Basefold £i2: IOPP

Proof of Proximity
TEHA14 HFAIF Foldable code RSZH IOPP H97ERH,
BigE—1 MLE 2z f(X) RRMTF:
f(Xo, X1,..., Xq-1) = fo+ fiXo+ fo X1 + f3XoX1 + - + foe 1 X4 (1)

BT f(X) 2E—1M27T2Ht (Multivariate Polynomial) , 34 d — 1 MR, BATHRMEERED 2, DEXBRINEE
Lexicographic Order fEAZIMAHFE A .

EsA (bS] f(X) MR EE f #1798, 5% codeword cs = Enc(f) , KEN ng. SAEERA Hash-based Merkle Tree P4 &% :
cm(f) = Merklize(Enc(fo, f1, fo,-- -, fai_1)) (2)

5 FRIHYEMY, Basefold-IOPP Y FAASKIEBR— M 7AIE ¢ = cm(f) 2— MRAMEE TR F Cy RIBMEE, BEULX MR
79 Proof of Proximity, X MMYZ#IE Evaluation Argument BIFZ /MM Z —,

Proof of Proximity FIF8 7 & M4mIBA—MEZ MR TProximity Gaps , BIMIRFM N EE 7, 7’ MRITFEE AR codeword space, B
AENIMENEMAS © + o - 7 BAWIMERTEE, BAMKEITE SR codeword space:

A(m;, C;)) =0 (with negligible probability) 3)
A(m;, C;) < A(mis1,Ci1)  (with non-negligible probability)

XiRBA T X codeword T B EARFEIREES &% codeword space Z[EIMEEE, X MERENEEEB/NZE, Verifier (JLAR
WNIRBRGIHFERETENEEREE 24 % codeword, MMAIABAIRIAREZ ST EE% codeword,

LI Notes on Proximity Gap Proof of Proximity FIF T & RiBA—MEZFER:  MProximity Gapy , BINE I EE 7, ' A
BEHE o« € F #TIREBBE-— M EEd A={r+a -7 :acF}, TAWaMINES A PREMNTE, B4 MProximity
Gapl FCEFRBAVXNEARNTEELHIEE SR codeword space C; BRI, B4 RBR/IMNEBH TEIEES A
codeword space C; tEBOR, ADWTHRAES C; F 0 Biaint. AEERRREIN

{e (small enough)

Pr[A(a, C:) < 8] =

; (@)
XIS T Verifier S A LAABE AR o SEHTIFET, EAME Prover ARIWFNEE 7,7’ FRE—EEER C; F 6
Briz, AENESTRZEERER C; TEERITMNBERE e Bad, ROFR, EEH Prover BEMA Verifier BIXIREEE
BEGPELEPALAEES (T, ZEMNRFIAEIELL Prover % 74 BEEEIAR codeword space LLESE, Verifier SEE—R5UHE
HEGL Prover AtfETE, BRIRES 7y, XTIEPEEBANMELRIL 7 TEBEEIEMN codeword space LERIL, X
¥ Verifer ExEMBEIAE H Prover fE# 7T,  TProximity Gapy 45845 T Verifer —PMRAREIGFLL, FBRESIRAAEWIE
A={r+a -7 :acF} INEETRENTERERERTSANRBTELEERT, Verifer SBERHIEREPA— S#1T
WNERAT T, XAKBDT Verifier itHEE,

Proof of Proximity MY 9 IFNER: Commit-phase §] Query-phase, BIEHIFININESTH codeword HZ RifE IR, Hi-4E

—/RITBIEH codeword BIEE (FRA Oracle) ; /& Query-phase £ Verifier BRI E—/XITSTIRESEE.

Commit-phase

TEEHERET Commit-phase, Prover BEZRITERB g (EKEN ng) , DABEKEN ng_1,...,noH codeword, H51HEHN
(a1, Td—2,--.,70), AEEENIRIZELS Verifier, BEXE—TRERMNN, BHE dBRE, S—8BXEH (RIRNE 1 1,

0 <1i<d) , Prover iR#E Verifier KIZRIBEILEL oy 3T 7501 OIS, BEI—1HH codeword, iER m;, &F d 825, Prover {5
B—"MKER no B codeword, 184 mo. Prover 1B (7q, ..., mo) PRIHITEE, AEIE cm(7mq),...,cm(mo) fEH

IOPP. Commit 4 p04E R .

FERMSHFFERIFE 7; (AT, Bi&m € Ci B— 1 A%H codeword (EIER ™ = mG) , KEH n; -
i = (Coy€1,Cy -y Cni—1) (5)

BANEXTAEMPEFD IMERD, L TFEMRE—E:



CO7 Cl, ctty Cni,1—1
(cmu Cnig+1y -+  Cni—1 ) (6)
XETEE Verifier #ME— RN o), BAUELENAFEEHTENEHAS, RIMEREHE:
mi—1 = (foldg,(co, cn, ), folda, (C1, ¢, y4+1), - -, foldg, (cn, 15 Cnim1)) (7

FERIRFRRNNE T, % Prover WENERT, FEBNNBIIZE— 844 C; i codeword, FEBRAHE) fold,, Bl
EXWTF:
tjCnyij—ti ¢ (¢j = cn, 1+j)

: 8
t;+ M) ®

folda(cjy eni1+j) =

ORI LT folda () By HXER—NSIRIEMNITE. RAVESHBNFHDRELLER D Domain LORK, L
“ Domain %SRBSR RFRAL diag(Th) = (t, 1, - - -ty , 1) T diag(Ty) = (Eh,th,- -, th 1)

( (to, co), (t1,c1), ces (ti—1,cni1—1)) ()
(t67 c"i—l)’ (tll’ anJrl)’ cey (t;’—la cnﬁl)
AERA L EERE—SIE Domaln (tj,tJ)J:LFHWE FaE—B3tn, = n;/2 MBTR, ERp! ) (X), Hep

0 <j<mn;_1. %G Prover it& p] (X) X = o RAME, IERNSHTUEE n;_ P2IRE X = o, LHEVE, XL
BUEFLERERY codeword ;1.

XEERMOEXNEM ST HETRMZE BN, FNITUNFHES—TIFERENEXNBER. BRARXERAIX m; HIERA
ZEITHITE, FILATE/EM codeword B8 n; 1 T &M S, ARERE. RIRE J TZHAZE T —FFIATRNEL, ™

M (20,Y0)s (T1,y1), BBAXFEDRMHEESIAR p(X ) ATIAE N :
X) = X - N(x -
p(X) pa—— (X — 1) + — :co( o)
(10)
_ ToY1 — T1Yo T Yo — Y1 X
rog— X1 rg— X1

oY1 — ZT1Yo
o — 1

KNz = tj, 21 = t}, BE X = o HANEIFEE LEHBRE folda (Yo, y1) KEX



ti-y1 =t % yo—w
folda(yo, 1) = p(e) = ———— + T —; @ (11)
Y] Jo

MR zo M z1 ERERE, BIE; = —t), B4 folda(yo, y1) MEAL FRI MY PFAEIE X :

]_ _
(yo+y1) +a- W (12)

foldo (yo,y1) =
olda (Yo, y1) 2 2.1,

BN BB RRE N THHE/S codeword ¢ | FRINFBRHE N BEMGTERIIRBERIER G;_1 FiF=ERRIBES RS —
B, BLARMBREHEBTXTER LNXER, & 1&5@?%25{:, MmE ¢ \BEE m KRB, BLRIEEN, EL%E FEMN Foldable
Codes H9MHfF:

T, = mGz
) [ S
= (my || m,
: Gi1-Ti1 G T/ (13)
= (mlGi,l +m,G;_ ;0 diag(Ti,l)) | (mlGi,l +m,G;_ 10 diag(Ti'_1)>
M Prover EXN¥ITEE, SEIMIFTHI codeword 9:
foldg (m;) = (folda(m- (0], 7;[5_1]), folda (i [1], s [ri_y + 1)), .. ., folda (m:[ni_1 — 1], mi[n; — 1})) (14)
BNMERIERPE— fold, (m:[j], mi[ni—1 + j]) 2 G 1[j] 1 m, G 1 [j] XF a WEHASR,
1 ) ) . .
fold, (i (4], mi[ni—1 + j]) = P (tj (G [g] + ;- me Gy [f]) =t - (G [f] + ¢ - eri—l[J]))
i
tT g i (mlGi—l[j] +tj - m,Gia[j] — mGialj] -t - eri—l[ﬂ) (15)
i
=mG;_1[j] + o - m,G;_1[j]
F2, BMm EtEN T mG_ 1m, G, *F o & 4ES:
foldy(m;) =mG,_1 +a-m,G;_1 = (m; + a-m,)G;_; (16)

FBER codeword 18172 m %:F o BNEFE, B m Y, REENEHT G, FB, B3 m_1. XHAFE, EREXD
Foldable Codes #1 Codeword BRI E 2 — N ESHETE, FIUERERE, RB3IAN T; i T; SHAWYRE,

TEEMNB—ME RO FRE—BNNATE, REF Basefold-IOPP #iX#) Commit-phase EaNEAEIER,
NHEEN
o MLE TRzt f # codeword, 73 = Encs(f) = £G3
Witness
o MLE I f MRBAR £ = (fo, f1, f2, 3, f1, 55 fo, [17)
E—5: Verifier RIXFENEL a2
% Prover IHE Ty = fold, (3), #AF&RIELA Verifier
8 m BB
ma[j] = folda(ms[j], ms[i + 4]), j€{0,1,2,3} (17)
HEEE T2 = Ency(f?)), BIm & £@ 8 codeword, 1 f?) £ f XTF a) HIFBER
FO(Xo, X1) = f(Xo, X1,02) = (fo + faaa) + (f1 + fsaa)Xo + (fo + foaz) X1 + (f3 + fras) Xo Xy (18)
B=H%: Verifier RIXMENE oy
SBM0%S: Prover itE m = fold, (m2), FABKIAEL Verifier
& m BRI T:
m[j] = folda(mo[j], m2[j + 2]), 7 €{0,1} (19)



BRI T = Ency (FO), Bl 2 O 89 codeword, i fU) 2 @) g%ETF o FBER:
FO(Xo) = f(Xo, 01, 00) = (fo+ faoz + ar(fo + + o)) + (fr + foaz + a1(fs + +fra2)) Xo (20)
SR Verifier ZEMHEL o
57545 Prover it® my = fold, (1), SRERI%ELS Verifier
8 Ty NEREWT:
molj] = folda(mi[j], m[j+1]), j=0 (21)
Bt 7o = Enco(f©), Bl 2 £© # codeword, T £ 2 f 8%ETF (o, 1, a2) HIFBER:
O = fap, a1, 2) = fo + frag + fa01 + faapan + faas + fsapas + fearas + frapaias (22)

Bk, Commit-phase 53R, Prover St &% T (me, m1, o) 44 Verifier, Verifier B, BT 1) EE2EHS TR, T
BAEE, Verifier MEZEIGIE Prover W= RITET AR WL, MRIIEEED 7, BI3TE, Verifier FETEK Succinctness, MiikE
FIFE ., BT Proximity Gap 4, Verifier RFEEDERIIIEENAI#HR m; & 1A codeword,

Query-phase

5 FRI HiYZEM), 7E Query-phase BER, Verifier B33 Prover &3&8 (74, Ta—1, . . ., 7o) HITSHAIMEAIME, AR Prover OIS
TRESWIN, BT TEITeE—1NHmETRE.

Verifier R7F 74 BHEHIERE—MIE pu HERIEL Prover, TB0 < pu < ng1, Efngy RBE 74 . Prover 37 mq[p] A
Talp + nag-1] XMS, BERIEFTEEN codeword g FIER p B9ME, BD mq_1 (] —EKELA Verifier, BINLX=mH Merkle
Path,

Verifier W/, BRIEX=TREEXINE] 74 M 741 B codeword £, RRMEEN=FRTHEMEXR:

?
ma-1[p] = folda, , (malp], malpe + na-1]) (23)
QI 7y Bl gy MITBXRRRGBE, Verifier BB 74 1 5 7o BFEITEX R, Prover RBERS mg 1 3l mg o A, XE
Verifier RAAEFIERMENL, MEMBEER 1, ANET—RFED, Ti_1[u] IMIBEEND— MRS ETET ag_o BT
&, BERHNMIBNS, BEHERITL. WRu < ng_o, B4 Ti1(p + ng_o] MEXNFRE; NR pu > ngo, B4
Ta-1[pt — ng_o] MENFRE. BAURIE 4 > ng_s, 3% Prover #ERE m4_1[p — na_2] F EH Merkle Path 45 Verifier, L@

Verifier 38F w4_1 Bl mq_o BIITBRZA,

Xt¥E—3E, Verifier REEL— RN u, FMATLAIRIEM 74 B mo BERIEITE XA, XENRIETEME—1%.

AT HEAEEREAR - BBINSE, Verifier BTS2, HIR Prover 3G EHZEE, Query-phase IEEFIAT Proximity Gap iX—
1514, Prover EXEH codeword AERIEE & EMNRIZT BILLEOE, X4 Verifier REE/ D SRR EENR] RIERIT R,

B4 4

10N =

AR T T Basefold-IOPP #1¥#9 Commit-phase #1 Query-phase BIHEZR, XMEZREX FRI MXEI—ZHFT B, M RS-Code
¥ FREI T {EfaIHY Foldable Linear Codes, {ER1&/XE, Basefold H A X%#F Degree KT 2 i codeword &, 1X#HTF Basefold-IOPP
YR BT, Proximity Testing, EERH— MLE STRRCEE R, XBEARIINENT—E.
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