ + 1)-th round. Thus, the lemma is proved. O
References

e [H24] Ulrich Habock. "Basefold in the List Decoding Regime." Cryptology ePrint Archive(2024).



	Note on Soundness Proof of Basefold under List Decoding
	Proof of Lemma 1
	References


