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AENEFEME Ulrich Habock 7EIEX [H24] LA 19X T Basefold [ZCF23] £5H A9 multilinear PCS £ list decoding T
ML E MR, 18X [ZCF23] 1, £5HAY soundness IEBARTE unique decoding T4t3Y foldable linear code B9, M7E
[H24] #1, HIERRZ%t3S Reed-Solomon code 8, BRZ7E list decoding &, §FHIEFEIT Johnson bound, BI1 —/p.
ATIRREM, BXHLEH T [BCIKS20] £5HAY correlated agreement B3&#Y correlated agreement EIE:

1. [H24, Theorem 3] Correlated agreement for subcodes.

2. [H24, Theorem 4] Weighted correlated agreement for subcodes.

YR ZE[E Basefold MY FETE Reed-Solomon code k£, ZiMYES T FRI F sumcheck, ZEiFFAEZ S, [H24] IR T
BE4E S sumcheck Z95REY subcodes, BE27 Reed-Solomon code BIERE L3700 7 2 sumcheck BIIER, XEBLES NN
9 correlated agreement E3%, RBEXHMNHITLEMIEAT .

Basefold {#}iX

HF—Msrgtzm P(X, X, ..., X,) € F[Xy,...,X,], BEIBRYTEaEs F" nEiH
&= (wiy...,wyn), Bv=Pwi,...,wp) . ATIMSZTEMZTR P(X1, X2,...,X,) B PCS, Basefold ¥ 4E
&7 Sumcheck 5 FRI MY, TEESIEX [H24] HE9HER, #HITNA,

&4 Sumcheck Y
RTIER v = P(wi,...,wy), EEEEWNEP(W,...,w,) Bk Sumcheck KA, BD
P(wla--'aw’n): Z L(if,(:))P(;f) (1)

Z=(x1,. . .,xn)EH,

Heh H, = {0,1}", X2 L(Z,5) HZHE eq(-,-) EEY, B
L(#,&) = [ (1 —2:)(1 — w)) + 2iwi) (2)
i=1

RIEIERN v = P(wy, ... ,wy,) Ml TIEA%E H, EAKRH, BN
Y LE®)-P@E)=v (3)

F=(z1,...,x,)€H,
1 FSRA Sumcheck X ETLAIERRZRFNIER.
MFi=1,...,n—1, Prover BEMREHEMBENI A1, ..., N\, ME—D—TSHRK
0(X) = > L, 2, X, 2,0) - P(Aq, ..., A, X, Z) (4)

Z=(Tit2, . Tn) EHp (i11)
HM WA ZE Z T P()\la ey )‘ia X, Wit2y. .. ’wn) °

AMRERE ¢;(X) &, L(Aq,..., 0, X, Z,0) xF X 278, M P(A,..., N, X,Z) *F X bR, BI1MER
Z2REFxF X TR RNT, ATREMNNTTF linear subcodes B correlated agreement EIEMEX N, XERIHEXF X
H—R& M, Prover EERIXNELMEZIN
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AZ(X) = Z L(?ﬁ, (wi+2,...,wn))-P()\l,...,)\i,X,if) (5)

E=(Zisg,e - yZn) EHpn (141

BT
L(()\la s 7/\i7Xa E)a&}) = L(()‘la ey )‘i7X75§)7 (w17 ceey Wiy Wit 1, Wig 2, ... 7wn))
= (H[(l =21 —wj) + Ajwj])
j=1
(1= A) (1 —wi1) + X - wig) (6)
' ( [T =2)1—w))+ )\jw]-])
j=i+2
= L()\l, ey )\i,wl, e ,wi) . L(X, w,-+1) . L(Zé, (wi+2, e ,wn))
ES)lie

qi(X) = L( A1, .-, Aiywiy e oo ywi) - (X wigr) - Ai(X). (7)
Prover REERM A;(X), Verifier AIBE @I X FHE ¢;(X) .

7 Sumcheck %R, Prover SR E—PRTESMK Ao(X) = D54, 0)er, , LT (W2, . wn)) - P(X,Z) U
Eso=v, #E8EE1<i<n- 18",

1. Verifier BJLAMRIE A;1(X) iHEH q;1(X) #EE s 1 = ¢;-1(0) + ¢i-1(1) . HERE—THENE N, « SF R
JELA Prover,

2. Prover #R4% \; itHEAIAMEE P(A1, .., Aiy X, .., X)), BULEH A, (X) RILR Verifier, 3H Prover #
Verifier EIY< 5; = q;-1(Ai) o

1E Sumcheck WRE—SBERE P(X1,..., X,) E—DREIA (A1, A, ., An) R0H0ME, B
P(AL, -5 An), (8)

ZEFBIAE FRI X FRRAIRENEL A1, .., Ay W=D ESTEMSTR P(X1, Xo, ..., X,) BOREFBY
2" — 1 —TSI fo(X) #TREEE. 3 fo(X) BT nokirE, REREI—EMc, RNFZHERS
P(A,..., ) =c.

#54 FRI 1Y

HFEZrgMsHR P(X1, X, ..., X,) , B—1M—7ZWR fo(X) (H24] hFRZ A univariate representation) S5E
HATIIRL,

2"—1
fo(X) =Y P(ir,... i) - X (9)
=0
A, iy, .., 0, B OTHEIRT, i1 KRG i, RTRBAL

i, n =3, RIRSTLEMSHHAN

P(Xl,Xg,Xg) =ag+ a1 X1+ as Xy +a3X1Xs +as X3+ a5 X1 X3 +agXo X3+ a7 X1 X2X3 (10)

M5 P(X1, Xo, X3) HRH—TZHR fo(X) B



7
fo(X) = P(ir,ig,is) - X'
=0

= P(0,0,0) + P(1,0,0)X + P(0,1,0)X? + P(1,1,0) X3

+P(0,0,1)X* + P(1,0,1)X° 4+ P(0,1,1)X°® + P(1,1,1) X" (11)
= (P(0,0,0) + P(0,1,0)X2 + P(0,0,1)X*)

+X - (P(1,0,0) + P(1,1,0)X? + P(1,0,1)X* + P(1,1,1)X°)
= foo(X?) + X - fo1(X?)

X2 fo,0(X?) WRT fo(X) BBEI, M fo1(X?) WRT fo(X) BB, TTULKIUBLITH

P(0,0,0) + P(0,1,0) X2 + P(0,0,1)X* REME T & MESTAXFH P(0, -, ) , FHEIRNALKWRT P(1,-,-)
o BAER, foo(X) =2 P(0, X2, X3) 8 univariate representation , fo1(X) &2 P(1, X2, X3) K univariate
representation , EA

foo(X) = iP(O,il,iz) - X'
o (12)
for(X) = ;P(l,il,iz) D¢
X fo,0(X) 5 fo(X) #THE, ATMEE
fi(X) = (1= X1) - foo(X) + A1+ fou(X) (13)
1 f1(X) 182 P(A1, X3, X3) 8 univariate representation , SEEXBIFBHHRHARE FRI N E LAY
f1(X) = foo(X) + A1+ fo1(X) (14)

RERNEXMERT, B30 f1(X) HTREES P(A1, X, ..., X,) X, RM—7SHRE SasM ST 2 89N
XARYEN, EXMIFES AT, BNZERXEXRMIZZAWHIR IBX [ACFY24] KEVRIR 21X Fh3T i H )

Ffo(X)=P(X¥ X% ... X" (15)
REMTRFFHSERMHMXEAT f1(X) 885 P(\1, X, ..., X,) SEL,

B [H24] LHN—TS TR 5 STAMSMKMNRXR, RS TER 1 — A H A 5 fo(X) BB
f1(X) @RS P(A1, Xo, X3) MR8, MF—M P(X1,...,X,) %

P(X)= Y P@)-L(#X) (16)

TcH,

]lid



P(A\, Xa, ..., X,) = Y P(b) L(b, (A1, X, ..., Xp))
beH,

_Z( (1 =0b1)1 = A1) + b1\ ﬁ 1—b;) z)+bzXz]>

beH, =2

= z:<Pm£y«1—mu—Ag+0-

ZGHn,1

+ ) (Pub (1-1)(1—=A) +1-

beHn 1

=Y (P(O,B)-(l—)\)

ZEHn,l

+.z:<Pub fim—bml—X0+@&O

beH, . =2

=(1-x) > (P(o,B) :

I;EHn,1

+A1 Z (P(l,z) : ﬁ [(1—=0b:)(1—X;) + biXi]>

BEHTHl
= (]_—Al)P(O,Xz,...,Xn)—f—)\lP(l,XQ,...,Xn)

A fi 1-b;) 0+mxg>
A1) f[l—b(l—X)+bX0
1=2

(17)

:::

[(1—-0)(1—-X;)+ b¢X¢]>

-
Il
o

.

||
I\

(1 —=0b)(1—X;) + bz'Xz']>

(3

MB
f1(X) = (1= A1) - foo(X) + A1 - fo,1(X)

3 3
= (1= A1) ) P(0,i,i9) - X'+ Ay Y P(1dy, ) - X
=0 =0
° (18)
1 - Al)P(O 21,’[,2) -+ A P(]. 11,12))
0

<.
Il

P(A1,iq,49) - X°

I
.Mw

S
I
S

E iR 7T f1(X) 2 P(A\, X2, X3) B9 univariate representation EEEEMARY f1(X) BRI A, As #1T
e, BEESIEHZHR, HEMBTFRE P(A1, A2, A3) . BE—T, Basefold iHiXmE— B ARHERX 2 TE it 2R
4T Sumcheck 1Y, —iBFBEIFEAIFREANETXS N A —IT Z I i#E4T FRI MY, MM Z o4 SN A PCS, XA

[H24, Protocol 1], 2%t%J Reed-Solomon H Basefold ¥ . EANNABEMLL, XEMABEREFNININRET,
J£ 0, [H24, Protocol 17 ,

® typo 7 [H24, Protocol 1] #1, Query MERIEX TS EEERRMINE X AN
fo(zi) + fo(—z:) fo(zi) + fo(—z:)

fir1(zit1) = 5 + A - s (19)
BARERISALARERR, BRIANRIZEN
Zi)+ Jo(—Ti ;) — fo(—x;
(i) = (1 - 3y - LI Sole) = hize) (20

[H24] IE3TIERARY soundness BHHIFAIEBEARI—TAIY, B batch hr7A#] Basefold 11X,



Protocol 2 [H24, Protocol 2] (Batch Reed-Solomon code Basefold). The prover shares the Reed-Solomon
codewords go, - - -, g € Co = RSa:[F, Do) = {q()|scp, : ¢(z) € F[X]<?"} of the multilinears

Go, ..., Gy, together with their evaluation claims v, ..., vy at@ € F™ with the verifier. Then they engage in
the following extension of Protocol 1:

1. In a preceding round ¢ = 0, the verifier sends a random g <— $F', and the prover answers with the oracle
for

M
=Y X6 gx (1)
k=0

Then both prover and verifier engage in Protocol 1 on fj and the claim vg = ZkM:U )\lg - U . In addition to the
checks in Protocol 1, the verifier also checks that equation (1) holds at every sample z from D, .

batch HrZH) Basefold MY E LA —1BENEL Ao , BIEMNERE go,. .., 9y ZHAEEE, HERE—TERE fo,
BXEH Protocol 1,

1V

Soundness 5T

AT EESH Protocol 2 9 soundness error iEBBRE, B 5Ti%AE soundness error IS X, X FEE—DRIBE(ETLH
Prover P* | HLAHH go, ..., gy PIFHE g), 858 Reed-Solomon 4wE3ZE Co #8310  ([H24] EA5 list decoding TFHIIE

BH, ELEERSEO (— 1-— \/ﬁ)) & gr MRIAY multilinear representation Py, A & evaluation claim

P(0) = vy, ELFHET, P* @ Verifier @ERBIERETBT ¢, XMRZR ¢ BMFRA soundness error, #6)1ER,
soundness error FE O HELH] Prover P* BE{%S21E)T Verifier I EHIMRR, P* BEEE@ETINE, Ol SN ASEN
LS| NFEHLEIHY TS, DMAIIE =4b:

1. Commit ffrE&
1. FABEHEL Ao 35 go, . . ., gar 4T batch, RIERA ¢, »
2. FABEHLER A1, ..., Ay BT sumcheck 5 £ FRI ITEEEE, REBEEN ¢, »
2. Query &
. Verifier BEALIEEY g < Do RIOBRE TR, RUBRN €query
Ft, EMHIYEI soundness error

e <eq, +Ec, T Equery- (21)
Commit i ExX
MEZERA A\ — SF I fo IFBM fr, WIBER, B

=0 —=X1)- foo+ A+ foa (22)
BRIRATENSE O = =, BT \| BIEEE F HIBENE, BeleEEI FEXMIER:



—_ (1-))) - + A _——

foo Poo fo1  Poa o P

PN
| =

fo Do A(fx,C1) =

1

A(fo,Co) = — > 3

oo | ot

EH8 po, P00, o1, P, D BIEIRL Reed-Solomon HIBEEFIER fo, foo, fo1, [, HANBF, RERANGERTRE
NEZREER, MARNRERTEZRNETRE. TAEY, STFEER Prover 12849 fo , HIEE Reed-Solomon %
8 Co MEEBAT 6 = £, BRAN N\ #TIHEZ/FESEIN f), BEE Reed-Solomon =18 C; AIEEHIVNTF 0 B1ER, X
¥ f1 TEEENMINPFABIT Verifier BIRBIRIE, P* FBINMIERIR T Verifier ,

BBAEI B XFE R R 2 S/ DIE? HE [BCIKS20] 4469 Correlated Agreement EIELAE . ZERBIRNE, WR
PrA(1 = A)foo+Aifor,C) <] > e (23)
Hrhe 2—1M 6, p, |F|, |D1| BEH—DPRF, BEISH €(0, p, |F|, |D1|), 3B unique decoding 1 list decoding

THARWEAEAE (X—BoBEE T —THHTEMERE) . BHME, BB & F RimAaRRE, B3 f,, BEF
BEE Cy MBI 0 WILEBIBTE T e, BAM—ERE—TFE D' C Dy UK Ci FEIBZF po o, po,1 E5

1. |D'|/|Dy| >1-9,

2. foolpr = poolp A& fo1lp = poilp -

/
— 1-N) - RN =
Joo  Poo fo1 Po1 i, Px
D3 1 1
== -9 _
.fO Do |Di| 4 -1 A(fAnC1)—Z<§

MERNEERE foo 5 foo MUEBRIBZE C; LA, BRENEZ—MERNES D' 5HNNBFER, X2
RIFIVEIE, AIABSIAIRIES R fo B Co AUEEES.

WIS 7 x> x? AL Do PSSR Dy, META 7 1% D' C Dy hRSmEE Dy, i, 8w =1%
Dy = {w°, w!, w? W, W W, Wb W} (24)

MES ST 7 : 2 — 22 BTABE



D, = {wO’w27w4,w6} (25)
Big D' = {°, w? Wi}, BATTINEE]
D) = {o°, wh,0?, wh W’ W) (26)

0T EIRR:

DI

HIFEIRIE correlated agreement EESEIT foolp = poolp AR fo1lpr = po,1| o, EUEBILURIE poo MK po,1 155
rEZANZINR

po(X) = poo(X?) + X - po1(X?) (27)
FEYE fo(X) 5po(X) £ m (D) LHES—H, HItbHERT fo(X) FHEB=E Co HWIES
—1 D/
A(fo,Co) < I (D)| <0 (28)
| Dy
—_— 1) - Y o
foo  Poo fo1  Poa o Px
D 3 L
fo Po I AlfrsC) = 7 < 5

po(X) = poo(X?) + X - po1 (X?)
A(fo,Co) < 0

XhRBEIRAR Prover B 1EEE, REX fo EBEXNNINBBTEABE 0 . ERIHVIEE, 11D Prover {EERIER T,
HRERINIRIT Verifier BUEZ, IFE correlated agreement EIEFIF T EHNR T —MIEZE e, 8EMAIR Prover R BEE, X
HiABENSR Prover fEB%, BERIHIRT Verifier WARRARESBT X MER € ,



ZIEATF D Hr5E Commit BYERRY soundness error T153? @ T LRSS, FHAMER correlated agreement EIEEE] T
AT SMNE A B3N, SBUFEZENSTREERT Verifier R, (BREE—AEIC(E, Basefold MY MXEREZE
L FRI BT B RS IEH, TERFAE sumcheck IR, AL EARDHTEARER, (5B LR correlated agreement EIERY
B, EEEM EEI sumcheck LR, MREFAENSIN py, WA Py, = P(A1, Xo,..., X,) %E sumcheck £
R, 18152 poo(X) 5 po1(X) WRK Py = P(0,Xs,...,X,) 5 P = P(1,X,,...,X,) 8% sumcheck 43,
XEBR(MEEHETITE R R EHE sumcheck AR T,

T @ +/\1'Q@D;_—>B

foo  Poo foq  Poa o Py
Py =P(0,X,,...,X,) P =P(1,X,,...,X,) Py, = P(\, Xy, ..., X)
fo Po \L \L L
v
X) = poo(X?) + X - poa(X? Ar) = L((M1,3),&) - P(A1, @
P =l Pl (008 P = 0o B8P =) |00 By KO0 D
P(X1,X,..., Xn) = (L((A, ), &), Pa) s
\l/ v\\ -

suncheck | (E(),3), P, =30 |
F B
/l\

50 = qo(0) + go(1)

IMTEZE sumcheck 43R, 240

<L(()‘1’ ')’(‘—‘})7P)\1>Hn4 = C.Io()\l) (29)

B
(L((0,-),®), Po) a,, = q0(0) (2)
(L((1,-),@), P1)m, . = qo(1) (3)

R (2) 52 (3) B3I, BF so = qo(0) + qo(1) , WATLASEIE poo(X) 5 qo,1(X) BEI po(X) SRS TN
=R P(X) %@ sumcheck 43K,

TERIEH2417E 3.2 THBEE, #SER (2) 52 (3) MiL. RIE ¢(X) 5 Ai(X) xR, 53

q0(A1) = L(Ar, w1) - Ag(Ar) (30)
m
(L((A1,4), @), Pa) i,y = L(A,w1) - (L(+we, - .o, wn), Pay)a, (31)
ALt
L(A1,w1) - (L(wa,- -y wn), Py, = L(A1,wi) - Ao(Ar) (32)

BT L(X,w) = (1 — X)(1 —w) + X - w BE—P—RBWRK, Et, L(X) EF hRE-ATE, %\ BEZS
B, $aB L(\,wi) =0, W ERERMII, MALRHOEER1/|F|. £ LOy,w) £0, WA

(L(-,way ... wn), Pa)m, , = Ao(A1) (33)
[H24] 1834t
(L(-y w2y ..oy wn), Py — Ao(M))m, , =0 (4)
XA —NEERS, BF P, = P(A, X, ..., X,) . B4



<L(-,w2, e ,wn),P)\1>Hn71 = Z L(&f, (wQ, e ,wn)) . P()\l,f)
:EGHn,l (34)
= P(A,wa,...,wy)

B LERSEREIA
P(A1,wa, ... ,wy) = Ag(Ar) (35)

BN P(Xiy ., Xa) = PO, Koy, Xo) — Ao(Ar) , BEER (2, 0,) A0SR
P'(wg,...,wy) =0, BP'(wy,...,w,) ARTH

P'(w2,...,wn) = <L( w2, . wn) P,( )> Hy

= (L(-,ws, ..., wn), P(A1,-) = Ao(A1)) (36)
= (L(+ w2, ... >wn)7P/\1 Ao(M))m,
=0
5]l
(L(+,way ... ,wpn), P\, — Ao(A1))m, , =0 (37)
FRZe 1N
Ao(A1) = (1 — A1) - Ag(0) + A1 - Ap(D) (5)
EL:b
=@ =A1)" foo+ A1+ for (6)
=2t (6) i (5) 1851
= Do(A) = (1= A1) - (foo — Ao(0)) + A1 - (fo,1 — Ao(1)) (38)
LB
o=@ =X1) - (foo = Ao(0)) + A1+ (fou1 — Ao(1)) (39)
{RBB Z B correlated agreement EIEM B, RIFSKHE, &
P AL = M) oo+ Afor,€1) 6] > ¢ (40)

OFRE [y, BB py, FHBE 0 AF—MFRR €, BATNARAE—E Ao(\1) , FRBIMENZID0ES, Eit f) 56
#p) = pr — Ao(A\1) T 6.,

Ph, = pr — Ao(\1) BFBMREREER? HAVE py, € Poor = FIX]<Y |, i Ao(M1) ARLE—ME, Biitp),
RIATE Pt TR, FRBI LEEZHSEH

(L(-yway ... ywn), Py, — Ao(A1))m, , =0 (41)
BEBA p\ | WRIZTEMSTREHE— DIXHNRRALR, RN p)\ £ Pu1 89— DF=EH, B
o1 = {u(X) € Ppo1 : (L(-way ... ywy),U)g, , =0} (42)

ERXP U MES u(X) BNNNZ TEM SR, BXEN— D ZHRFZ BT UERRBEE C; & FE C) . 7
E3, ®E q;(X) g A;(X) 123K, HNT M sumcheck MARZE, ANEEENRIETEZERBILE
BN — P& EF=E,

I)”.,T'_E'%TEETJ?E}’:‘UE’]ZEW»’E, ic fé’() = fg’() — A()(O) , fé,l = f071 — Ag(l) , =]
=@ =X) - foo+ M- fou (43)
RN, £ B8 p) —pr — Ao(\1) FBEOATF e, py € P, B



PrA((L= M) foo + M i€l < 6> € (44)

[H24, Theorem 3] LA T X< F 4 M FRBHY correlated agreement EI2, HTRHRBAE F—FHRHTNA., ZEEBEILA
H, &FERE P WBHR Poo AR py,, MKk D' C Dy, #HE

1 |D'|/|Dy| > 16,
2. foolpr = poolo BB fi 1|0 = poslor
ZE P, MEET sumcheck AR, 1RIE fo M fo 1 MEXFIIAEE
foo = fo,0 +Ao(0)

for = fo1 + Ao(1) (45)
HF Ao(0) 5 Ao(1) ARLEHRR—TE, RIEEL2, ME
foo(X)|pr = 5,0 (X) D + Ao (0) = (P o(X) + Ao(0))|pr (46)
fo1(X)|pr = .1 (X) | + Ao(1) = (po1(X) + Ao(1))| D
P0,0(X) = pyo(X) + Ao(0) (47)

P01 (X) = po 1 (X) + Ao(1)

B £o.0(X), fo.1(X) RIS poo(X),po1(X) 7E D' ER—EM. H poo(X),po1(X) TR RS EIINMHNZ TS
izt Po, P1 € F[X3,..., Xn] o T p)o(X),pp1(X) € Ph_y . BEWENNRAOSTEESTAR P, P}, %2

<L("w27 cee >wn)’ P6,0>Hn—1 =0

48
(L(-,wg,...,wn),P(;’l}HH =0 (48)
ES]lis
<L(-,w2, ce ,wn),Pé’O + A()(O) — A()(O)>H"71 =0
<L(-,(.U2, s 7wn)7P(;,1 + AO(l) - AO(1)>Hn—1 =0
=
(L(-yw2,...,wn), Po — Ao(0))m, , =0 (49)
<L(-,w2, oo 7wn)aP1 - A0(1)>Hn71 =0
=
<L(',UJ2, awn)>P0>Hn,1 — AO(O)
(L(-,way .- wn), Pi)m, , = Ao(1)
ELXFBHBIERTU L(0,w1), L(1,w1) , B q(X) = L(X,w1) - Ag(X) 78
(L(0,),8), P, = ao(0) 50)
(L((1,-),w), P1)m, , = qo(1)

ZULOAEAT R (2) 53 (3) Az, hEEE po(X) MR P(X) 2% 2 sumcheck A5R#.

4R t, £ commit BiExAY soundness error AJLAR ERB O, BREIZRME correlated agreement 45, [H24, Theorem
1] 45 commit FYEZAY soundness error 3

1. batching BMER: ec, = €(Co, M, 1,0)
2. sumcheck 54 FRIRBMER: o, = Y0, (|—},‘ +¢(Ci, 1, By, 0)) . Hf gy SRBAEME sumcheck ARINE
1$18 L(X,w;) = 0 55| NH,
tixe(Ciy, My, By, 0) 26 [H24, Theorem 4] ##XEH# weighted correlated agreement EIBLA H Y,



Query FEg

NF—MEER Prover P, ITEHEFRTE Commit B ER HENBER BT Verifier REBHIER, SRS, f), LB
Ci1 B 0ix, 5& sumcheck AR FIEH,

query ——= fold —=
@ check

f)\l DX

A, C) = 5 >0
6
A(fo,co):§>9 fo Po

P(X1,X2,...,X})

|

cumeheck BL((-),JJ),' Py # 30]

3F A(fo,Co) > 0, BT Verifier 7€ Do FHENIEER— To RNEHRSET LM, FUNRE WAL £\, M, &
Dy F—309BRLE s, NMISREBEY, XPNEHIARBE 1 — 0, NREESEIE s /X, B4 P* =BT EOEMERANEY
(1—10)*,

XFF sumcheck ARAEHIER, verifier R sumcheck MCRIGELRZEIEN, XE P* ReIREEHRMIN, —EREW
B,

4, 7E query BYE% soundness error A equery = (1 — 6)°
Eit, #MSET [H24, Theorem 1] LHAYEMYA soundness error

€ <é€q, +€c, T Equery

n 1
= 6(007Ma 1’0) + Z (ﬂ + E(Ci’ 1’B270)> + (1 - 9)3
i=1

(51)

& typo HiAJ [H24, Theorem 1] £HHAHI 0 = (1 + =) - \/p HIR, RIBEXHI [H24, Theorem 4] L2 HEISR
#, RZBER0=1—(1+5=)/p.

Correlated agreement Fif

AN [BCIKS20] L5 AY correlated agreement EIE, % [H24] 7R B 48 H 8953 subcodes By correlated
agreement EIE,

BE562 [BCIKS20] 441489 correlated agreement B3, 49 unique decoding FF07E list decoding FixZl Johnson F&4
R, HSEMT Bk, & F ®F—1ERE, C= RSy[F, D] & F L Reed-Solomon code, % evaluation
domain 3 D, 88%H p = k/|D| .



Theorem 3 [BCIKS20, Theorem 6.1] {i% 0 < %. % fo, fi,-.  fu € FP &R D — F R, &

|{Z€FA(f0—|—Zf1++ZMfM,C)§0}’ -

(52)
| F|
Hrh
|D|
= M. =L 53
BLAXNFEENze F, B
A(fo+z - fi+...+2M f1,0) <0, (54)
29, #&EDpo,...,pu € CEEXNFRBEN 2 F, B
Auo +2u1 + -+ zug, vo + 201 + - + zvy) < 0 (55)
EX b,
H{z € D: (wo(z),--.,w(z)) # (vo(x),...,v(z))} < 0|D|. (56)
Theorem 4 [BCIKS20, Theorem 6.21 % fo, f1,...,fu € FP ®1 D — FHEH. &8m > 3, ©X
Oo(p,m):=1—/p-(1+ o), 20 <60(p,m), &
F: A . M, c)<o
|{Z€ (f0+Z f1+ +z fMa )— }’ >e (57)
|F|
Hrh
(m+3)" |DJ?
e=M- 3. p3/2 ' |F| (58)
B4 fo, 1, ..., fur BEEBIEE Co & 037, EMEE po,...,pu € C (848
Hz € D:V0 <i< M, fi(z) = pi(x)}| > (1 - 0)|D|. (59)

Theorem 3 1 Theorem 4 53251 T unique decoding # list decoding T#Y correlated agreement 12, SARAER
ME—TREENEMXS, ERANSNE—HF, XEMAEHTBFN e KA,

EIBX [H24] Hh, @id 4 [BCIKS20] A correlated agreement EIRIERFFAY Guruswami-Sudan list decoder, 5|77
list decoding T4+%F subcode B9 correlated agreement EIE,

Theorem 5 [H24, Theorem 3] (Correlated Agreement for Subcodes) € F' &Rix—MERSFIE(characteristic)fA PRI,

C = RSy[F, D] ®=#t F £ Reed-Solomon code, H evaluation domainy D, B&N p=k/|D|., £ C HCH—
MM FH(linear subcode), A—1RATF F[X|<F WSHRMFZIE P’ 4. LAE— proximity 35
0=1-yp-(1+ ), BEFm >3, B fo fi,....fu € FP %2

{z€ F:A(fo+z-fi+...+2M- far,C') < 6} .
|F| ’

=

(m+3) |DP

= M-
) 3097 |F|’

(61)

WEESTR po, p1,- -, pu € P, UWR—ES D' C D, HE
1. |D'|/ID| >1— 6



2. fo, fi,---s f 5 poyp1,- -, Py DHIE D' ER2—EM.

XJtE Theorem 5 #1 Theorem 4, M e BIFRIATURIRE, ENNERTNIZE—EM, A EAIZ Theorem 5 E7E Reed-
Solomon RIBZ BN — & EFBHERN., XEERMNITF unique decoding, 3 subcode thHEZEA Theorem 4 Y
“R,

Conjecture 6 £ F Rix—MERSFE(characteristio) BRI, C = RSk[F, D] ®/~"1E F £ Reed-Solomon code, H
evaluation domain 3 D, B8%H p = k/|D|. (' CH—EMEFHB(linear sucode), H—MREF F[X]| <" WS
RUOF=E PR, 80 < 52, B fo, f1,---, fu € FP HR

{zeF:A(fo+z-fi+...+2M- fa,C") < 6} .
|F| ’

(62)

B

D
5:M-% (63)

WEFESHX po,p1,-..,pm € P, UR—1MEE D' C D, #HRE
1. |D'|/|D|>1-6
2. f(]afla-- -,fM5P0aP17~ -9y PM DAE D’ LR—Em.

ZKABU7E [BCIKS20] #3¢ batch FRI #1Y#9 soundness iEBR, HFZEIAIZ weighted hizA#] correlated agreement &8, XfF
batch Basefold #¥, £ [H24] Ft145H T weighted correlated agreement 2, 1RiE [H24] Fp9HER, BHEHBT
weighted & X, 7 D EAE—NFBENE u Uk f € FP | it

agree, (f,C') > 16 (64)

ENEFEEP — WX p(X), B u({z e D: f(z) =p(2)}) > 1— 0., BREMWE u Kt EHLEeE
B D HHR f(x) = p(z) Bz BRNES, ATTEME, TEEEIIW [H24] RLBITE list decoding T#Y weighted
correlated agreement £,

Theorem 7 [H24, Theorem 4] (Weighted Correlated Agreement for Subcodes) Let C' be a linear subcode of
RS[F, D], and choose § = 1 — \/p - (1 + 5= ), for some integer m > 3, where p = k/|D|. Assume a density
function 6 : D — [0, 1] N Q with common denominator B > 1, i.e. for all z in D,

o(z) = (65)

for an integer value m, € [0, B, and let u be the sub-probability measure with density §, defined by
/J,({£}) = 5(18)/|D| If for f09f17 R fM € FD,

{ze F:agree,(fo+z-fi+...+2" fu,C") > 16}
|F|

> ¢(C, M, B, ) (66)

where

+ 1 4+ 16
g(c,M,B,e):ﬂ-u-mx (m+3)"
|F| VP 3-p

then there exist polynomials po(X), p1(X), ..., pm(X) belonging to the subcode C’, and a set A with
u(A) > 1 — 0 onwhich fo, f1,. .., far coincide with po(X), p1(X), . .., pam(X), respectively.

-|DI%,2- (B~ |D| + 1)>, (67)

weighted correlated agreement EEIFLLZ, TEWY soundness IERRRIETEFR, p RRIABCEXM, 1RET REM.
*F Basefold #iX#J soundness IFRBATHE F—EXEFNAE,
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